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Abstract

Thispaperconsiderstheschedulingproblemofm111ti-PrOCeSSOrSyStemS11ndertheconditionthat

eachprocessorisuniformandeveryinstruCtionexecutesinonecycle･Wbproposetwolineartime

schedulingalgorithmswhicharerespectivelyapplicabletothetwoclassesofdependencegraphslOne

ofwhichconsistsofgraphswithinstruc七ionsofin-degreeatmost2)andtheotherclassofin-degreeat

most3･Ⅵ屯showtha七thesealgorithmsproduceoptimalschedulingswhenthesedependencegra･phs

Satisfysomemorerestrictedconditions･
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l Introduction

Processorssudhas$uperSCalerandVLIWmachinescaneXeCutemanyinstruCtionsinparal1el･Inorderto

achievehighperformanCeOfthesemachines,COde(instruction)schedulingbycompilerplaysanimportant

role【1].But,theschedulingproblemi$NP-COmpleteingeneral[2]･So,itisexpectedtoobtainheuristic
algorithmsproducingagoodapproximating(ornearoptimal)solutiontothisproblem･Dependences

betweeninstructionsarerepresentedbyadirectedacyclicgraph(DAG)cal1edadependencegraph:the

verticesrepresenttheinstructionsandtheedgesrepresentthedependences･Theschedulingproblem

istheproblemoffindingoutanOptimalscheduleforadependencegraphandanumberofprocessors

k.Ourpreviouspaperhasproposedaheuristic$Chedulingalgorithmwhich producesinlinear time

undertheassumptionthateverydependencegraphha点OnlyinstruCtionsofin-degreeatmost2(i･e･,
thenumberoftheparentsofeachinstructionisatmost2).ThereaBOnWereStrictthenumberofthe
parentsofeachinstructiontoatmost2isthatwhereweuse3-addresscodeasprogram)sintermediate

codeandscheduleitsinstructionsbefbreregisterallocation,inma町CaSeSthenumberofparentsofeach

instruCtionislimitedtoatmost2becausenoantidependencelinducedbyregisterredefinitionoccurs･

Inthisalgorithm,thesetofverticesofagivenDAGaredividedintosubsetsSh(0≦h≦H)ofvertices

withthecriticalpathlength(theheightofthevertices)h(whereHistheheightoftheDAG),anda
localallocationmethodisproposedwhichscheduleseachsubsetSh(h>0)usingorderingtheconnected

component$OfthesubgraphconsistingofShandSh_1aCCOrdingtosomepriority･Wehaveshownthat

thisalgorithmproducesanOptimalschedulingifIShl≧2k-1holdsforeverySh,WheretShli$the

numberofverticesinSh[5]･
Inthispaper,Wefirstextendthispreviousalgorithmtotheoneinwhichanewlocalallocationmethod

scheduleseachShbyinvestigatingthesubgraphconsistingofthrees11bsetsSh,Sh_1,Sh-2･(Notethat
Sh_2isaddedandinvestigated.)Wbshowthatthisnewalgorithmoperatesinlineartimeandproduces

anoptimal$01utionifIShl≧ikforeverySh･ThisextendsthepreviousresultsinceIShl≧2k-1is
relaxedtoIShl≧書k･

*CurrentlywithHitachiCorporation

lAntidependenceissuchadependencebetweeninstruCtionsthatwhensomeregisterisreused,thefo1lowlnginstructions

cannOtWriteanewvalueintothisregi$terbeforeal1theprecedinginstruction$refbrenclngtOthisregister'soldvalue･
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Next,WeCOnSiderthecasethatthein-degreeofeveryvertexinagivenDAGisatmost3.Notethat

WhenaprogramtObescheduledhandlearrayⅦriables,thenumberofparentsofsomevertex(instruction)

mightbe3･Inthispaper,WeprOpOSealineartimeheuristicalgorithmwhichisapplicabletoaDAGin
Whichthein-degreeofeveryvertexisatmost3,AndweshowthisalgorithmglVeSanOptimalscheduling

ifIShl≧2k-1andwhenk>2(暮Shl≧2kifk=2)holdsforeverySh.

2InstructionScheduling

Fbrinstructionscheduling)WemuStObeydatadependencesbetweeninstruCtionsinordernottochange

theresultoftheprograneXeCution･ThesedatadependencesarerepresentedbyaDAGusua11y:instruc-

tionsarerepresentedbyverticesanddatadependencesbetweeninstructionsarerepresentedbydirected

edges･FbraDAG,WedefinethecriticalpathlengthofaninstruCtionbythemaximumpathlengthfrom

thisinstruCtiontoapleaf(i･e･,theheightofthisinstruction)･Itiswe11knownthatgivenaDAGanda

numberofproce$SOrSk)theoptimalschedulingproblemtomimimi2;etheexecutioncyclesisNP-COmplete

ingeneral[2】･
hthispaper,WeCOnSidertheschedulingproblem11ndertheassumptionthatthefo1lowlngCOnditions

(1)-(3)hold.

(1)ThenumberofparentsofeveryinstruCtionisatmostn(wheren=20rn=3).

(2)Everyinstructioncompletesitsexecutioninthesamen11mberofcycles.

(3)Alltheprocessorsareuniform,i.e.,havethesanefunction.

Evenifweassumetheconditions(1)-(3),theschedulingproblemisstillNP-COmPleteingeneral[5].

Whethertheschedulingprobleminthecasewherethecondition(2)and(3)holdandthenumberof

processorsis3isNP-COmpleteornotis■unSOIvedyet【4]･Inthecaseofk=2,POlynomialalgorithms
havebeenknown[6][7】･

Eenceforth,WeCOnSiderafixedDAGandaBSumethatHisthemaximumcriticalpathlength(i.e.,

theheightoftheDAG),Shisthese七Ofinstructionswhosecriticalpathlengthish(0≦h≦H),andk

isthenumberofprocessors(k≧2).
【Notation]WedenotethenumberofelementsofasetSby凶.Fbrarealnumberr,Wedenotethe

minimumintegermsatisfyingr≦mby｢rlandthema3dmumintegerlsatisfyingl≦rbyLr｣.

3 SchedulingofDAGinwhicheverynodehasatmost2parents

3･1 AllocationAlgorithm

TheschedulingalgorithmproposedinthispaperallocatesinstruCtionsinthedecreaslngOrderofthe

lengthofcriticalpath(i･e･,intheorderofSH,粘_1,…,Sd)asshownatFig.1andusestwomethods,

Cal1edαlocalallocationmethod"and"extendedlocalallocationmethod"toallocateinstructions.

AllocationAlgorithmAo

(0)Initialization:lH+1:=0;h:=H;i:=1

(1)

●Ca5eOf～妬1=0:g£‥=ぶん･
●Ca5eOf～九+1≠0:

LetV⊆Shbethesetofelementswhichcanbeallocateda土k-lh+1idleprocessorsa土

timei･IflVI≧k-lh+1,Choosek-lh+1elementsfromVarbitrarilyandletthesubset

beVl･Otherwise,1etV'=V･A1locateVlattimei･S£‥=Sh-V,;t:=i+1
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Figurel:Thealgorithmforallocation

(2)If Sk≠¢,allocatealltheelementsofSkasfo1lows:
(2-1)ca5eOf′も>0‥

～ん‥=1g£!modた･

●CaSeOf～九=0:

AllocatealltheelementsofSkinanarbitraryorder･t:=t+l矧/k

●CaSeOfgゎ≠0:

(む1)caseof九=lor]榊-2≦宜≦九)l筑l<書たorJ九+lgん-11≧2た
Allocateal1theelementsofS£by"localallocationmethod"(describedlater)･h:=h-1;t:=

f+｢l矧/た1-1

(a,2)caseofh≧2and∀i(h-2≦i≦h)tSil≧ikandlh+lSh-11<2k
Allocateal1theelementsofSkandSh-1by``extendedlocalallocationmethod''(describedlater)･
ゐ‥=た-2;f:=f+｢l矧/た1

Returnto(1)･

(2-2)caseof九=0:

AllocatealltheelementsofS;inanarbitraryorder･

3･1･1AllocationS£by"localallocationmethodn

LetGIbethemaximalsubgraphconsistingofthevertexsetSkuSh-10fDAG:theedgesetconsisting

Ofal1theedgesofDAGbetweenShandSh-1･Wbchangeal1thedirectededgesofG'intoundirected
andobtainalltheconnectedcomponentsCl,･･･,Cm･Wbcal1elementsofSえandSh-1inCiparentS
andchildren,reSPeCtively.WbdividetheseconnectedcomponentsintotwopartsⅡ1andIl2aSfo1lows･

Ⅱ1=iCtlthenumberofparentsofCi≦thenumberofchildrenofC孟,1≦i≦m)

Ⅱ2=(Cilthenumberofparen七SOfCi>thenumberofchildrenofq,1≦i≦m)
WeallocatetheelementsofSkattimet,i+1,…,t+｢l矧/kl-1asfo1lows･

(1)Allocatealltheelement$OfS£belongingtoCi(1≦i≦m)intheorderⅡ1andthenⅢ2･

53



54 1bshikazuMATSUBARA,MichioOYAMAGUCHIandYbshikatsuO

(2)FbranyCOnneCtedcomponentC豆Whoseparentsneedatleasttwoprocessor七imesfortheirallocation,

Wefirstallocateaparentwhichhasthemostchildren･Then,Weallocateaparentwhichisconnected

totheelementimmediatelybeforeallocatedbylength2(throughonechild).Continuethisprocess

untilal1theparentsareallocated･NotethatasCtisaconnectedcomponent,alltheparentsare

Choseninthisrepeatingprocess). □

Henceforth,WeuSetheauxiliaryfunctionsInLi,ko,OyaWhicharedefinedasfo1lows.

put((il,.･･･,in),X):functionpuまtakesasinputsalistoftimes(il,･･･,tn)andaninstructionsetXand
allocatealltheelement$OfXallocatableinthetimelist(tl,…,tn)totheunallocatedprocessors.

ko(X)=(y∈Si-1[]x∈X･Xi≡apredecessor(parent)ofy)

Oya(X)=(y∈Si+1l]x∈XtylSapredecessor(parent)ofx)
Andletiandf'bethestartandlasttimeofallocationofS£,reSpeCtively.

3･1･2 A1locationofSkandSh-1by`extendedlocalallocationmethod,

MakealistLoftheelementsofS£inthedecreasingorderoftheout-degrees,Whereanytheelement

Whoseout-degreeismorethan5isregardedasout-degree52.lh_1‥=(lh+lSh_11)mod k;m:=k-lh_1

(Ⅰ)caseofた>6gた.
Wtextract5lh elementsfromthetailoflistL,dividethisinto5blockswithlh elements.Letthese

blocksbeBl,B2,…,B5inthisorder･ChooseoneBi(1≦i≦5)satisfying匝0(Bi)l≦lh_1and
Iko(ko(Bi))[≦[Sh-2トmandchooseanym'elementsfromSh→2-ko(ko(Bi))(LetthissetbeM).

put(il,BiUoya(M));put((i,…,tl-1),SL-Bi);Put(i/+1,ko(Bi));
put((f',f′+1),(gん-1-Oyα(〟)一払(哉)))

(ⅠⅠ)caseofた≦6g九.
Wbextract2lhelementsfromtheheadoflistL,dividethisinto2block$Withlhelements.Letthesetwo

blocksbeLlandL2.

Wbextractk-2melementsfromtheheadofLandlett,hi$SetbeL13.

LetⅣ豆=如(揖),P宜=払(Ⅳ豆)(豆=1,2),

X=NlnN2(lXI=3),Y=Sh-1-(NlUN2)･(Fig.2).Withoutthelossofgenerality,WeaSSume

tbaりⅣ1t≦四2l
SelectmelementsofPlUP2⊆Sh-2aCCOrdingtothefo1lowingprioritiesl-4(LetthissetbeM).

1･Theelementsusati$fyingthatoya(u)⊆X･(LetthissetbeXl,lXll=Xl).

2･TheelementsusatisfyingthatoneparentofuisanelementofXandtheotherisanelementof

NlUN2-X(LetthissetbeX2,lX2l=X2).

3･Theelementsusatisfyingthatoya(u)⊆NlUN2-X(Letthi$SetbeB,lBl=b).Ortheelement$

usatisfyingthatoneparentofuisanelementofXandtheotherisanelementsofY(IJetthisset
beズ3,1ズ31=∬3).

4･2xl+∬2elementschosenarbitrarilyfromtheelementsof(PlUP2)-(XlUX2UX3UB).(Let

thissetbeC,lCl=C)･Here,ifthenumberoftheelementsislessthan23;1+x2,letCbeal1the
elements.

Inthecasewhere‡XlU･･･UCl<m,1etM=XlU…UC.

Accordingtothefo1lowingcases,WeapPlyoneofthesub-allocationmethods(ⅠⅠ-1)-(Ⅰト6)described
later.

･IflMl=m,thenapplysub-method(ⅠⅠ-1)

2wecanmakethisli$tinlineartimebyusingbucket-SOrt･

3L,⊇LlUL2holds(ref.Property3.1(3)).



CodeScheduling董brMulti-ProcessorSystems
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Figure2:Li,Ni,Pi(i=1,2),Y

Figure3:ズ1,ズ2,ズ3,月,C

･IflMl<mandx≧m,thenapplysub-method(ⅠⅠ-2)

･Ifl叫<mand∬<mand

*勘Ⅳ11≦g九_1and

･iflPll≦lSh_2I-m,thenapplysub-method(II-3)

･if[PII>lSh-2卜m,thenq)plysub-method(ⅠⅠ一4)

*iflⅣ1I>g九_1a皿d

･if[Yl>L讐｣,thenapplysub-method(ⅠⅠ-5)

･if[Y‡≦L晋｣,thenapplysub-method(ⅠⅠ-6)

3･1･3 S11b-a1locationmethods(ⅠⅠ-1)-(ⅠⅠ一6)

●(ILl)

put(ちエ′uo封α(叩α(〟)));

pu吋′,叩α(〟));

Put((ま,…,t'),(al1theremainingelementsofS£));
put((t,,t,+1),(al1theremainingelementsofSh_1))(Fig.4)

･(I12)
Choose(m-Xl-X2-X3)elements&omSh_2-(XlUX2UX3)arbitrarily(letthissetbeD).

LetM‥=XlUX2UX3UD･Applythesub-allocationmethod(ⅠⅠ-1).

･(ⅠⅠ-3)
ChoosemelementsfromSh_2-ko(Nl)訂bitrarily(1etthissetbeM).

put((ち…,f′-1),β£-エ1);p11t(f′,エ1);
put(舌l+1,Nl);put(t',Oya(M));

Put((f′,il+1),(al1theremainingelement$OfSh_1))
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Figure4:Theextendedlocalallocationmethod

●(Ⅰト4)
Apply(ⅠⅠ-3)･WhereLlandNlin(ⅠⅠ-3)arereplacedbyL2andN2,reSpeCtively.

●(ⅠⅠ-5)
LetZ=Iz∈PlUP21loyd(‡z))nyl=1‡.
MakealistofYinthedecreaBlngOrderoftheo甘トdegreesinthesubgraphwhosevertexsetis

YJz4andchoosethetopL讐｣elements｡fthehst.(Letthiss｡tbeYI).
Letg′=iz′∈glloyα(†z′))ny′l=1).

ChooselTelementsfromZlarbitrari1yifpossible･IfwecanCh00SeOnlyやem-1elements(it
happenslnOnlytheca5eWheremisodd),WeaddanyoneelementfromXluX2uBtoZ′in

Ordertomelements･LetthesetofthechosenmelementsbeM･Apply(ⅠⅠ一1).

●(ⅠⅠ-6)
LetZ=(z∈PluP21loya((z))nYl=11andchoosemelementsfromZarbitrari1y.Letthis

SetbeM･Apply(ⅠⅠ-1)･
□

Inthisalgorithm,givenana句acentlistofaDAG,itisobviousthatthefo1lowingproblem(1)-(5)

canbesoIvedinlineartime.

1･Theproblemofobtainingtheset免,鉱一1,･･･,Sb(e･g･,bydepth-first-SearCh).

2･Theproblemofobtainingthelistoya((v))foreveryvertexv.

3･Theproblemofobtainingal1theconnectedcomponentsforthesubgraphofeachS£uSh_1(0<

ゐ≦g)･

4･Theproblemofobtainingko(Lj),ko(ko(Lj))andoya(L5),1≦j≦lofsubsetsLl,L2,･･･,Ll

(where,ifj≠jf,LjnLjJ=0)ofeachSh(0<h≦H)whereZis･SOmeCOnStant.

5･TheproblemofobtainingthesetX,YXl,X2,X3,B,C,M,Z,Y,,Z/definedin"extendedlocal

allocationmethod"foreach境,Sh_1,Sh_2(2≦h≦H)

Bythesefacts,WeCanShowthatthetimecomplexityofthisalgorithmisO(n).(Where,nisthe

numberofal1instruCtions,i･e･,thenumbeTOfnodesofDAG)･Notethatthenumberoftheedgesareat

most2nbecausetheDAGsatisfiestheaBSumPtion(1)inSection2.
4veⅦeb血bt一$○虚血g托g鮮血ng山tbeoutd『細評e血αtbm2as2.
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3.2 Thepropertiesoftheallocationalgorithm

The"localallocationmethod"inthisalgorithmhasbeenproposedin[5】andthefo1lowinglemmaholds･

1emma3.1〝可,p･タ乃,声e〝もmα秒月加軸αgわcαねd仇eねβ孟g九(=l矧modた)ege一花e乃ね扉5£αf吉名me

fみy`伽cαgαggOCαまわれme娩odク,,椚矧≧た+1αれdlg九-11≧た,ぴeCαれαgJocαねege汀ieγぬ扉β九-1α舌αg‖加
肌αヱgocαfedた-ヱんpmCeββ¢柑α舌舌豆me舌･

ロ

Usingthislemmawehaveshownthatthe比localallocationmethod刀producesanoptimalscheduling

iflShl≧2k-1(0≦h≦H)in[5]･WbshowthatthealgorithmgiveninSection3･1producesanoptimal

schedulingifLShl≧;k(0≦h≦H)･Henceforth,WeaSSumeth叫Shl≧喜k(0≦h≦H)･Andto
showsomepropertiesof"extendedlocalallocationmethod"allocatingSkandSh-1,Wealsoassumethe
fo1lowingcondition(*0)

九≧2,g九>0,g九+l5九-1l<2た ‥･(*0)

andlettandiIbethestartandlasttimeoftheallocationofS£,reSpeCtively･

Property3.1

(1)椀-1l=た+～ん一1-㍍

(2)g九-1≧喜た+～ね

(3)た≧2gん+2m

(Proof)

(1)Obviousfromthedefinitionoflh-1and(*0)･

(2)By(1),lh+喜k≦k+lh-1･Therefore,(2)holds･

(3)Bym=k-lh-1and(2),m≦k-(喜k+lh)=圭k-lh･Therefore,(3)holds･

【Notation]Fbrv∈_Sh,1etmLt(v)bethenumberoftheout-edgesfromvtoSh-1･Forasetofinstructions

上,1etα扉(エ)=∑℡∈上仇坤)･

1emma乱2ムefた>6gんα循dl境l>た･助r仇eαggOCα如れ砂扉``e虎e乃dedわcαgα肋cα如乃me伽d'',班層化

e∬由ねβOme"1≦豆≦5)β髄Cゐ払項た0(哉)1≦㍍_1α乃d匝0(た0(哉))l引ぶん-2トm

(Proof)SeeAppendixl･

Thefo1lowingLemmasareconcernedwiththeallocations(ⅠⅠ-1)-(ⅠⅠ-6)inthecaseofk≦6lh･

Lemma3･3エefた≦6g九α乃dl矧ゝた･肋αββ伽me娩αま伽egeme乃ねガム′α柁αJJocαねdαま古壷me

f･Ag～ocα血夕仇eremα細物視れα肋cαねdeJeme乃ね呼ぶ£α蒼古戎me(ちf+1,…,り豆乃α乃yO摘eれぴe九α甘e

仇f(エf′)≦gん_1わr銑eβe亡エt′扉娩eege†乃eケぬαggOCαねdα±ま虐mef′βα滋励軸触りエf･1=J九,エ±′⊆β£･

(Proof)SeeAppendix2･

もemma3.4m血(lⅣ1t,lⅣ2t)≦g九-10rly】<(m-gた)+lズー

(Proof) AssumingthatlYl≧(m-]h)+lXlholds,Wehave

lⅣ1l+lⅣ2l=l乱_1けlズトIyl

≦l‰_1ト(m-gん)

= 2lh_1(byProperty3.1(1)andm=k-lh-1)

Therefore,thislemmaholds. ロ
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1emma3･5エefO<ゐ≦且血統eαgわcα如乃げ鮎,β∬-1,…,g姑1虐乃地由α如r娩m,げ兢er℃e£由ね

乃0豆dJep和Ce朗Ore∬C甲土塊e払β古豪豆meα乃dg£由d飾れed,娩e乃】矧≧たゐ0旭･

(Proof)Inthecaseofh=H,bylS妄F=1SHl≧ik,thislemmaholds･Assumingthatthislemma
holdsforhsatisfyingh>h',WeprOVethatthislemmaholdsonhIbydividingintothefo1lowlngtWO

Case(1)‥S£l+1isnotdefined(i･e･,S£J+2isde丘nedand(a-2)isappliedtoS£′+2)･Inthiscase,by

Property3･1(2),lh,+1≧毒k+lhl+2>毒kholds･Therefore,thenumberofidleprocessorsatthelasttime
f10ftheShl+1'sallocationislessthan喜k･Therefore,thenumberofinstructionsofShlallocatableat
timetIisalsolessthan圭k･So,bylSh7I≧豊kthislemmaholds.

Case(2)‥S去l+1isdefined･Inthiscase,lhl+1=00rthea1location(a-1)isappliedtoS£1.1･Inthe

formercase,(S£Il=[Shlf≧喜k,Inthelattercase,lh/+1+ISh/J≧2k.
So,bylS£,f=[Sh,ト(k-lhJ+1)≧k,七hislemmaholds. □

Property3.2

Letk≦6lh.Then,

(1)2㍍≧m

(2)gん_1≧2m

(3)た≧3m

(Proof)

(1)ByProperty3･1(3),6lh≧k≧2lh+2m･Therefore,(1)holds.

(2)ByProperty3･1(3)andProperty3.2(1),Wehavelh_1=k-m≧2lh+m≧2m.

(3)Obviousfrom(1)andProperty3.1(3).

1emma3･6Aβ餓me娩α士範由d頭乃ed鍋dl矧>た血en≡1≦九≦g.ゲ娩eαJわeα如乃巾一郎由呼pg虐ed
ねβ£,娩e乃egem帥ね扉βん-1α柁αggOCαね抽わαJJ塊ere〝もα盲花物豆dJe叩eeββe門α舌娩eねβ蒼古豆meがほ

αgわcα如乃扉∫左ねm如αねβα乃dege〝ieれねげβん-2α舌肋eねβ舌≠豆me娩eα枇杷α如乃扉g九_1ねγm血如.
乃叫乃0豆dgep和Ceββ0門αf肋eみ0仇舌豆meβ.

(Proof)

W6showthatthislemmaholdsforallthecases(Ⅰ)and(II-1)-(ⅠⅠ-6)in`くextendedlocala1location

method乃.

(Proofof(Ⅰ))
ByLemma3･2,thereexistsi(1≦i≦5)suchthatIko(Bi)[5lh-1andIko(ko(Bi))I引Sh_2トm.

Hence,WeCanChooseasetofthemelementsM⊆Sh-2-ko(ko(Bi))satisfyingthat

凪∪喝lα(〟)l≦gん+2m≦た(毎Property3.1(3))

and

l如(哉)∪凡才‡≦J九-1+m=た

Therefore,WeCana1loca土eBiUoya(M)attimetlandko(Bi)uMattimeiI+1.

(Proofof(ⅠⅠ-1))Inordertoallocateoneelementsq∈Sh_2attimeil+1,Weneedtoallocate

Oya(oya((q)))⊆S£attimet･IfqbelongstoanyofXl,X2,X3,B,C,thenIoya(oya((q))ト(LlUL2)l
(i･e･,thenumberofelementsexceptLlUL2neededtoallocate)isgivenasfo1low$.

.方1 .方2 .方3
β C

0 1 2 2 3
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FbrthesetMchosenin(a-2),1etIMl=m=a:i+夷+夷+bl+cIwherea:;≦xi(1≦i≦3),bl≦b,C'≦c

-arethenumbersofelementschosenfromthecorrespondingsetsXi,B,C･InordertoallocateMattime

tI+1,thenumberofelementsofoya(oya(M))inS£-(LlUL2)neededtoallocateatf'areatmost
O･Xi+夷+2xら+2b(+3cI≦2m (byc′≦2xi+夷)･AndbyProperty3･1(3),LI⊇LlUL2･Therefore,

put(i,Ltuoya(oya(M)))canbecompletedこ
Moreover,by Property3.1(3)andIoya(M)l≦2m,put(il,Oya(M))canbe completedand Mis

allocatableattimet'+1■EvenifwechooseanylhelementsfromS£-(Lluoya(oya(M)))attimet′,
Lemma3･3ensuresthatthe(k-lh)elementsofSh_1includingoya(M)areallocatableattimel′･It
fo1lowsthatthereexistnoidleprocessors,aSClaimed.

(Prooror(ⅠⅠ-2))

BylXlUX2UX3l<m,Wehavea;1+32+x3<m･LetthenumberoftheelementsofDbed(=

m-(xl+x2+x3)).By[Xl≦2xl+x2+x3andm≦lXl,Wehaved≦31,lMl=m=Xl+∬2+x3+dandthe

numberoftheelementsofoya(oya(M))inS£-(LlUL2)isatmostO･Xl+x2+2∬3+4d≦2m(byd≦xl)
byasimilarprooftothatofCa5e(ⅠⅠ-1).Therefore,bythesameprOOfasthelattethalfthatof(ⅠⅠ-1),

thislemmaholds.

(Proofof(ⅠⅠ一呵)

By[NII≦lh_1,WeCanallocateatleastlSh_1トINll(≧k-lh(byProperty3･1(1))elementsof

Sh_lattimeil,andmelementsofSh_2-Plattimeま′+1,$inceIPl[≦lSh-2l-m･
Thereforethereexistnoidleprocessors,aSClaimed.

(Proofof(ⅠⅠ-4))

Inthiscase,WefirstshowthatlN21≦lh_1･Tbthecontrary,WeaSSumethatlN2l>lh-1･Then,

wewillhaveacontradiction.

SinceIN2I>2m(byProperty3.2(2))andIoya(XlUX2UX3UBuC)nN2I≦2xl+2x2+∬3+2b+c<

2m(bylMl<m),thechildrenofsomeelementofN2-XhavenotbeenchosenastheelementsofC.
Therefore,C=2xl+x2holdsbythede丘nitionofC,SOthatxl+x2+x3+b+c=3xl+2x2+x3+b<m.

Andby∬≦2xl+x2+x3,Wehave

∬+∬1+∬2+あ<m (*1)

WbdefinesubsetA,,BI,C10fSh_2aSfo1lows.

A′
=(り∈タり叩α((可)∩(Ⅳ2一方)≠¢)

β′
=(γ∈P2-Pl一昭α((u))⊆(〃2一方))

C′
=(P2一夕l)-β′

LetthenumbersoftheelementsofAl,B,,C′bea,,b′,C,,reSpeCtively.BythedefinitionofX2andB,

α′+打≦∬2+む<m-∬-∬1(by(*1))

ByIⅣ21≦∬+α′+2わ′+c′,

2m<(∬+α′+わ′)+わ′+c′<(m-∬1)+わ′+c′

There払re

m<が+c′=lP2-Pl】 (*2)

But,bylPII>JSh-2I-m,lP2-Pll<mholds･Thi$isacontradictionto(*2)･Thus,IN21≦lh_1,aS

Claimed.

Next,WeShowthatIP21≦lSh_2トmholds.Tbthecontrary,Wea5SumethatIP2l>lSh_2トm.By
IPlnP21≦諾1+∬2+∬3+む<m,Webave

lPlUf,2t =lPll+】P2トIPlnf〉2t

≧l乱-2け3～た(卵九-21≧芸細operty3･1(3))
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ThisisacontradictiontoIPlUP21≦lSh-2ト

Therefore,lN21≦lh-1hold,SOthatlP21≦lSh_2l-m,thereexistnoidleprocessorsbyasimilar

argumenttothatofthecase(ⅠⅠ-3)･(Thatis,in(Proofof(ⅠⅠ-3)),WeSimplyreplaceLlandNlby
L2andN2,reSpeCtively).

(Proofof(ⅠⅠ-5))
Ifm=2nor2n+1forsomepositiveintegern,thenweshowthatJZ,l≧2nholds.

Tbthecontrary,WeaSSumethatlZll<2n.LetGbetheDAGwhosevertexsetisYuZ.Then,Y/

hasatmost2n-1edges(i･e･,Out(Yl)≦2n-1)･AswehaNeChosentheelementsofYlinthedecreasing

Orderoftheout-degrees丘omY,eVeryelementofY-YlhasatmostoneedgeinG.

Therefore,Wehave

lZl≦2れ一叫yトL誓｣=れ一叫yl
<

盲m+lyl

<
豆m-lh+x(byLemma3A)…(*3)

lPlリア2l= 諾1+∬2+わ+lZ‡ (*4)

lPlUP21≧(岬1け岬21｢∬ト(∬1+諾2+わ) (*5)

By(*4)弧d(*5),Weba代

∬1+ ∬2+わ

>2g九-1-∬-(…m-㍍+亘ト｣勘+糾わ)(by抑>g仙岬2l>g柚(*3))
>弘一1一言m+gね-2m(by∬<m,(*1))

≧4m一書m+盲m-2m(byProperties3･2(1)and(2))

Therefore,∬1+x2+b>m.Thisisacontradictionto(*1).

Thus,IZ′‡≧2nholds,aSClaimed.

(1)Caseofm=2r乙:

Inthisca$e,lZll≧2n=mholds･FbreachelementofZ',OneOftheparentsisinY/(lY'l=L晋｣)
andtheotherisinNlUN2,SOthatinordertoallocateM attimet,+1,thenumberofthe

elementsofS£-L′belongingtooya(oya(M))neededtoallocateattimetisatmost2m･

(2)Caseofm=2れ+1:

Inthiscase,IZll≧2n=m-1holds.Inthecaseof!ZII≧m,tOya(oya(M))-Lll≦2mholdsby

thesameargumentaSthatof(1)･InthecaseoflZll=m-1,loya(oya(Zl))-Lll≦4nholdsand
fortheelementd∈(XlUX2UB),loya(oya((d)))-L't≦2holds,SOthatloya(oya(M))-L′l≦

4n+2=2mholds.Andtheexistenceofd∈(XlUX2UB)canbeprovedeasily.

Thereforeinthebothcases(1)and(2),put(t,L/uoya(oya(M)))canbecompleted.

And,byProperty3.1(3),SOPut(iI,Oya(M)).Thus,Mcanbeallocatedattimet′+1.
Moreover,fromLemma3.3thereexistnoidleprocessorsattimeiIandtI+1,aSClaimed.

(Proofof(ⅠⅠ-¢))
Inthiscase,nOtethat

lⅣ1∪Ⅳ到=lg九-1卜Iyl

≧芸トL写｣
ノ

≧ 4m(byProperty3.2(3))
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｣
tlmet⊂X:XXX:O

t十1〔mO

t十2〔丈X逓癌⑳

1dle proce880r

Figure5:ExamPleofaDAGwithnon→allocatedprocessortimeunitsinanyallocation(k=6).

Hence,lPlUP21≧2m･Bythisand(*4),Wehave

lZl> 2m-(∬1+∬2+む)

> m(by(*1))

Therefore,IZl>m･Byasimilar鱒gumenttOthatofthecase(ⅠⅠ-5)-(1),loya(oya(M))-L,[≦2mholds,
SOthatthereexistnoidleprocessors. □

tbeorem3･1拗αg㍑(0≦九≦g),引5んl≧喜た,肋由吻or鵡mタ如βα乃0〆豆mαJβC九e血払g･

(Proof)Byshowingthatforanyh(0<h≦H),thereexistnoidleprocessorsfromthenextofthe

StarttimeofSh,sallocation(whereiflh+1=0,fromthestarttime)tothelasttimeofthisallocation,
WeprOVetheoptimality.

Inthecaseofh=H,S£=Shholds,SOtha叫矧≧書k･Iflh=0,thenobviouslythereexistnoidle
processors･Iflh≠Oandtheallocation(a-1)isapplied,thenbyLemma3.1thereexistnoidleprocessors
fromthestarttimeofS£'sallocationtothelasttime･Iftheallocation(a-2)isapplied,thennoidle
processorsbyLemma3.6.

Inthecaseofh<H,WeaSSumethatthereexistnoidleproce$SOrSateVerytimeoftheallocation

Of粘,粘-1,…,Sh+1bytheinductionhypothesis･IfS£isdefined,thenbyLemma3･5lShl≧kholds･
Thereforebythesameprooftotha七Ofthecaseofh=H,thereexistnoidleprocessors･IfSんisnot
defined,thenS£+1muStbedefinedandtheallocation(ar2)mustbeapplied･Therefore,byLemma3･6
thereexistnoidleprocessorsateverytimeoftheallocationofSh. □

Whentheconditionof[Theorem3･1]isnotsatisfied,WeShowaneXampleofaDAGimpossibleto
giveafullscheduling(i･e･,aSChedulingwithoutidleprocessortimeunits)inFig.5.Inthisexample,

k=6,1ShJ=8<豊･6doesnotsa七isfythecondition･
AIso,theexampleofFig･2in[5】i$aneXampleoftheca5eOfk=3whichhasnofu11scheduling(in

thisexamplefShl=4<書･3)･

4 SchedulingofDAGinwhicheverynodehasatmost3parents

4･1 A1locationalgorithm

Inthefonowingallocationalgorithm,1etGhbethesubgraphofagivenDAGwhoseverticesconsistof

g九∪β九_1(0<九≦g).

A1locationalgoritbmAl

(0)Initialization:lH+1:=0;t:=1
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(1)AllocatetheelementsofShintheorderofh=H,H-1,...,0.

(1-1)･Ca5eOfg妬1=0:範‥=5ん;打‥=臥

●Ca5eOflh･1≠0:ChooseelementsofShalloc牢abletok-lh+1idleprocessorsattimetas
manyaSpOSSibleandallocatethemattimet.LetUbethesetoftheallocatedelements.

g£‥=5九一打;f:=ま+1

(1-2)IfSk≠¢,thenallocatetheelementsofS£onand/oraftertimetasfo1lows.

(a)Caseof h≠0‥lh:=l境imod k;m:=2k-1.

IflSh-1l>m,thenletSh-1beasubsetofSh-1Satisfying哲efollowingcondition:[点h-1[=
m∧(∀u∈U∃s∈St-1･u∈oya((s)))∧(lSh[≧m⇒Foya(Sh-1)E≧m)･(Itisobviousthat
WeCanChoosesuchSh-1･)

IfJSh-1I≦m,thenSh-1‥=Sh-1.LetGLbethesubgraphofGhWhosevertexsetis
乾∪乱-1･

･Iflh=00r慨‡≦k,thenallムcateal1theelementsofShinanarbit云㌫y｡rder.

･IfO<lh<喜kandl矧>k,thenallocaieal1theelementsofSkinthedecreasingorderof
theout-degreesinGL･Here,Wedobucket-SOrtingthembyregardingal1theout-degrees
greaterthan4as4.

･∬lh≧圭kandl矧>k,thenletxbeanelementofS£withthesmal1estout-degreein
GL･Sg‥=Sk-(x)･Chooselh-1elementsfromSgarbitrarilyandletVbetheirset.

TLl‥=†s∈Sh-1拉tlea8tOneOftheparentsofsbelongstoUuV).

(a-1)CaseofI2L-11≧k:First,allocatetheelementsofVattimet.Next,forthe

SubgraphG完ofGLwhosevertexsetis孔-1Uis∈(S£-V)Isisaparentofsome
elementofTLl),allocatetheparentSOfG完using"localallocationmethod"(ref.

SeCtion3･1)･Finally,allocateal1theunallocatedelementsofS£-VinanyOrder(See

Fig.6).
(a-2)Caseofl2L-1l<k:First,allocatetheelembntsofSH-V.Next,allocatethe

elementsofVandx･i:=t+Ll矧/kJ･

(b)Ifh=0,thenallocatetheelementsofSムinanyOrder. ロ

ThetimecomplexityofthisalgorithmisO(n)･Here,nisthetotalnumberoftheinstructions,i.e.,

thenumberoftheverticesinDAG･NotethatasDAGsatisfiesthecondition(1)inSection2,thetotal
numberoftheedgesisa土most3n.

4･2 PropertiesofallocationalgorithmAI

FbrcriticalpathlengthhifanyOfthefo1lowingconditions①,◎,◎hold,thenwesaythatoura1location
algorithmentersaspecialallocationstage･

①た=4,gん=2 ㊥た=3,gん=2 ◎た=2,gん=1

tbeorem4･1別乱I≧2た-1かⅧ別項≦ゐ≦g),α乃dαgわcα如nα如r軌mAlれe眠re血r甲eCねg

αJgoe鵬抑β吻eβ血ね乃夕娩eαgわcα如れ,兢e乃Alp和血ceβα乃叩蕗mαgβCたe血お乃タ.

(Proof)Ⅵ屯showtheoptimalityby$howingthatAlgorithmAldoesnotmakeidleprocessorsexcept

thelasttimeoftheSo?sallocation･Thatis)WeprOVethefo1lowlngprOpOSitionbyinduction･

PropositionAlgorithmAlallocates∫勘SH-1,…,Shwithoutmakingidleprocessorsexceptthelast

timeoftheSh'sallocationforal1h(0≦h≦H). 口

(ProofofProposition)

1.Basis:thecaseofh=H.Obvious.
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time 亡-1 t土me t-1

巨
㌦｣

Figure6:Themethodofallocationinthecaseoflh≧圭k･
(Leftfig.:l孔_11≧kRightfig.:ln_1[<k)

巨
㌦1

2.Inductionstep:Bytheind11Ctionhypothesis,WeaSSumethatforh(0<h≦H),AICanallocate

uptoShWithoutmakingidleprocessor$.ConsidertheallocationofSh-1･

●Iflh=0,thentheproofisobvious.

･Iflh≠0,thenobviouslyl矧>k･LetISkl=nk+lhforsomen≧1･Lettbethesta血time
OftheallocationofS£andi'(=l+n)bethelasttime･Wbdividetheproofintothefollowing
tbree cases.

Casel:gん

Case2:ヱん

Case3:gん

d

d

弧

弧

'付

,
た
川

T㍍

l
一
2
1
-
2
1
一
2

<

>
一
>
一

孔-11≧た

孔_11<た

【ProofofCasel]
Asthenumberofparentsofeachinstructionisatmost3,

仇f(乱)≦6た-3 (*)

Here,mLt(Sh)isthetotalnumberofedgesfromShtOSh_1.Ifthenumberofinstructionsin点h_1,eaCh

OfwhichhasatleastoneofthelhelementsinS£allocatedattimei'asitsparent,islessthanOrequal
tok+lh-1,thenatleastISh_1卜(k+lh-1)=k-lhChildrenofSh_1Canbeallocatedattimetl.
Therefore,inthi占case,thereexistnoidleprocessorsa七timetJ.

So,COnSidertheothercase:thenu血berofthedlildrenofSh_1dominatedbythelhelementsattime

舌′isgreaterthanOrequaltok+lh･hthiscase,(k+lh)/lh>3holdsbylh<喜k･Therefore,eVery
elementinShallocatedattimet,･･･,舌l-1has4childrenormore.Fbrthermore,thetotalnumberof

Out-edgesofthek-lh+1elementsofShallocatedattime士-1isatleastk-lh+1,SOthat

仙f(βん)≧(た-～叫1)+4γlた+(た+～h)

≧(2た-1)一言ん+3字もた+(た+ヱ九)(by(た-g柾1)+乃た≧(2た-1)-g九)

≧ 6た-1(by几≧1)

Thisisacontradictionto(*).Thus,七henumberofthechildrendominatedbythelhelementsattimeil

CannOtbegreaterthanorequaltok+lh.

Therefore,WeCanallocatetheelementsofSh_1attimetlwithoutmakingidleproce$SOrS･

【ProofofCase2】
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Letoya(G完)andko(G完)bethesetsoftheparentsandthechildreninG完,reSpeCtiveIy.Bythe

COnStruCtionofJG完inAlgorithmAl,itisguaranteedforeveryelementofko(G完),thatthenumberofthe
parentsinG完isatmost2･Hence,WeCanShowthispropositionbyasimilarprooftothatofLemma2
in[5]p･972(SeeAppendix3,)
【ProofofCase3]FbrxallocatedattimetI,Out(x)≦3holds.Tbthecontrary,ifweassumethat

Out(x)≧4,then,Sincexisanelementwiththeleastout-degreeinS£,eVeryOneOftheotherk+lh-l

OrmOreelementsinS£has40rmOreedges･Thereforethetotalnumberoftheout-edgesoftheelements

叫g九)≧仇水乾)≧4(か+㍍)≧6た(輌≧妄ゐ)
Thisisacontradictionto(*).

Fhrthermore,byl孤-1L<k,thenumberoftheelementsinSh_1dominatedbyV(i.e.,eaChofwhich

hassomeelementofVasoneofitsparents)isatmostk-1,SOtha土thenumberofelementsinSh_1

dominatedbyVu(x)isatmostk-1+3=k+2.Thatis,thenumberoftheelements-inSh_1allocatable

attimeftisatmostESh-1l-(k+2)=k-3,SOthatifk一声≧k-lh,thatis,iflh≧3holds,then
thereexistnoidleprocessorsattimet/.

Tlms,theremini?gCaSeisonlythatoflh=20rl･Notethatthis[Case3]satisfieslh≧喜k･
Hence,0nlythefo1lowlngthreecasesremain.

①た=4,㍍=2,◎た=3,㍍=2,◎た=2,gん=1
Notethatthesethreecasesarecal1edthespecialallocationstagesandwehaveas8umedthatalgorithm

AlneVerenterthesestages･Hence,Sincethesecasesdonotoccur,WeCanallocateelementsinSLltO
al1theidleprocessorsattimet,.

Therefore,forh-1,thispropositionholds.

4･3 Schedulingforspecialallocationstages

Inthissubsection,Wedescribehowtoscheduleinthespecialallocationstagesandextend[Theorem4.1].
Caseof① た=4,gん=2

･Caseoft境l≧2た+㍍(=10):
ChooseanytWOelementsinSh-1･LetWbethesetoftheelements･First,allocateal1theparents

OfWfromtimetinanyOrder,andthen,allocatetheremainingelementsinS£totimetl.
Becausethetotalnumi)erOftheparentsofWisatmost6,theallocationoftheseelementsis

COmpletedbytimet-1･Therefore,Wcanbeallocateda土timeil,SOthatthereexistnoidle

prOCeSSOrS･

･Caseoflβい<2た+gね:
Inthiscase,lSLI=k+lh=6,$OthatlUl≧(2k-1)-lS£l≧1･ChooseoneelementinSh_1
dominatedbyUarbitrarilyandletthisbex.

(i)IfxhaslorOparentinSん,thenchooseoneelement,Sayy,inSh-1-(x)arbitrari1yandlet

Ⅳ=(∬,y)･

(ii)Otherwise(i･e･,ifxhastwoparentsinS£),ifthereexistsy∈Sh_1-ix)suchthatyanda:

haveatleastonecommonparentinS£,thenletW=(x,y).Otherwise,Choosetwoelements
from乱-1-(3)arbitr訂ilyandletthissetbeW.

Ineithercase,nOtethatthenumberoftheparentsofWbelongingtoS£isatmost4,SincelS£l=6･

Thus,allocatetheparentsofWattimefandthentheremainingelementsofSんtotl=(t+1).
SinceWcanbeallocahedattimetl,thereexistnoidleprocessors.

Caseof◎ k=3,lh=2 Becausethenumberofparentsofeachelementisatmost3,We

Canallocateal1theparentsofsomeelementinSh_1attimet,-1,SOthattheelementof乱_1Canbe
allocatedattime青/･Thus)thereexistnoidleprocessors･
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time schedulingl scheduling2

Figure7‥ExampleofaDAGwithnon-allocatedprocessortimeunitsinanyallocation(k=2).

Caseof◎ k=2,lh=1Inthiscase,thereexistsaDAGinwhichnoelementsinSh_1are

allocatedattimefI(SeeFig.7),thatis,thereexistsanidleprocessorattimetI.

However,ifwechangetheconditionIShl≧2k-1toIShI≧2k=4,thenobviouslythereexists

elementsallocatablea尤timetJ.

Bytheabovearguments,WeObtainthefo1lowlngCOrOllaryofTheorem4.1.

Corollary4.1LetA2bethea190rithmau9mentin9theallocation
aborithmAlbytheabovea190rithm

豆乃班鳩eαβeげ①α乃d◎･ガた≧3α乃dかαJ‖も(0≦ね≦g)l乱l≧2た-1,娩e乃α如r肋mA2タねeβαれ

呼ぬ乃αJβe九e血肋β.

Notethatifk=2,thenweneedtoconsideronlythecaseof◎orlh=0,SOthatifIShl≧2k,itis

Obviousthatthereexistsalineartimeoptimalschedulingalgorithm.

5 Conclusion

lnthispaper,Wehavefirstassumedthatthem血berofparentsofeachinstructioninaDAGisatmost

2,andproposedaheuristicalgorithmofschedulinginlineartimeunderthisassumptionandshownthat

itproducesanOptimalschedulingifthenumberofverticesof乱(thesetofverticeswithcriticalpath

lengthh)satisfiessomerestrictedconditions.Next,Wehaveassumedthatthenu血berofparentsofeach
instruCtioninaDAGisatmost3,andproposedaheuristicalgoritlmofschedulinginlineartimeunder

thisass11mption,Whichhasasimilarpropertytothatoftheformeralgorithm.
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A ProofofLemma3.2

(Proof)Byl矧≧k+lh>7lh,1etA=S£-∪と1Bi,SOIAl>7lh-5lh=2lh.Wbfirstshowthat

mLi(Bl)≦lh-1･-Tbthecontrary,WeaSSumethatout(Bl)>lh_1.Then,

仇f(β1)侮 >(gん_1/gん)

≧(喜k+lh)/lh(byProperty3･1(2))
>4 (byた>6gん)

Therefore,byout(Bl)>4lh,theout-degreeofsomeelementinBlis50rmOre,SOthatout(A)≧5lAl≧
5(kq4lh)･Theout-degreeofeachelementinSh-(AuBl)islormore,SOWegetthefo1lowinginequality.

助士(乱)= 助士(A)+仙f(β1)+仇f(乱-(Auβ1))
> 5lAl+■gん_1+l乱ト(14+㍍)

≧4(た-4g直g九-1-い…た(bylg九l≧…た)

=(5･芸)か+㍍-1-17g九
≧2(た+g九-1-り+笹-gんJ+5(芸ト3～九)
> 2ESh-11(byProperty3･1(1),k>lh_1,k>6lh)

Thiscontradictstothetotalnumberoftheexistingedges.Therefore,mLi(Bl)≦lh_1.Bythesame

W町,払revery宜(2≦乞≦5),孤老(哉)≦g九_1bolds.
Next,forsomei(1≦i≦5),WeShowthatlko(ko(Bi))l≦FSh_2L-m.Tbthecontrary,aSSumingthat

foreveryi(1≦i≦5),lko(ko(Bi))E>1Sh-2トm,WeShowacontradiction.LetB=Ug=1Bi.Then,the
fo1lowlngequalityholds.

仙f(g九)=0叫β九-β)+∑≡10扇(哉)
Fbreachout-edgegoingoutof(Sh-B),theout-degreeoftheadjacentvertexinSh_1islormore

andforal1theout-edgesgoingoutofBi(1≦i≦5),thesumoftheout-degreesoftheadjacentvertices
inSh-1isIko(ko(Bi))lormoreforeachi･BecausethenumberoftheparentsofeachvertexinSh_1isat

most2,Oui(Sh-B)+∑と11ko(ko(Bi))fislimitedtothedoubleofthetotalnumberoftheedgesfrom
Sh-1tOSh-2･Thatis)thefollowinginequalityholds･

融(乱-β)+∑伽(叫β洲≦岬九-2ト(**)

However,

thelefthandsideof(**)≧(芸k-5lh)･5(lSh-2[-m)
≧ 動乱-2l+3た-5g九-5m(by‡乱_21≧

= 41晶-2ト2た+5g九-1-5g九(bym=た-g九_1)

≧4[&-2t･芸k(byPrbpe吋3･1(2))
Thiscontradictsto(**).Therefore,thislemmaholds. □
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B ProofofLemma3.3

LetL3bethesetofthefirstlhelementschosenfromSk-Llinthedecreasingorderoftheout-degree･
Wefir$tShowthatout(L3)≦lh_1.Tbthecontrary,aSSumingoui(L3)>lh-1,WeShowacontradiction･

●Caseofm≧lh:Inthiscase,k≧4lhholds(byProperty3.1(3)).

≧(芸k･lh)/lh(byProperty3･1(2))
≧ 3(byた≧4J九)

Therefore,theout-degreeofsomeelementofL3isgreaterthanOrequalto4,But

勅書(g九)= 仇£け′)+仙ま(朗)+仙ま(g九-キ′-エ3)
> 4(た-2†柁)+J九_1+(l‰ト(た-2m)-g九)

≧(4+芸)た-6m症1-～九(bylg九l≧芸た)

=(4+芸)た-6(た-gんJ･ヱ九-1-gん
=7g九-1一芸た-Jん
≧2～九一5(喜た+～ん)一芸た-g九(研roperty3･1(2))
= 2J九_1+た+4gh

=(2～九_1+2た-2Jん)+(6～九-た)

≧ 2ISh_11(by6lh≧k,Property3･1(1))

Therefore,mLi(Sh)>2ISh_1l･Thisisacontradiction･

･Caseofm<lh:Inthiscase,k>4m(byProperty3.1(3)).

≧芸･k/lh･1(byProperty3･1(2))
≧ 2(byProperty3.1(3))

Therefore,theout-degreeofsomeelementofL3isgreaterthanOrequalto3,SO

仙f(5九)> 3(た-2m)+～九-1+(I乱ト(た-2m)-～ん)

≧(3･芸)…-1-4m-㍍

=(2･芸)た+2gん-1-3m一柵た=m･h)
=(2た+2㍍-1-2gね回芸…-3m)> 到g九_11(by㍍>m,た>4†乃)

Thisisacontradiction.Hence,WehaNeOut(L3)≦lh_1.Byasimilarargument,仙t(L3)<5lh

holds5.Therefore,Out(LtI)≦out(L3)holds,SOthislemmaholds･ □

Swbdobucket-SOrtundertheassumptionthattheout-degreegreaterthan5isregardedas5†SOthatinorderto$how

out(L士l)≦oui(L3)weneedtoguaranteethatthereexistsatleastoneelementinL3whoseout-degreeislesserthanOr
equalto4bythisinequality･
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C ProofofTheorem4･1【Case2]

Ifal1theelementsofoya(G芸)areallocatedbeforeorattimeiJ-1,thenbyl7L_11≧k,WeCanObviously
allocatek-lhelementsinSh-1attimeiI･So,WeaSSumethatatleastoneelementsinoya(GX)is
allocatedattimet'･Then,WeCanShowthispropositionbyasimilarprooftothatof[5]usingthe
followinglemmain[5]･

LemmaB･1([5],Lemmal)FbrDAGwhosevertexsetisDhUDh_1andwhoseedgesetis(⊆DhXDh_1),

WeaSSumethen11mberoftheparents(∈Dh)ofeachchild(∈Dh_1)isatmost2.Allocatingtheparents
by'localallocationmethod',foranyconnectedcomponentCofDAG,ifm(>0)parentsinCareallocated

atanytime,atleastm-1childreninCcanbeallocatedatthenexttime.□

LetCnbetheconnectedcomponentofG完whoseparentsareallocatedatbothtimesl[-1andtI.
LetpnbethenurhberoftheparentsinCLandqnbethenumberofthechildren.And,1etpLand

P諾(=Pn-PL)bethe血1mberofparentsinCnallocatedattimei/-1andf′,reSpeCtively.

1･Caseofpm≦守乃:

ByLemmaB･1,atleastpL-loftheqnchildrenareallocatableattimetI.

SinceforanyCOnneCtedcomponentCiallocatedbeforeCn,Pi≦qiholds,thenumberofelements

inSh-1allocatableattimei/isatleast(thenumberoftheelementsofoya(G完)allocatedattime
f′-1)-1=(た-～ん+1)-1=た-gん.

2.Caseof恥>‰:

ByLemmaB･1,atleastpL-loftheqnchildrenareallocatablea七timei/.So,thenumberofthe

ChildrenofCLwhichcannOtbeallocatedattimei,isatmost

留乃-(ぬ-1)<恥-(鉱一1)=p諾+1

Thatis,thenumberofthechildrenofG,WhichcannOtbeallocatedattimeilisatmostp註(i.e.,

thenumberoftheparentsofCLallocatedattimei,).

AndforeachconnectedcomponentsCtallocatedafterCnwa$a1located,Pi>qiholds,SOthatthe

numberofthechildrenofCiWhichcannOtbeallocatedattimetlisatmostpi･Therefore,the

numberoftheelementsofTLl,eaChofwhichhasasitsparentsoneofthelhelementsofoya(Gg)
allocatedattl,isatmostlh(i･e･,thenumberofoya(G完)allocatedattI)･Therefore,thereexistat
leastk-lhelementsofSh_1WhichcanbeallocatedatiI.

By(1)and(2),WeCanallocatek-lhelementsofSh_1tOk-lhprOCeSSOrSatt/.
Hence,thereexistsnoidleprocessorattl. □


