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On a NormaJForm of UnimodalMaps of[0,1]

By

HiroshilsHITANl*

We consider the topologicalconJugaCyOf a class of continuous single-humped

mappings of[0,1]ontoitself.H.Rtissmann and E.Zehnder([1])proved

thatf satisfying勅)=jU-カcan be putinto the normalform N=q,-1｡f｡q}

(1)

㈱={芸_カ‡f詣誓ぎ子
by means of a homeomorphism q,Of[0,1],under

some additionalconditions.

In this note we generalize their results by using simpler method.The statement

is as follows:

(2)

Theorem･Let f:[0,1]→[0,1]be continuous
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PYVQf Theidea to prove this statementis asfollows.Rough1y,therelation
(3)implies q>=N~l｡q)｡f･Therefore,ifwecoulddefinetheoperator Tby7ba)=

N~1価推測 then q}muSt be the fixed point of T

Nowlet us prove our result precisely･First weintroduce the complete
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metric space

M=(α:[ql]→[ql],αCOntinuous,increasing,and

satisfyingαn)=0,αa)=1)

with the metric

llα-βll=maX〈lα砂-β㈲い0≦∬≦J)

Let T be the operatOr On M defined by

(5)

相似={㌶‰棚 …㍑慧
Then we can easily show that 7TM)⊆M Tis a contraction,because

l17†わー71卸Il=2【1】tα-βtl, α∈〟,β∈〟

holdsin view of(5).Hence thereis the unique fixed point q)Of Tin M.It

remains to show that q)is a one to one mapping of[0,1].Assume x≠y and

q)砂=q)6)then7Tb)砂=7Tb)6)and
hence Tnb)砂=Tnb)6)forallintegers n≧1.

Since x≠y we can pick the smallest k for whichfk砂≦a<fkb)orfkb)≦a<fk砂
holds.In the former case,We Can derive

Ⅳk｢Tk+1似砂=2~1甲げk吊(班

and

Ⅳk｢rk十1似助=2~1俊一甲げk+1αノ〃.

Therefore,nOting that2~1u)≦2-1<2-1(2-わfor any O≦u)≦1and O≦z<1,We

get Tk+1b)砂≠Tk+1b)6)which gives a contradiction.Thelatter case can be

similarly treated.Therefore,if x<y then q,砂<q,b).

We define the closed subset H雲of M by

〟雲=〈α∈〟Isu恥≦∬<ク≦ヱ】α砂-α鋸l/霊∬-ツIJ≦A〉

for
6definedin(4)and A>0.We get

l77わ砂-7侮ノ鋸l/lズークIJ≦2~1Aり糾一助lン/l∬一夕IJ

forα∈M and O≦x<y≦1.Hence,Sincelj砂-jb)I≦2.1/qIx-yIwe find

7TH雲)⊆H雲,SO We Can find the fixed point q>in H雲.The proofis therefore

COmplete.

肋〝砂le1.Letノ砂=4xU一寂 which appearsin the biologicalscience.Then

it satisfies the assumptions of our theorem.Hence there exists a H61der con-

tinuous homeomorphism q,Of[0,1]for whichNb似ノ=q)aW.Asis wellknown,
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q,砂=27r-1sin-1&1/2)whichis absolutely continuous,See[2]･

Bhlmi,le2.Let us put

朋={品_j"… ……詣誓ぎぎ.
Thenitalso satisfies the assumptions.However we can easily see that q,is

H61der continuous but not absolutely continuous.
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