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Chapter1 Abstract 

 

1.1  Background of the research 

 

1.1.1 Brief classification of motor[1][2][3][4] 

 

Motor is a kind of electrical machine which converts electrical energy into mechanical one. 

With recent development and improvement, the structure of motor is usually made up of rotor 

part and stator part. By classification of driving strategy. There are two kinds of motor, DC motor 

and AC motor.  

(1). DC motor: The driving current of DC motor is direct current. The motor has a commutator. 

It causes sparks when DC motor runs with large current. To avoid this problem, brushless DC 

motor[1] has been invented. But both of them(DC motor and brushless DC motor) require a 

complicated DC power supply system, which causes power losses when electricity power is 

alternated. 

(2). AC motor: The driving signal of AC motor is sinusoidal current. This kind of motor usually 

has three-phase currents. Each phase current is apart from each other by 120 degrees in space. In 

AC motors, there are two popular ones, induction motor and synchronous motor. In induction 

motor, rotor speed lags behind stator speed. This is named slip, and slip is the reason why 

induction motor cannot achieve high efficiency. Synchronous can be divided by rotor structure as 

wound rotor synchronous motor and PMSM(permanent magnet synchronous motor). The paper 

targets PMSM as the controlled plant. The structure of PMSM is introduced in detail within 

Chapter 2. The mentioned motor classification is shown in Fig.1.1 
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Fig.1.1 Brief motor classification 
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1.1.2 PMSM speed control strategy 

 

PMSM speed control system is complicated. Compared with brush DC motor speed control 

system, it is more difficult for PMSM to achieve high accuracy, stability and fast response. 

Nowadays, researchers and engineers are focusing on improving these characteristics for PMSM 

speed control system. There are mainly three achievements. 

(1). VVVF(Variable voltage variable frequency) Control[5] 

VVVF control strategy is an early speed control method for AC motors, including PMSM. It 

was firstly proposed to achieve AC motor speed control because it is a constant when supply 

voltage divided by motor frequency, if the flux is not altered. 

(2). DTC(Direct Torque Control)[6] 

DTC control strategy is a loop control method for AC motors. It was first proposed by Dr. 

Depenbrock in 1985. This kind of control strategy get electrical driving torque by calculating stator 

flux. 

 (3). FOC(Field Oriented Control)[7][8] 

 FOC control strategy was proposed by Siemens engineer in 1970s. From that time, vector control 

for AC motor has been applied into motor speed control field. With Park and Clerk transformation, 

this control strategy has been greatly imporved. In this paper, this control strategy has been applied. 

And will be introduced in Chapter 2. 

 

1.1.3 PMSM position sensorless speed control strategy 

 

  Position sensorless speed control strategy for PMSM reduces the whole system cost and makes 

the system be possible to work in high dust environment. There are a lot of methods to achieve 

the sensorless control. The methods are classified according to the motor speed. 

(1). High-speed position sensorless method[9][10][11] 

High-speed position sensorless control method usually uses voltage and current which contain 

Back-EMF signals to estimate the position and speed information. By these estimations, position 

sensorless control is achieved in high-speed region.  

(2). Low-speed position sensorless method[12][13] 

Low-speed position sensorless control method usually injects small amplitude high frequency 

signal in d-axis. If the motor has salient pole, a large induced voltage happens. With this saliency 

of PMSM, it can achieve low-speed position sensorless control. 
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1.2 Aims of the study 
 

This study aims at IPMSM position sensorless control in low speed range with EKF(Extended 

Kalman Filter). As our former method cannot achieve low-speed range position sensorless control. 

EKF can solve the problem above to some extend. To achieve better system characteristics, a d-

axis current random signal injection method with EKF is proposed, which makes EKF be able to 

achieve better IPMSM position sensorless control in low speed-range. 

 

1.3 Comparison with former study 
 

The former method is EEMF Observer. This method can achieve IPMSM position sensorless 

control above 300rpm. 300rpm is defined as the boundary between high and low-speed region. 

By using d-axis current random signal injection method with EKF, IPMSM can achieve low-speed 

range position sensorless control. The lowest controlled speed is 0 rpm. To improve robustness to 

load torque, noise balanced matrix Q of EKF is compensated. 

 

1.4 Composition of the paper 
 

This paper is made up of the following 7 parts. 

  Chapter 1 is the abstract. It includes background and aims of the study and comparison with 

former one.  

Chapter 2 introduces about basic characteristics of PMSM, which includes PMSM construction, 

mathematics dynamics and FOC strategy. 

Chapter 3 discusses about EEMF Observer for PMSM position sensorless control, which is the 

former study method. After analyzing, the weakness of EEMF Observer is pointed out. 

Chapter 4 introduces EKF(Extended Kalman Filter) for IPMSM. Addtionally, d-axis current 

random signal injection method with EKF will be discussed in this part. 

Chapter 5 shows simulation results to prove the aims of this study. 

Chapter 6 is the conclusions according to the discussion and simulation results. Then, the future 

plan is given. 
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Chapter2. Basic characteristics of Permanent Magnet 

Synchronous Motor (PMSM) [14][15][16][17]
 

 

2.1 Coordinate transformation 
 

  Because of PMSM nonlinearity, and strong coupling, it is difficult to control PMSM in ordinary 

space coordinate axis. For this reason, an appropriate coordinate axis is required to analyze 

PMSM. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.1 Relationships between coordinate axis respectively 

  In Fig. 2.1, uvw axis is ordinary stationary three coordinate axis. αβ axis is stationary two 

coordinate axis, which is transformed from uvw axis by Clerk transformation. dq axis is rotated 

two coordinate axis, which is rotated from αβ axis by Park transformation. γδ is the estimated axis 

of dq . Clerk and Park transformations are defined as follows: 

(1). Clerk transformation 

  By the space relationships between uvw and αβ axis, it is easy to get the relationships: 

u 

v 

w 
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                                                                         (2.1) 

 

 

Following is the calculation methods for coefficient K and m. Let us set ssT 23  in eq.(2.1) as matrix 

[T], ordinary stationary three coordinate axis motor equation can be simplified as: 

      eizv                                 (2.2) 

            eTiTTzTvT 
1

                       (2.3) 

By eq.(2.3), eq.(2.2) can be assumed as: 

    'vvT  ,     'iiT  ,         '''1
iziTzT 


,     'eeT           

(2.4) 

It can get: 

      ''' eizv ‘
                             (2.5) 

To satisfy a condition that power is not changed by coordinate transformation, the combining 

eq.(2.2) to eq.(2.5), eq.(2.6) is given. 

                     iTTviTvTivi
TTTT

 ''T
v                  (2.6) 

According to the matrix basic characteristics, and consider eq.(2.6), eq.(2.7) should be satisfied. 

         ITTTT
T


1

                          (2.7) 

As a result, eq.(2.8) is given as constraint condition. 

   TTT 
1

                             (2.8) 

From eq.(2.8), 
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Usually, the third line of eq.(2.9) can be ignored. It can be written as: 

 

                                                                        (2.10) 

 

The transport matrix of eq.(2.10) can achieve stationary two coordinate axis to stationary three 

coordinate axis transformation. It is shown in eq.(2.11) 

 

 

                                                                        (2.11) 

 

Eq.(2.10) and eq.(2.11) are Clerk transformation and inverse Clerk transformation. By transfer 

matrix ssT 23  and 
1

23



 rsT , stationary two coordinate axis to stationary three coordinate axis 

transformation can be achieved. 

 

(2). Park transformation 

  From relationships between αβ axis and dq axis in Fig.2.1, their mathematics relationships is 

shown as follows. 
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2.2 Models of PMSM 

 

2.2.1 Construction 

 

PMSM is a kind of electric motor that permanent magnets are installed on the rotor to generate 

magnetic fields. In this way, it can avoid commutator brush problem in DC motor. There are two 

kinds of rotor structure of PMSM in Fig.2.2. The left one is interior permanent magnet 

synchronous motor(IPMSM), and right one is surface-mounted permanent magnet synchronous 

motor(SPMSM). In IPMSM, the magnetic resistances are different from each other on dq axis in 

mathematics voltage models, while in SPMSM, the magnetic resistances are the same. 

 

 

  

 
(a)IPMSM 

 
(b)SPMSM 

Fig.2.2 Rotor structure of PMSM 
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2.2.2 Electronics mathematics models of PMSM 

 

（1）u-v-w axis mathematics models 

Fig.2.3 is the 3 phases PMSM equivalent circuit．The voltage, current and impedance 

equivalent equation is shown as eq.(2.14) 

' ' '

' ' '

' ' '

1 1

2 2

1 1

2 2

1 1

2 2

a a a a

u u u

v a a a a v v

w w w

a a a a

R pL pM pM

v i e

v pM R pL pM i e

v i e

pM pM R pL
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          
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           

   
  

　

 

 

(2.14) 

Here, vu，vv，vw are phase voltages，iu，iv，iw are uvw phase stator currents，eu，ev，ew are 

Back-electromotive forces，Ra is winding resistor， aL is the winding inductance of motor， aM 

is mutual inductance of winding，p(=d/dt) means differential symbol． 

 

 

Fig. 2.3 Three-phase PMSM equivalent circuit  
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Let us define peak value of uvw phases rotor flux fu , fv , fw as  . They are caused by 

electromotive forces eu, ev, ew. Rotor flux is shown as: 


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reffu

 (2.15) 

 

re  is the rotor electrical angle, which is based on u phase axis. re is the permanent magnet 

rotating speed. It is defined as rotor electrical speed， 

 dtrere   (2.16) 

Which should be pointed out is that PMSM rotating speed (Mechanical speed) rm  has the 

relationship with pole pairs p.  

prerm /   (2.17) 

At this time, electromotive forces eu, ev, ew can be defined as: 
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 (2.18) 

The leakage inductance of each winding is defined as la . It has the relationship with winding 

inductance aL and mutual inductance 
'

aM as: 
'

aaa MlL   (2.19) 

 

 

 

 

 

 

'
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（2）αβ axis voltage equation 

By three to two phase coordinate stationary transformation, αβ axis PMSM models is given．

The characteristics of transfer matrix [c] in Fig.2.4 is vu +vv+vw =0，iu+iv +iw=0.  
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  By using eq. (2.20) into The voltage, current and impedance equivalent equation eq.(2.14)，  
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 (2.21) 

Electromotive force signals eα，eβ can be written as: 
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
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)(   (2.22) 

Here, f has the relationship with
'

f  in eq. (2.15) as 

'

2

3
ff    (2.23) 

As a result, e , e  are represented as eq.(2.24) 

refref

refref

pe

pe
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





cos

sin




 (2.24) 

 

 

 

 vv ,  ------ the stator voltages on，   axis ; 

 ii ,  ------ the stator currents on，   axis ; 

P  ------ differential coefficient; 

d
L  ------ d-axis inductance; 

q
L  ------ q-axis inductance; 


ee ,  ------ electromotive force signals on，   axis; 

q
i  ------ q-axis current differential coefficient. 
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Fig.2.4 Relationships between ordinary stationary 3 coordinate（u -v-w）and stationary 2 

coordinate（   ） 
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（3）d - q axis mathematics models 

Motor is a machine that has stator part and rotor part. The transformation from stationary two 

coordinate to rotated two coordinate is called d-q transformation. As a result, there is d-q axis. q 

axis is ahead of d axis in phase by π/2． 

In PMSM, d axis represents the motor stator flux direction, while q axis represents the motor 

torque axis. There is d-q space axis． 

Stationary two coordinate axis（   ）to rotated two coordinate d-q matrix matrix [c]. 

 
cos sin

sin cos

re re

re re

c
 

 

 
  

 
 (2.25) 

This matrix is calculated by trigonometric function from Fig. 2.5. 

With eq.(2.12), d-q axis voltage equation can be shown as: 
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(2.26) 

The 2nd section in the right side of eq.(2.26) is the electromotive force terms ed，eq on d，q axis.，

ed=0，eq= fre . This equivalent circuit is shown in Fig.2.5. Here, vd，vq are d，q axis voltages, 

while id，iq are d，q axis currents. EK is the same as f in eq.(2.22). Ra，La is the same definition 

as eq.(2.21). 

 

Fig.2.5 Transformation from stationary two coordinate    to rotated two coordinate d-q 
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Fig.2.6 Equivalent circuit in d – q axis 
 

By implementing position sensor such as encoder, it becomes possible to detect d，q axis. If 

three-phase voltages or currents are sinusoidal waves, voltages or currents on d，q axis are direct 

signals.  

With equivalent circuits of SPMSM, An equivalent circuit in 1 phase which is common used is 

shown in Fig.2.7. This circuit uses 3 phase voltages which has been discussed in Fig.2.3 and 

eq.(2.14). And it represents as the form of eq.(2.27). 

( )u a a u uv R pL i e    (2.27) 

 

 

Fig.2.7 Equivalent circuit in 1 phase 

 

In eq.(2.26), d, q axis inductances have the same value(Ld= Lq=La). It represents SPMSM. When  



16 

 

Chapter 2  Basic characteristics of Permanent Magnet Synchronous Motor (PMSM) 

                                         

 

 

d, q axis inductances are different(Ld<Lq), it represents IPMSM. In general, IPMSM voltage 

equation are given as eq.(2.28). 
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In this paper, the electronics mathematics models are based on eq.(2.28). 

Where, 
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2.2.3 Dynamics of PMSM  
 

 PMSM driving torque Te is generated by Lorentz force. IPMSM has saliency compared with 

SPMSM. The reluctance torque happens, meanwhile there is no saliency in SPMSM. Due to this, 

IPMSM driving torque Te generated by q axis current is: 

 
  

   qdqdf

dqqqddf

dqqde

iiLLP

iiLiiLP

iφiφPT









  (2.30) 

To reduce the influence of reluctance torque, take id = 0. With vector control (Field Oriented 

Control : FOC)  

qfe iPT   (2.31) 

Here, P is a number of pole-pairs. In this paper, with the condition of IPMSM vector control, 

Driving torque is represented as eq.(2.31). 
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2.3 Vector control of PMSM 

 

In last section, the voltage equations on d，q axis has been described. In this section, the basic 

speed control of PMSM called vector control or FOC(Field Oriented Control) is explained.  

 

 

 

 

 

 

 

 

 

 

Fig.2.8 Equivalent circuit in 1 phase 

 

Fig.(2.8) is the control block of IPMSM vector controls. In IPMSM vector controls, a position 

sensor such as encoder is the key to ensure the whole system responsibility, as it can detect the 

position and speed information. 

But it should be pointed out that the method to remove encoder is the target of this research. 

This control is called position sensorless speed control. This part will be discussed in section2.4.  
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2.4 Position sensorless control method for PMSM 
 

As referred in section2.3, this research target is position sensorless speed control for PMSM. 

The reasons to carry on this control has been discussed in section1.1.3. And in this control, a 

strategy called observer is usually applied in the whole system. The core idea of observer in 

position sensorless speed control for PMSM is using voltage and current signals which can be 

measured or calculated to rebuild PMSM speed and position signals. With these signals, whole 

system carries out feedback control. In other words, the target that getting rid of encoder can be 

achieved. The whole position sensorless speed control system for PMSM is shown in Fig.2.9. 

 

 

 

 

 

 

 

 

Fig.2.9  Position sensorless speed control system for PMSM 
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Chapter3. EEMF Observer for PMSM position sensorless 

control (Former method) [18][19][20] 

 

3.1 Foreword 

 

To achieve PMSM position sensorless speed control, just as the content has been discussed 

before, position information of permanent magnet on rotor is necessary. For this reason, a position 

sensor called encoder is applied. However, installing encoder makes the system more expensive. 

And in some environment, for example, high dust environment, it is impossible to install this kind 

of position sensor. To solve this problem, PMSM position sensorless speed control methods 

becomes our research target. 

In this chapter, former method EEMF(Extended Electromotive Force) Observer is discussed. 

And the weakness of this observer will be concluded with experiment results. 
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3.2  Definition of EEMF Observer 

 

To explained EEMF Observer clearly, PMSM voltage equation, which is shown in eq.(2.28),it 

will be listed in eq.(3.1) again to illustrate the part of basic equation of EEMF observer in 

Chapter 3. 
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With transformation matrix[c], PMSM voltage equation on stationary two coordinate axis )(  

is eq.(3.2). 

In eq.(3.2), L0＝(Ld+Lq)/2, L1=(Ld-Lq)/2. To IPMSM which has saliency characteristics, L1≠0. The 

third section of the right part in eq.(3.2), )2( re  is left. But it is better only to consider
re

  in 

EEMF Observer in eq.(3.2). For this reason, it should have some alternatives with eq.(3.2). In 

reference paper[10], An alternative to eliminate the term of
re

2 has been proposed as eq.(3.3). 

The EEMF signal is defined as eq.(3.4). And EEMF signal is the third term of the right part in 

eq.(3.3). 

In eq.(3.4), once EEMF signal vector can be estimated, it is possible to estimate PMSM rotor 

position. 
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3.3 Control block of EEMF Observer  

 

With eq.(3.3), PMSM linear state equation can be calculated as eq.(3.5). 

Output equation can be written as the type of eq.(3.6). 

With eq.(3.5), the minimum dimension observer to estimate PMSM EEMF voltage signal e  

has been established. 

In eq.(3.7),＂^＂is the present of estimated signal, G is the observer gain which can be written as

JgIgG 21  . In eq.(3.7), as the differential current signal i  is included, it may amplify the high 

frequency signal. In real system, it needs middle function, which taken asを to avoid current 

differential signal. 

Take eq.(3.8) into eq.(3.7). The eq.(3.9) can be got. 
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Eq.(3.9) is the same as disturbance observer of eq.(3.7). The estimated error of EEMF voltage can 

be considered as ee  ˆ . With eq.(3.5) and (3.6) 

The poles of observer are shown in Fig. 3.1. The rules of pole placement follows JI   . In this 

way, 

The gain of observer can be written as eq.(3.12). 

To stabilize the observer, 0 . Poles are necessary to be placed in the left part of pole placement.  

Observer gain can be taken as eq.(3.13), with eq.(3.12). The transfer function Hαβ(s) is: 

In eq.(3.13), re  . Then eq.(3.14) can be got. 

The equivalent block of disturbance observer is in Fig.3.2. Eq.(3.14) can be taken as filter. The 

frequency characteristics of rotating vector  is the bandpass filter by center frequency rfe̂ with 

the width of . For this reason, the low-pass filter with cut-off frequency  is shown in (3.15). 
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Fig.3.1 Observer pole placement 

 

 

 

Fig.3.2 The structure of EEMF disturbance observer  
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The EEMF disturbance observer is given. With this observer, it becomes possible to estimate 

position information in eq.(3.4). 

Speed estimated value re̂ is calculated by eq.(3.15), which can be shown as eq.(3.19). 
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3.4 Experiment of PMSM position sensorless control with EEMF Observer 

 

3.4.1 Experiment parameters 

  To confirm the characteristics of EEMF disturbance observer of PMSM, Experiment of PMSM 

position sensorless speed control with EEMF Observer is carried out. The parameters of IPMSM and 

its control system is shown in table I. 

 

 

 Number of pole pairs P 3 

 Stator Resistance R  [Ω] 1.132 

 d-axis inductance Ld  [H] 0.01238 

 q-axis inductance Lq  [H] 0.01572 

 EMF constant KE  [V･s/rad] 0.211 

 Motor inertia Jr [kg･m2] 0.0055 

   Speed controller Proportional gain [A・s/rad] 0.08 

 Speed controller Integral gain [A/rad] 0.14 

  Current controller Proportional gain [V/A] 0.01238*5000 

  Current controller Integral gain [V/(A･s)] 2500 

  Sampling time of whole system [ms] 0.1 

  Load torque [N･m] 0.5 

  Pole of disturbance observer α[rad/s] 0.5ωre 

  Pole of disturbance observer Β[rad/s] ωre 

 

Table I. PMSM position sensoreless speed control with EEMF Observer Parameters 
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3.4.2 Experiment results 

 (1). Situation of 600[rpm] 

 

 

 

 

 

 

 

 

 

Fig.3.3 Estimated speed and real speed in 600rpm [rpm] 

 

 

 

 

 

 

 

 

 

 

 

Fig.3.4 EEMF voltage signals in 600rpm [V] 
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(2). Situation of 500[rpm] 

 

 

 

 

 

 

 

 

 

 

Fig.3.5 Estimated speed and real speed in 500rpm [rpm] 

 

 

 

 

 

 

 

 

 

 

 

Fig.3.6 EEMF voltage signals in 500rpm [V] 
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(3). Situation of 350[rpm] 

 

 

 

 

 

 

 

 

 

 

Fig.3.7 Estimated speed and real speed in 350rpm [rpm] 

 

 

 

 

 

 

 

 

 

 

 

Fig.3.8 EEMF voltage signals in 350rpm [V] 
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(4). Speed and torque range can be controlled with EEMF Observer 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.3.9 Range can be controlled with EEMF Observer 
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3.5  Weakness of PMSM position sensorless control with EEMF Observer 

 

From the description in this chapter, it can be known that there are quite a lot problems in 

PMSM position sensorless control with EEMF Observer. The weakness of this observer is as 

follows: 

(1). There is low-pass filter in EEMF disturbance observer. It causes phase delay. 

(2). EEMF voltage signals cross zero-point, which makes the process of eq.(3.17) quite 

complicated in digital system. 

(3). Once PMSM works in very low-speed range(ex. 60[rpm]), it is difficult to estimate EEMF 

voltages correctly. And this has been proved in experiment part. PMSM has the risk to be out of 

control when this situation happens. 

To solve the problems above, a novel PMSM position sensorless speed control method called 

d-axis current random signal injection with EKF is researched in this paper. It will be discussed 

in detail from next chapter. 
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Chapter4. PMSM position sensorless speed control with 

Extended Kalman Filter (EKF) 
 

4.1  Extended Kalman Filter(EKF) 

 

4.1.1  Introduction of EKF 

 

EKF(Extended Kalman Filter) is a nonlinear form of Kalman Filter[21][22], which uses linear 

state equation to carry out optimal estimation of system state. In Kalman Filter, input signals are 

applied to measure the data from varieties of sensors. Due to the white noise and disturbance in 

system are included in the data that measured, this optimal estimation can be considered as data 

filter. 

Data filtering is a data processing skill to eliminate the noise and restore actual data from 

measurement signals. Kalman Filter can estimate the system dynamic state when measurement 

noise is existed in system. As it is quite easier for digital processing, and can achieve online data 

innovation, Kalman Filter is a popular filtering method in the field of telecommunication, 

navigation and system control.  

In PMSM position sensorless speed control system, as motor speed, voltages and currents affect 

each other, it is a typical nonlinear system. As a result, EKF is applied to estimate speed and 

position instead of the position sensor like encoder. 
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4.1.2  EKF algorithm[23][24][25][26] 

 

  Kalman Filter is able to achieve optimal estimation for the target which is controlled in Gauss 

white noise environment. In nonlinear system, the normal method is to use linearization skill, 

such as taylor expansion. By this kind of linearization, nonlinear system can be almost taken as 

linear system. After that, Kalman Filter algorithm can be achieved to finish estimation and 

filtering. 

  

(1). State equation 

EKF is based on the modern control theory. As a result, Eq.(4.1) is the system state equation and 

measurement equation. 

In eq.(4.1), where, 

 

 

 

 

 

Hxy

Buxfpx



 )(  
(4.1) 

p  ------Differential coefficient; 

x  ------System state; 

)(xf  ------System nonlinear part; 

B  ------Input matrix; 

u  ------Input signals; 

y  ------Output signals; 

H  ------Output matrix. 
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(2). Model linearization 

In the part of EKF introduction, it has been discussed that system model linearization for nonlinear 

control system is a necessary and very important step for EKF. Here, a linearization method called 

Taylor expansion is shown in eq.(4.2): 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.1 System linearization 

 

In Fig.4.1, it is easy to see if (x-x0) is small enough, it can be considered that first order differential 

coefficient is efficient to linearize the system model. Eq.(4.2) can be approximately written as: 
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(3). Model discretization 

Eq.(4.1) is the state equation based on continuous system, which means the sampling time is 0. It 

is impossible for digital system such as MCU(Micro Controller Unit) to control the system in 

such a short time. As a result, system model discretization for continuous system is necessary. 

And it is shown in eq.(4.4). 

 

In eq.(4.4), where, 

 

After model discretization is finished, EKF algorithm can be carried out. It consists of two parts, 

time innovation and measurement innovation. Time innovation is calculated for estimated state 

of the system, while measurement innovation data is updated by comparing data from sensor with 

time innovation data. They are shown in eq.(4.5) and eq(4.6). 

 

 

 

 

 

 

(4.4) 

k
x  ------System state at time k; 

1k
x  ------System state at time k-1; 

k
A  ------System state matrix at time k; 

1k
B  ------Input matrix at time k-1; 

1k
u

 
------Input signals at time k-1 ; 

k
y  ------Output signals at time k; 

k
H  ------Output matrix at time k. 
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(4) Time innovation 

 

(5) Measurement innovation 

 

In eq.(4.5) and eq.(4.6), 
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(4.6) 

k
x̂  ------System state which has been innovated at time k; 

1/
ˆ

kk
x  ------System state which is innovated from time k-1 to time k; 

k
P  ------System error which has been innovated at time k; 

1/ kk
P

 
------System error which has been innovated from time k-1 to time k; 

1k
P  ------ System error which at time k-1 ; 

k
K  ------Kalman gain at time k ; 

Q  ------System state noise balanced matrix; 

R  ------System measurement sensor noise balanced matrix. 
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4.2  EKF Observer for PMSM position sensorless speed control 

 

  From eq.(3.1), it is easy to be seen that PMSM voltage equation is a typical nonlinear system, for 

the reason that the voltage values on d-axis and q-axis are influenced not only by currents, but also the 

PMSM electrical speed. At the same time, d-axis current impacts on q-axis voltage, while q-axis 

current impacts on d-axis voltage, respectively.  

  In order to apply Kalman Filter to achieve PMSM position sensorless speed control, nonlinear form 

of Kalman Filter, EKF is chosen to establish PMSM speed and position observer to carry out position 

sensorless speed control.  

  In EKF observer, PMSM voltage equation will be applied to achieve EKF algorithm, as the contents 

in section 4.1. In this section, firstly, EKF observer mathematics models for PMSM will be carried out. 

After that, the whole EKF position sensorless speed control block figure will be given. 
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4.2.1  EKF observer mathematics models for PMSM 

 

IPMSM mathematics model is written as: 
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From eq.(4.7), it can be rewritten as eq.(4.8). 
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The differential form of IPMSM for EKF is as follows: 
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As EKF algorithm in section 4.1.2, EKF for IPMSM algorithm consists of the following 5 parts: 

 

(1). State equation of IPMSM 
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Where the measurement equation is shown as: 
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(2). Model linearization of IPMSM 

 

 

 

 

 

 

 

 

 

 

Fig.4.2 Sampling time based system linearization 

 

From eq.(4.3), it is easy to know that: 
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Once the sampling time
sT is small enough, eq.(4.12) can be similarly considered as: 
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Where, the first order differential coefficient is written as: 

sFTtf )('  (4.14) 
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(3). Model discretization of IPMSM 

In the model of IPMSM, T

rereqd iix ][  . As a result: 
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The discrete state equation is as follows: 

 
 

(4.16) 

In eq.(4.16), 
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At last, discretization form of IPMSM state equation can be written as: 
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While the measurement equation is written as: 
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(4) Time innovation 

 

(5) Measurement innovation 

In eq.(4.5) and eq.(4.6), 

The contents above is the EKF Observer algorithm for IPMSM Position sensorless speed control. 

And the whole control system is shown in section 4.2.2. 

 

 

 

 

 

 

 

(4.20) 

 

 

 

 

 

(4.21) 

k
x̂  ------ T

rereqd kkkiki )](ˆ)(ˆ)(ˆ)(ˆ[  ; 

1/
ˆ

kk
x  ------ T

rereqd kkkkkkikki )]1/(ˆ)1/(ˆ)1/(ˆ)1/(ˆ[   ; 

k
P  ------System error which has been innovated at time k, 4*4matrix; 

1/ kk
P

 
------System error which has been innovated from time k-1 to time k, 4*4matrix; 

1k
P  ------System error which at time k-1, 4*4 matrix; 

k
K  ------Kalman gain at time k, 4*2 matrix; 

Q  ------System state noise balanced matrix, 4*4 matrix; 

R  ------System measurement sensor noise balanced matrix, 2*2 matrix. 

QAPAP

BuxAx

T

kkkkk

kkkkk









11/

111/
ˆ

]ˆ[ˆˆ

)(

1/1/

1/

1/

1/
















kkkkkkkk

kkkkk

T

kkkk

T

kkk
k

xHyKxx

PHKIP

RHPH

HP
K



42 

 

Chapter 4 PMSM position sensorless speed control with Extended Kalman Filter(EKF) 

                                         

 

 

4.2.2  Block figure of whole control system 

 

 

 

 

 

 

 

 

 

 

Fig.4.3 Block figure for IPMSM position sensorless speed control system 
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4.3  d-axis current random signal injection with EKF 

 

4.3.1 d-axis current random signal injection EKF for PMSM position sensorless control 

 

(1). d-axis current random signal injection 

For speed or position observers in IPMSM position sensorless speed control system, such as 

EEMF observer, the reason why it is difficult to estimate and control the motor speed and angle 

is that when motor runs in low-speed range, for example, speed nearly 0[rpm], speed signal and 

the reference term such as EEMF voltage becomes quite small. This appearance increases the 

difficulty to detect such a kind of signal. 

  To IPMSM position sensorless speed control in low-speed range, injecting high-frequency 

signal is a way to estimate IPMSM speed, because the signal can be taken out after feedback, but 

it needs bandpass filter, which causes phase delay and usually this extracted signal is very small. 

It makes control system very difficult to catch this signal.  

In EKF, low-speed problem still exists. But which is different from other observers, EKF can 

work in high noise environment, if this kind of noise is white noise. As a result, speed signal 

amplification becomes possible, because currents on d-axis or q-axis can be injected with white 

noise. Once white noise is injected in current command, speed signals will be forced to be changed, 

The random noise exits on IPMSM speed and position will be eliminated by EKF algorithm.  

The reason of injecting signal on d-axis current is that if white random noise is added on q-axis 

current, it will cause the unstability when load torque suddenly added or extracted.  

  The amplified figure of injected signal part is shown as Fig4.4. 
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Fig.4.4 Amplified figure of injected signal part on d-axis current command 

 

From Fig.4.4, it is easy to see: 

In the signal of eq.(4.22), d-axis current in PMSM includes high-frequency signal, which will 

be solved by EKF. Whole system state Observer judgement equation can be shown as: 

Where, e is the state error between real state and estimated state. When time tends to infinite, e 

should be 0. e is the differential form of state error, which is an alternative method to make the 

system stable. The detail form of eq.(4.23) for PMSM model is written as: 
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Where, 

After calculation of the first row in eq.(4.24) and eq.(4.25), respectively, speed error can be 

written as: 

Once 11_KK  and 12_KK  can be set properly, when time tends to be infinite, 
re

e will tend 

to be 0. 

As 
re

e tends to be 0, 
re

e will also tend to be 0. 

After calculation of the third and fourth row in eq.(4.24) and eq.(4.25), respectively, speed error 

and position error differential can be written as: 
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It can be seen from the first row in eq.(4.22) that 
re

e and 
re

e  tends to be zero, if Kalman 

gain 11_KK  and 12_KK can be set properly. This proper method is changing matrix Q by trail 

and error. The observer error turns to be zero, when time tends to be infinite. 

Eq.(4.28) and eq.(4.29) means that with proper alternative by Kalman gain 31_KK  and 

41_KK , EKF algorithm can reduce the difference between estimated signal, such as estimated speed 

signal, estimated position signal and real one. 
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(2). Q-compensation in EKF 

  In former EKF for PMSM position sensorless speed control system, state noise balanced matrix 

Q in eq.(4.20) is usually set as diagonal matrix, because it is considered that the system states 

don’t interfere each other. To a nonlinear system which has been linearized, this theory can be 

accepted. But in the novel system this research, as d-axis current is injected by white random 

noise, it would be better to adjust the term in matrix Q, the term which is infected by motor speed 

and position while impact on them. The calculation of impacts of matrix Q is as follows: 

From eq.(4.20), it can be written as: 

Combine eq.(4.20) and eq.(4.21), 

Which should be pointed out is in eq.(4.31), 12_kK  and 21_kK  is considered as 0, as matrix R is 

nearly 0. 
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The matrix Q is shown as eq.(4.32). Because the influence of d-axis current to speed and position 

should be considered, terms of 13Q , 14Q are assembled in eq.(4.32). 

After proper calculation from eq.(4.20) to eq.(4.31), combine with eq.(4.32), 

 

It can be seen that the Kalman gain in IPMSM speed and position is impacted by terms of 13Q ,

14Q . At the same time, when q-axis current changes, compensating these four terms will help 

IPMSM position sensorless speed control works more correctly than before. But which should be 

pointed out is that the rules of deciding Kalman gain kK is still under researched. This paper will 

use the method of try and error to compensate the four terms of matrix Q. 

  The novel system block is shown in Fig.4.5. 

 

 

 

 

 

 

 





















4414

3313

22

141311

00

00

000

0

QQ

QQ

Q

QQQ

Q
 

(4.32) 

11

1333

31_

)(

P

QP
L

L
iT

K d

q

qs

k



  (4.33) 

11

1433

2

41_

)(

P

QP
L

L
iT

K d

q

qs

k



  (4.34) 



49 

 

Chapter 4 PMSM position sensorless speed control with Extended Kalman Filter(EKF) 

                                         

 

 

4.3.2 Block figure of whole control system 

 

 

 

 

 

 

 

 

 

 

Fig.4.5 Block figure for IPMSM position sensorless speed control system with d-axis current 

random signal injection 

 

The difference between system in Fig4.5 and the one in Fig.4.3 is that: 

(1). In the system of Fig.4.5, the white random signal, which effective value is 0.2 is injected on 

d-axis current command, while the system of Fig.4.3.  

 

(2). EKF Observer in Fig.4.5 compensates the four terms of Q matrix in algorithm, while Q matrix 

in Fig.4.3 is a diagonal matrix. 

 

 

 

randomsdi _  



 
Chapter 5 PMSM position sensorless speed control with EKF Simulation 

                                         

 

50 

 

Chapter5. PMSM position sensorless speed control with 

EKF Simulation 

 

5.1 Simulation public parameters 

 

 

 Number of pole pairs P 3 

 Stator Resistance Rα  [Ω] 1.132 

 d-axis inductance Ld  [H] 0.01238 

 q-axis inductance Lq  [H] 0.01572 

 EMF constant KE  [V･s/rad] 0.211 

 Motor inertia Jr [kg･m2] 0.0055 

 Command ωe* [rpm] 60 

   Speed controller Proportional gain [A・s/rad] 0.08 

 Speed controller Integral gain [A/rad] 0.14 

  Current controller Proportional gain [V/A] 0.01238*5000 

  Current controller Integral gain [V/(A･s)] 2500 

  Supply DC voltage [V] 20 

  Sampling time of whole system [ms] 0.01 

  Load torque(0-1s) [N･m] 0 

  Load torque(1-5s) [N･m] 0.5 or 1 

  Whole simulation time [s] 5 

Table II.  Simulation public parameters for EKF PMSM position sensorless speed control 
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5.2 Simulation block figure 

 

 

 

 

 

 

 

 

 

 

Fig.5.1 Simulation model I  

(no white random signal injection, no Q compensation) 

 

 

 

 

 

 

 

 

 

 

Fig.5.2 Simulation model II  

(white random signal injection, no Q compensation) 
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Fig.5.2 Simulation model III 

(white random signal injection, with Q compensation) 

 

(1). Model I is the normal EKF observer, no white random signal or Q compensation is added on 

system.  

(2). Model II is the normal EKF observer, while white random signal is added on d-axis current 

command.  

(3). Models III is the EKF observer with Q compensation, four terms in matrix Q of EKF, which 

is according to eq.(4.24), is compensated. At the same time, white random signal is added on d-

axis current command. 

Simulation is carried out by the three models above.  
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5.3 Simulation results 

 

5.3.1 Simulation by model I  

 

5.3.1.1 Simulation parameters by model I  

 

 

P0_11 0.02 

P0_22 0.02 

P0_33 0.5 

P0_44 0.0 

Q11 0.15 

Q22 0.15 

Q33 4.0 

Q44 0.0 

Q13[0-1s] 0.0 

Q13[1-5s] 0.0 

Q14[0-1s] 0.0 

Q14[1-5s] 0.0 

R11 0.0001 

R22 0.0001 

White noise 0.0 

 

Table III.  EKF parameters for model I 
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5.3.1.2 Simulation results by model I  

 

(1). 60rpm, without load torque situation 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.3 PMSM speed response at 60rpm command without load by model I 

 

In Fig.5.3, the red line is the PMSM speed command. Green line is the speed signal from EKF 

observer, and the blue line is the measured speed signal. 
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Fig.5.4 PMSM angle response at 60rpm command without load by model I  

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.5 PMSM estimated and measured angle difference at 60rpm command without load by 

model I  
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(2). 60rpm, with load torque disturbance situation 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.6 PMSM speed response at 60rpm command with load by model I 

 

In Fig.5.6, it can be seen that when torque disturbance occurs, the estimated speed tends to 

infinite, while measured speed by encoder becomes 0. 
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Fig.5.7 PMSM angle response at 0rpm command with load by model I  

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.8 PMSM estimated and measured angle difference at 60rpm command with load by  

model I  
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(3). 0rpm, with load torque disturbance situation 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.9 PMSM angle response at 0rpm command with load by model I  
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Fig.5.10 PMSM angle response at 0rpm command with load by model I  

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.11 PMSM estimated and measured angle difference at 0rpm command with load by  

model I  
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5.3.2 Simulation by model II 

 

5.3.2.1 Simulation parameters by model II  

 

 

P0_11 0.02 

P0_22 0.02 

P0_33 0.5 

P0_44 0.0 

Q11 0.15 

Q22 0.15 

Q33 4.0 

Q44 0.0 

Q13[0-1s] 0.0 

Q13[1-5s] 0.0 

Q14[0-1s] 0.0 

Q14[1-5s] 0.0 

R11 0.0001 

R22 0.0001 

White noise 0.2*random 

 

 

 

Table IV.  EKF parameters for model II 
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5.3.2.2 Simulation results by model II  

(2). 60rpm, with load torque disturbance situation 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.12 PMSM speed response at 60rpm command with load by model II 

 

In Fig.5.12, the red line is the PMSM speed command. Green line is the speed signal from EKF 

observer, and the blue line is the measured speed signal. It can be seen that with white random 

noise injection, system can be controlled, compared to the same situation in model I. 

 

 

 

 

 

 

 



 
Chapter 5 PMSM position sensorless speed control with EKF Simulation 

                                         

 

62 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.13 PMSM angle response at 60rpm command with load by model II  

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.14 PMSM estimated and measured angle difference at 60rpm command with load by  

model II  
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(2). 0rpm, with load torque disturbance situation 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.15 PMSM speed response at 0rpm command with load by model II 

 

In Fig.5.15, the red line is the PMSM speed command. Green line is the speed signal from EKF 

observer, and the blue line is the measured speed signal from encoder. In 0rpm situation, PMSM 

cannot achieve position sensorless speed control with load torque. 
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Fig.5.16 PMSM angle response at 0rpm command with load by model II  

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.17 PMSM estimated and measured angle difference at 0rpm command with load by  

model II  
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5.3.3 Simulation by model III 

 

5.3.3.1 Simulation parameters by model III  

 

 

P0_11 0.02 

P0_22 0.02 

P0_33 0.5 

P0_44 0.0 

Q11 0.15 

Q22 0.15 

Q33 4.0 

Q44 0.0 

Q13[0-1s] root(100.0) 

Q13[1-5s] root(150.0) 

Q14[0-1s] root(3.5) 

Q14[1-5s] root(2.7) 

R11 0.0001 

R22 0.0001 

White noise 0.2*random 

 

 

 

Table V.  EKF parameters for model III 
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5.3.3.2 Simulation results by model III  

 

(1). 60rpm, with load torque disturbance situation 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.18 PMSM speed response at 60rpm command with load by model III 

 

In Fig.5.18, the red line is the PMSM speed command. Green line is the speed signal from EKF 

observer, and the blue line is the measured speed signal. With Q compensation, system can 

achieve position sensorless speed control at low speed. 

 

 

 

 



 
Chapter 5 PMSM position sensorless speed control with EKF Simulation 

                                         

 

67 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.19 PMSM angle response at 60rpm command with load by model III  

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.20 PMSM estimated and measured angle difference at 60rpm command with load by  

model III  
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(2). 0rpm, with load torque disturbance situation 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.21 PMSM speed response at 0rpm command with load by model III 

 

In Fig.5.21, the red line is the PMSM speed command. Green line is the speed signal from EKF 

observer, and the blue line is the measured speed signal. With Q compensation, system can 

achieve position sensorless speed control at 0 speed. 
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Fig.5.22 PMSM angle response at 0rpm command with load by model III  

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.23 PMSM estimated and measured angle difference at 0rpm command with load by  

model III  
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5.4 Summary of simulation 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Table VI and VII, it is clear in 0-0.5[N*m] situation the system with white random noise in d-axis 

current command is better than the one without white random noise, while the system with white 

noise and Q compensation achieves the best performance. The reason why Q compensation can 

achieve better performance with load torque disturbance is shown in Fig.5.24. 

 

Table VI.  Comparison with torque situation in 60rpm command 

Table VII.  Comparison with torque situation in 0rpm command 
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Fig.5.24 Comparison between Fig.5.14 and Fig.5.20 

 

In Fig.5.24, blue line is the system angle difference with white random signal on d-axis current 

command only, and the green line is the system angle difference with not only white random signal 

but also Q compensation.  

  It can be seen that the green line has much smaller angle difference than the blue line. As in position 

sensorless sensorless control of PMSM, when load torque disturbance occurs, angle difference 

between estimated position and measured position will increase. It makes the whole system easier to 

be out of control. With proper Q compensation with reference to d-axis current can overcome this 

problem to some extend. 
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Chapter6. Conclusions and future works 

 

6.1 Conclusions 

 

  In this research, a novel EKF PMSM position sensorless speed control system with d-axis white 

random current signal and nondiagonal matrix Q compensation is proposed. 

  Compared to the former research method, such as the system with EEMF Observer, novel EKF 

PMSM position sensorless speed control system can achieve PMSM low-speed position 

sensorless control, while system with EEMF Observer cannot(shown in Fig.6.1). The reasons why 

EEMF Observer cannot achieve low-speed range(defined as PMSM speed lower than 300rpm) 

control is:  

(1). EEMF signals become complicated to be detected in low-speed range, as it is proportional to 

PMSM speed; 

(2). There is low-pass filter in EEMF Observer, which aims at filtering the PMSM speed signal. 

Low-pass filter causes phase delay in motor position estimation. As a result, it is difficult to take 

load torque with EEMF Observer in low-speed range. At the same time, phase delay on speed 

estimation also causes the unstability of speed estimation. 

  Compared to the normal EKF PMSM position sensorless speed control system(shown in 

Fig.6.2), the novel one(shown in Fig.6.3) can not only achieve position sensorless control without 

load torque, but also the control with load torque. 
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Fig.6.1 System load and speed relationships with EEMF observer 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.6.2 System load and speed relationships with normal EKF observer 
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Fig.6.3 System load and speed relationships with novel EKF observer 
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6.2 Future works 
 

  Although this research has a little breakthrough in EKF low-speed range position sensorless 

speed control, there are still quite a lot works. 

(1). The relationships between injected white random current signal with four novel compensation 

parameters in Q is studied by trial and error. There should be some mathematic logical 

relationships between them. 

(2). In simulation results, novel EKF PMSM position sensorless speed control system has smaller 

angle difference between estimated one and measured one, but the random error in this angle 

difference is amplified, which should be pointed out is that it may decrease the life time of PMSM. 

A method to reduce such a kind of random error should be studied. 
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