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An approximate method is proposed to evaluate the elastic buckling strength of a
multi-story multi-bay rectangular frame with irregular arrangements of beam and
column stiffnesses and column axial force distribution, combining two methods
separately developed by Sakamoto and Wood for single-story multi-bay frames and
multi-story single-bay frames, respectively. Sample calculations were made
including a 14-story 8-bay frame designed in the real practice, and 6-story 2-bay
frames in which one column was extremely slender or subjected to excessive axial
force. It is shown that the proposed method gives very good estimates to the buckling
strength although the estimates are conservative or unconservative, with no clear
tendency.
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1. Introduction

The real design practice requires to determine the effective length of a column by the elastic
buckling analysis of the overall frame. Butits computation is quite cumbersome and time-consuming, and
thus an approximate value is used for the effective length, which is derived based on some assumptions.
For example, it is usually assumed that the horizontal sway is completely prevented in the case of braced
frames, and the effective length is taken equal to the story height as a conservative approximation. For the
case of the frame permitted to sway, the effective column length becomes longer than the story height,
which is usually evaluated from so-called alignment charts prepared for the effective column length in a
rather regular multi-story frame. Exact buckling analysis is rarcly performed. Such an alignment chart may
cause a great error, if it is applied to the evaluation of the effective column length of a frame in which
distributions of column axial forces and member stiffnesses are irregular and unbalanced. This paper
presents an approximate method to evaluate the elastic buckling strength of a multi-story frame permitted
to sway, which is based on two methods of buckling analysis proposed by others, and investigates the
accuracy of this method in view of sample frames.
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2. Buckling Strength Computation of Multi-Story Frames
2. 1 Effective Column Length of A Regular Multi-Story Frames

The alignment chart used in the real practice for the evaluation of effective column length in a
frame permitted to sway are developed based on the following assumptions : when the frame buckling, i) all
columns in the frame buckle simultaneously, and thus the value of the following parameter is identical for
all columns ;

Pl

Z= EICC ¢y
ii) the restraining moments provided by the beams are distributed to the columns above and below the joint
in proportion to the column stiffness ; and iii) the rotation angles at both ends of a beam are identical. In Eq.
(1), P denotes the axial force, I, the moment of inertia of a column cross section, E the Young’s modulus,
and [, the column length?,

Based on these assumptions, the slope-deflection analysis of a deformed column due to buckling
gives the following equation for the buckling condition? ;
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where y denotes the effective length factor, and subscripts a and b indicate two end joints of a column ; I and
1 denote the moment of inertia and length, respectively, and subscripts ¢ and g indicate the column and the
beam, respectively. The summation should be taken for all members connected to that joint. The alignment
chart shown in Fig. 1 is drawn from Eq. (2). The buckling strength of the column is given by using y as
follows ;

n2El,
P, = 2
(rid)

Equation (2) can be directly derived from the buckling analysis of a simple symmetrical frame
shown in Fig. 2, in which the beam stiffness ratios are given as 1 / G, and 1/ G, . This means that Eq. (2)
expresses the buckling condition of a multi-story frame which is composed of a number of unit frames
shown in Fig. 2. Therefore, the alignment chart gives sufficiently accurate results for the case that the
values of P, for all columns in a frame, obtained from Egs. (2) and (3), are approximately identical. The
inaccurate results provided by applying Eqs. (2) and (3) to an irregular frame have been often discussed>),
and modified effective length factor was proposed for rather small scale irregular frames?), but an
approximate method applicable to general multi-story frames encountered in the real practice has not yet
been developed. In the next section, two method proposed by others are shown : the one is applicable to a
frame whose distributions of column axial force and member stiffness are regular in the story-direction, but
those are irregular in the bay-direction, and the other is applicable to a frame which is regular in the bay-
direction, but irregular in the story-direction.

A

2.2 Effective Column Length of A Single-Story Multi-Bay Frame - Sakamoto’s Method

Sakamoto® presented modified effective column length for a portal frame whose column axial
forces and column stiffnesses are different in two columns, as shown in Fig. 3, where o and B denote the
axial force ratio and stiffness ratio, respectively, and the effective column length factor § is obtained from
the alignment chart shown in Fig. 1. Assuming that the deflected column configurations can be
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Fig.2. Unit frame for Eq.(2)

Fig.3. Sakamoto's method



62 S. MORINO, J. KAWAGUCHI and H. SUZUKI

approximated by sine functions with argument 71, the equilibrium of the story shear force for the
deformed frame subjected to the axial load P, gives

1, B
P = fn H: mlEl “)
a1+ a 1.2

and the modified effective length factor y; and y, are obtained by definition, as follows ;

- 1+« >
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This method can be easily extended to a single-story s-bay frame shown in Fig. 4, and the results
become as follows ;
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2.3 Effective Column Length of A Multi-story Single-Bay Frame - Wood’s Method

Wood® presented an exact method of cvaluating the buckling strength of a multi-story column
elastically restrained by beams at cach story joint, as shown in Fig. 5, which is replaced from a multi-story
multi-bay frame regular in the bay-direction. This method utilizes the buckling condition that the
summation of the modified column stiffness reduced by the axial force and the beam stiffness at any
arbitrary joint becomes zero at the instance of buckling, which can be mathematically written as follows ;

ZK"+ZK,=0 8)
where K" denotes column stiffness modified by the stability function considering the axial force effect, and
K, the beam stiffness.

Consider the frame shown in Fig. 5, as an example. The value of the axial force P which satisfies
Eq. (8) at joint B is searched for by the following procedurc. First, the modified stiffness of the top-story
column K3" is evaluated for a trial value of P taking the restraining effect of the beams connected to the
joint D. Then, the modified stiffness K," of the column BC in a similar manner, taking the restraining
effect of the members connected to the joint C, that is, the modified beam stiffness, ZK,' = ZK, + K3". On
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Fig.4. Single-story multi-bay frame Fig.5. Wood's method
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the other hand, the same procedure is taken for the columns below the joint B : evaluation of the modified
stiffness K" for the column AB in this case. Then, finally, it is checked whether Eq. (8) is satisfied or not
at joint B, by substituting K;" + K," into ZK", and the beam stiffnesses into ZK,. If the value of the left
hand side of Eq. (8) becomes negative, the trial value for P alrcady exceeds the buckling strength, and vice
versa. In the explanation of the procedure above, the joint B is selccted to satisty Eq. (8), but the choice of
the joint is arbitrary ; it could be C.

In the original paper by Wood®, the equation for the modified column stiffness is given for a
column elastically restrained by two beams at a joint, the beam ends being simply supported, as shown in
Fig. 5. The modified column stiffness, Eq. (9) given below, is derived for a column in a multi-story single-
bay frame shown in Fig. 6 (b) for the convenience in the later computation.

KZ

k"= _KZ 1_( 1 )2_ 6tanZ ()
6tan Z cos Z KZ sk
6 tan Z b

where K denotes the column stiffness (=1, /1. ) , K}, the beam stiffness, and Z is given by Eq. (1).
3. Approximation of Buckling Strength Using A Single-Bay Frame
3.1 Combination of Sakamoto’s and Wood’s Method - SWC Method

Sakamoto’s and Wood’s methods explained in the previous section can be only applicable to a
single-story frame or 10 a single-bay frame, respectively. In this section, a combined method of these two is
presented as SWC method to compute the buckling strength of a multi-story multi-bay frame. This method
first reforms the prototype frame to a single-bay frame in such a way that the buckling strength of each story
of a single-bay frame becomes cqual o that of the corresponding story of the prototype frame, both
evaluated by Eq. (6). Then, the buckling strength of the single-bay frame is determined by Wood’s method,
which is finally taken as an approximation of the buckling strength of the prototype frame. The
computational procedure is cxplained below, taking a 6-story 2-bay frame shown in Fig. 6 (a) as an
example of the prototype, where member stiffnesses and column axial force ratios are all given.

i) Pick up a column of the prototype frame in Fig. 6 (a) as a reference column, which includes the story
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(a) Prototype frame (b) Virtual frame : symmetrical (c) 3-story partial frame

multi-story single-bay frame

Fig.6. Method to generate a virtual frame
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column showing the lowest value of the buckling strength given by Eq. (3) with Y obtained from the
alignment chart, Fig. 1 (or by Eq. (2) ). The left column is selected as a reference column in this example.
ii ) Compute the buckling strength of each story of the prototype frame by Eq. (6) of Sakamoto’s method,
and compute the effective length factor of the reference ( left ) column in each story by Eq. (7).
iii ) Compose a vertical symmetrical 6-story single-bay frame as shown in Fig. 6 (b), in which the column
have exactly the same characteristics as the reference ( left ) column of the prototype frame ; column axial
force ratios and column stiffnesses. The beam stiffnesses of this frame are determined from the 1st story in
such a way that the effective length factor becomes cqual to that computed in step ii ). In this example,
since the column base is fixed, Gy, is set equal to zero. By entering into the alignment chart ( or Eq. (2))
with Gy, and the value of y for the 1st story determined in step ii ), G, can be obtained, from which the
modified beam stiffness at the sccond floor Ky,' is determined. The same procedure is repeated to
determine the modified beam stiffness at the upper floor levels. The buckling strength of each story of the
single-bay frame is thus identical with that of the prototype frame.
iv ) Compute by Wood’s method the exact buckling strength of the single-bay frame composed above,
which is the approximation to the buckling strength of the prototype frame.

The essential part of SWC method is the idea to shrink the prototype frame to the single-bay frame
so that Wood’s method can be applied to compute the buckling strength, without changing the buckling
strength of each story computed by Sakamoto’s method.

3. 2 Numerical Examples
(a) Relatively Regular Frames

Taken as numerical examples in this sections are a 6-story single-bay frame (Example 1), a 6-story
2-bay frame (Example 2) and a 14-story 8-bay frame designed in the real practice (Example 3). The axial

force ratios and member stiffnesses of these frames are distributed in a relatively regular manner. In the
case of the 6-story frames in Fig. 7, the vertical load P is applied at all joints, and thus the column axial
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Fig.7. Sample frames for buckling strength calculation
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forces change as P, 2P, - -, 6P from the top story to the Ist story. The moments of inertia of the columns
and the beams reduce from the lower story to the upper story with a proportionality constant of 0.8. The
stiffness of the right column of the 6-story single-bay frame in Fig. 7 (a) is 1.2 times that of the left column
in each story. In the case of the 6-story 2-bay frame in Fig. 7 (b), the stiffness of the middle and the right
columns are 1.2 and 1.5 times that of the left column in each story, respectively, and the stiffness of the right
beam is 1.4 times that of the left beam at cach floor level. In addition, the following values are taken in the
examples : I, = 1440 cm?, I, = 1152 cm®, , = 600 cm, . = 300 cm, and E = 205.8 (kN/ mm?2). Figure 8
shows the values of member stiffnesses ( 1./ [, I,/ I, ) of the left column which is sclected as the reference
column and the adjacent beams, common for two frames in Fig. 7.

Table 1 first shows the buckling strength of each story of sample prototype frames in Fig. 7
computed by Sakamoto’s method. Figure 9 shows the member stiffnesses of the virtual symmetrical
single-bay frames composed the left ( reference ) columns of the frames in Fig. 7 (and thus Fig. 8 ) and the
beams whose stiffnesses are so determined that the buckling strength of each story becomes equal to the
corresponding value in Table 1. The axial force ratio of the column in cach story is the same as the left
column of the prototype frames in Fig. 7. Exact buckling strength of the virtual frames in Fig. 9 computed
by Wood’s method is given in Table 1 as SWC method, together with the ratio in the parenthesis to the
value given as cxact analysis, which is the result of the analysis of the prototype frames using the slope
deflection method with the stability functions, where the effect of the first order sway and bending

Table 1. Buckling strengths by SWC method : Examples 1, 2 and 3 (kN)

Sample Buckling strength of cach story by Sakamoto's method SwC Exact
frame 1ststory| 2nd 3rd 4th 5th 6th method | analysis
Example 1 | 2648 | 1160 | 1160 | 1238 | 1485 | 300.1 (}3&;) 1349
189.5
Example2 | 3317 | 1683 | 1683 | 179.5 | 2154 | 4226 | ggn | 1915
Example 3 | 21979 | 18595 | 18505 | 20058 [ 20993 | 20691 (119(‘)‘871) 19267
0.629 0.559 0.787
LST3| e 1573 937 [1573 1573 jgg 1573
1.966 . . ‘ 1.
0,983 1966  oq  [1966 1966 | 500 966
2458 | 09 2458 e, |28 2458 o0, [2458
3.072 072 . 072 .
1.536 307 130|307 307 o0 |30
AZY 384 e, [384 384 a5 |38
48 48 L4.8 48 48

(a) Virtual frame for 6-story 1-bay  (b) Virtual frame for 6-story 2-bay

Fig.8. Stiffnesses of left prototype frame prototype frame

exterior column

and adjacent beams Fig.9. Stiffnesses of virtual frames for SWC method
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moments under the application of the vertical loads caused by the irregularity are neglected.

Figure 10 shows the member stiffness ratios and the axial force ratios of the 14-story 8-bay frame
designed in real practice, which are the values in reference to the left column in the top story. The results of
the numerical computation of the buckling strength of this frame are also shown in Table 1, where the story
buckling strengths above the 7th story computed by Sakamoto’s method are omitted, since they are all
greater than the values listed for 1st to 6th stories.

It may be concluded that SWC method possesses high accuracy ; The maximum crror observed in
three sample frames is only 1.3% as shown in Table 1. The reason of this high accuracy is considered to be
as follows :

i ) when the axial forces in columns of a frame increase proportionally, the weakest column would reach
first its load-carrying capacity, and it is mainly supported by other columns located in the same story, which
provide the horizontal sway resistance, and the columns and beams in the upper and the lower stories floor
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Fig.10. 14-story 8-bay sample frame - Example 3
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Fig 10. 14-story 8-bay sample frame - Example 3

levels, respectively, which provide the rotational resistance to the columns in the story that the critical
column is located. As already well known, the members other than those mentioned above have small
effects, or does not provide much restraint to the critical column. In other words, the buckling strength of
the overall frame is mainly affected by the characteristics of the members surrounding the critical column.
The buckling strength formula for a critical story presented by Sakamoto, Eq. (6), contains all parameters
mentioned above.

ii ) The virtual symmetrical frame is composed in such a way that the buckling strength of cach story of the
virtual frame is identical to that of the prototype, both computed by Sakamoto’s method. Therefore, if it
can be assumed the buckling strength of the overall frame is identical to the buckling strength of a certain
critical story locally computed by Sakamoto’s method, the buckling strength of the prototype frame is
identical to that of the virtual frame. Obviously this assumption is not correct, but we already know that the
error may not be so large from the discussion in i ).

iii ) The characteristics of members not considered in Sakamoto’s formula which are located rather far from
the critical story can be taken into account, since the virtual frame is solved by Wood’s method, which is an
exact method.
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(b) Frames with Extremely Unbalanced Column Characteristics

The next examples are the same frames shown in Fig.7 (b), but one of the left, middle or right
columns in the 4th story is subject to the disturbance, that is, the column stiffness is extremely reduced
(Examples 4-1 to 4-3) , or the axial force is extremely increased (Examples 5-1 to 5-3). Figure 11 shows
two sample frames : In the one frame, the stiffness of the left column in the 4th story is reduced to the half
of that of the frame shown in Fig.7 (b), and in the other framc in Fig.11 (b), the axial forces in the left
columns in the 4th and lower storics arc increased by 2P, compared with those in the middle and the right
columns.

the results of SWC method applied to the frames with unbalanced column characteristics are listed
in Table 2, and again the high accuracy is observed ; the maximum error is -3.8% in Example 5-1. The
value in the parenthesis indicates the ratio to the exact buckling strength in Table 2 and the following tables.

4. Approximate Method of Buckling Analysis
4.1 Approximation by 3-story Partial Frame

The SWC method requires two steps of computation ; composition of a virtual single-bay frame
based on Sakamoto’s method, and the analysis of the virtual frame by Wood’s method. The application of

Table 2. Buckling strengths by SWC method : Examples 4 and 5 (kN)

Sample frame and SWC method | Exact analysis
unbalanced column
4-1 Left col. 183.4 (0.967) 189.6
4-2 Middle col. 182.0 (0.988) 184.3
4-3 Right col. 190.5 (1.008) 188.9
5-1 Left col. 159.0 (0.962) 165.2
5-2 Middle col. 166.3 (1.008) 165.0
5-3 Right col. 167.2 (1.011) 165.3
|
1.573 1.887 2.359 P P P
L
|
1.966 2.359 2.949 2P 2P 2P
L
2.458/2 1
- 1.229 2.949 3.686 5P 3p 3p
’ 1
|
3.072 3.686 4.608 6P 4P 4P
1
I
3.84 4.608 5.76 7P 5P 5P
L
|
4.8 5.76 7.2 8P 6P 6P
1 1 1 1 1 1
(a) Sample frame with unbalanced (b) Sample frame with unbalanced
column stiffness column axial force

Fig.11. Sample frames with unbalanced distribution of column stiffness or axial force
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this method to large-scale multi-story frames encountered in the real practice is still tedious and time-
consuming. From this point of view, two types of approximate method are discussed in this section ; both
trying to approximate the prototype frame by a 3-story single-bay partial frame ; the one approximation
reduces the partial frame from the virtual symmetrical frame composed in SWC method, and the other
reduces the partial frame directly from the prototype frame.

A preliminary computation was performed to investigate the accuracy of the buckling strengths of
the 3-story partial frames, using Examplc 1, 2 and 3. For these 3 cxamples, the virtual symmetrical frames
of single-bay are alrcady composed in the coursc of computation by SWC method, and then the 3-story
partial frames can be simply taken out {rom the virtual frame as shown in Fig.6 (¢), without changing any
member characteristics of the virtual frame. A 3-story frame is composed {rom a reference story and the
upper and the lower stories, and therefore, 4 kinds of the 3-story frame can be taken out from a 6-story
virtual frame ( and thus a 6-story prototype frame ), since the 1st and the top story cannot be a reference
story.

Table 3 shows the buckling strengths of 4 kinds of the 3-story partial frames for Examples 1, 2 and
3, obtained by Wood’s method. For Example 3, the value for the partial frames whose reference stories are
7 to 13 arc omitted, since they are all greater than the values listed. If we assume that the smallest buckling
strength among those for all the 3-story partial frames give an approximation to the buckling strength of the
prototype frame, the results in Table 3 indicates that the approximate buckling strength is given by the
strength of the 3-story frame with the 3rd story as a reference in all examples, and the error is still very
small, +3.3%. More importantly, note that the smallest value among the story buckling strengths computed
by Sakamoto’s method also occurs at the 3rd story in all cxamplcs, as indicated in Table 1. In other words,
the reference story of the 3-story partial frame which gives the smallest buckling strength agrees with the
story which gives the smallest story buckling strength computed by Sakamoto’s method, in Examples 1, 2
and 3. The values of Approx. method will be explained later.

4.2 Selection Rules for Reference Column and Story

In the course of the approximate method to compute the buckling strength, which will be proposed
later, it is required to select a reference column and a reference story to compose a 3-story partial frame
which is an approximation of the prototype frame. This section f{irst shows hypothetical selection rules, and
then investigates their reliability in view of the numerical results using Examplcs 4 and 5 shown before.

Selection rules are as follows :

Rule A-Reference column : When composing the virtual single-bay frame, select reference column

so that it contains a story column of which buckling strength computed by the alignment chart ( or

by Egs. (2) and (3) ) is the smallest.

Rule B-Reference story : When composing the 3-story partial frame, sclect the reference story of

which story buckling strength computed by Sakamoto’s formula, Eq. (6), is the smallest.

Table 3. Buckling strengths of 3-story partial frames : Examples 1, 2 and 3 (kN)

Sample Reference story ApprOX. Exact

frame | 1ststory| 2nd 3rd 4th Sth 6th | method | analysis
Example 1 - 149.3 (}.3093%) 149.1 | 1715 - (}:”()93'§) 134.9
Example 2 - 200.2 (11?8161) 209.5 | 232.0 - ({.9031';) 191.5
Example 3 - 19703 (11?81113) 22001 | 22257 | 23551 (21(_)0358§‘) 19267
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It has been shown by Example 1 to 3 that the 3-story partial frame composed by applying the
selection Rule B gives the smallest buckling strength among all the partial frames taken out from the virtual
single-bay frame composed by applying the selcction Rule A, and it gives a very good estimates to the exact
buckling strength of the prototype frame. In the following, the reliability of the rules is examined with
Examples 4 and 5.

Table 4 indicates the results of Examples 4-1, 4-2 and 4-3 already introduced in 3.2 (b) : Frames in
which the stiffness of the left, middle or right columns in the 4th story is reduced to half that of the ori ginal
frame presented as Example 2. In columns (V) and (V1) in Table 4, the reference story column selected
according to the Rule A, and the reference story selected according to the Rule B are shown, Then, the
buckling strength of the 3-story partial frame composed above according to the rules is given in column (II).
The value in column (I), for example 184.4 kN, is obtained as follows : The prototype frame is a 6-story 2-
bay frame in which the stiffness of the left column in the 4th story is reduced to the half as shown in Fi g.11
(a). First, a virtual single-bay frame is composed using the left column ( as indicated in the table ) of the
prototype frame, and then the buckling strengths of 4 kinds of the 3-story partial frame are computed,
among which 184.4 kN corresponding 1o the the 3-story partial frame with the 3rd story of the virtual 6-
story frame as a reference story is the smallest. This numerical procedure is repeated for Example 4-1
changing the reference column as the middle and the right columns of the prototype frame, and 197.1 kN
and 200.2 kN are obtained, respcctivcly. Therefore, 12 (4 for cach of 3 virtual 6-story frames ) different
partial frames of 3-stories are examined for Examplec 4-1, and 184.4 kN marked by a small circle is found to
be the smallest, which is the closest to the cxact buckling strength given in column (1V). Although not
shown in the table, all the values listed in column (1) happened to be for the 3-story partial frames composed

Table 4. Buckling strengths of 3-story partial frames : Example 4, unbalanced stiffness (kN)

Sample frames ) (1) av) V) (V1)
and unbalanced Ref. column () Approx. | Exact Rule A Rule B
column Left | Middle | Right method | analysis
(o] .
4-1 Left col. 184.4 197.1 200.2 200.1 204.1 189 6 4th story, 4th story
(0.970) | (1.039) | (1.056) | (1.055) | (1.077) Left col.
(o] .
4.2 |Middie col. 187.2 186.3 194.6 190.0 187.8 1842 3rd story, 4th story
(1.016) | (1.011) | (1.056) | (1.031) (1.019) Left col.
(o] .
43 |Right col. 191.6 195.8 189.6 203.1 207.2 188.9 4th story, 4th story
(1.014) | (1.036) | (1.004) | (1.075) (1.097) Right col.

Table 5. Buckling strengths of 3-story partial frames : Example 5, unbalanced axial force (kN)

Sample frames @ (1) av) V) (VD
and unbalanced Ref. column (D | Approx. | Exact Rue A | RuleB
column 11 o | Middie | Right method | analysis| © e
O .
St | Len co, |1003 | 1724 T30 103 11530 7 T Gory, [
0.970) | (1.043) | (1.053) | ©.970) | (0.926) Left col.
. ~169.1 [O1654 | 1739 | 169.1 168.7 3rd story,
52 Middlecold gy | (1.003) | (1.054) | (1.025) | (1.022) | 1% | Legcor. | 3¢SO
0169.1 | 1724 | 1694 | 169.4 | 168.3 4th story
3 |Ri ‘ ' ' ' > | 16s. | 3rd st
>3 | Right ool | 1 093y | (ow3) | (ozs) | Loos) | oty | 1953 Right col.| ™ "0
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with the 3rd story of the virtual 6-story frame as the reference story.

We assumed before that the buckling strength of the 3-story partial frame composed according to
the Rules A and B is the smallest among the values for all possible 3-story partial frames, and thus the
closest to the exact buckling strength of the prototype frame. The conflicts between the numerical results
shown in Table 4 for Examples 4-1to 4-3 and the assumption are as follows :

Example 4-1 : The smallest strength 184.4 kN is for the partial frame with the left column and the

3rd story as the references, and thus the reference story conflicts with the one obtained from the

Rule B in column ( VI ).

Example 4-2 : 186.3 kN is obtained with the middle column and the 3rd story, which conflicts both

Rules, A and B given in (V) and (VI), respectively.

Example 4-3 : 189.6 kN is for the frame with the right column and the 3rd story, which conflicts the

reference story in (VI).

The same investigation is performed for Examples 5-1 to 5-3, which are the frames having
unbalanced distribution of the column axial force as shown in Fig.11 (b), and the results are shown in Table
5. Again, all the values for 9 cases listed in column (I) are obtained for the 3-story frames with the 3rd story
of the prototype frame as a reference story. Thercfore, no conflict concerning the reference story is found
in these examples, but the reference column of the partial frame which gives the smallest buckling strength
differs from the one obtained from the Rule A in Examples 5-2 and 5-3.

The investigation above shows that the buckling strength estimated {rom the 3-story partial frame
composed by the Rules A and B is not perfectly reliable. However, the error involved in the values in
columns (II) in Tables 4 and 5, which are obtained according to the Rules A and B, is within +7.5% against
the exact buckling strength given in column (IV). Thus, we take the Rules A and B as a basis of the final
proposed of the approximate mcthod shown in the next scction. The values in column (III) will be
explained later.

4.3 Proposal of Approximate Method

In the numerical examples shown in the preceding sections, the virtual frame whose story number
is the same as that of the prototype frame has to be composed, which sometimes requires a quite amount of
computation. Therefore, a procedure to skip the composition of the virtual frame is presented in this
section, and proposed as the final method of approximation for the elastic buckling strength of the multi-
story frame.

The procedure is quite simple as follows : i) Select the refercnce column and the reference story
according to Rules A and B. ii) Take out the column of 3-story height, as selected in i), without changing
the stiffness and axial force distribution from the prototype frame, and compose a 3-story single-bay
symmetrical frame, as shown in Fig.6 (c), in which the columns are identical to the one taken out from the
prototype frame, and the bottom beam is identical to the corresponding one of the prototype K3. iii)
Determine the stiffnesses of other 3 beams in such a way that the column buckling strength computed by the
alignment chart or by Egs. (2) and (3) becomes identical to the buckling strength computed by Sakamoto’s
formula, Eq. (6), for the corresponding story. This part of the computation is already explained for SWC
method to compose the virtual single-bay frame. iv) Computc the buckling strength of the 3-story partial
frame by Wood’s method, and it will be the estimate to the buckling strength of the prototype frame.

The results by the approximate method proposed above are listed in column of Approx. method in
Table 3, 4 and 5. The maximum error is observed to be +9.7% in Example 4-3, which is a little larger than
the values computed by the procedure without skipping the composition of the virtual 6-story frame.
However, the error for Example 3, the frame designed in the real practice, is only +5.8% as indicated in
Table 3, and it becomes even smaller for relatively regular frames, Examples 1 and 2.
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4.4 Limits of Application

Clear limits for applying the proposed method to the real practice cannot be stated yet, but the
following points should be noted. The ratio of the maximum value to the minimum value among the
buckling strength computed for individual story columns by the alignment chart may be a good indicator
for the level of irregularity ; as it becomes large, the gap between the strength by the alignment chart and the
exact strength may become large. The ratio observed in the sample frames range from 2.69 ( Example 1)
to 7.62 ( Example 5-1).

The proposed method is based on the assumption that the prototype frame does not contain hinged
members, or it does not contain a story or a floor where some columns or beams are missing, respectively.
Hinged beams may be easily implemented, but hinged columns may require some special treatment. The
discussion presented in the preceding sections omitled the case that the 1st or the top story becomes the
reference story. Insuch a case, the 3-story partial frame may be composed by the bottom 3 stories or by the
top 3 stories. These points are left for the future investigation.

Note that both SWC method and the approximate method give conservative or unconservative
estimates to the exact buckling strength, and clear tendency has not yet been found. Careful consideration
is needed for the application of these method in the real practice.

5. Concluding Remarks

1. The SWC method combining Sakamoto’s and Wood’s method has high accuracy in estimating the
buckling strength of a multi-story frame. The maximum error observed within the numerical examples was
-3.8%, and the error for the frame designed in the real practice is only +0.7%.

2. The approximate method proposed to estimate the elastic buckling strength of a multi-story frame, based
on a 3-story partial frame composed by the selection rules concerning the reference column and the
reference story, contains the maximum error of +9.7% for the frames with unrealistically unbalanced
stiffness and axial force distribution, but the error of only +5.8% for the frame designed in the real practice.
3. The approximate method sometimes gives unconservative estimates, thus careful consideration is
required when this method is applied to the real practice.

4. The treatment for the frame containing hinged members and open-ceiling type floor arrangement is left
for the future investigation.
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