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Introduction

Wediscusshereconformalfieldtheories(WZW-theory)onPlassociatedwith

SymmetryOfa侃neLiealgebraoftypeX£1)andrelatedmonodromyrepresentationsof
the braid group･PrincIPally wedescribe on the sameline as the oneforAil)-
Symmetryinourpreviouswork[TK]andgiveexplicitformulaeLbrmonodromy

representationsinthecaseofAil)-Symmetry･These representations factor through

Iwahori's HeckealgebraHN(q)are thus obtained.

Thisexpositoryworkhasanintermediatefbrmbetween[TK]and[TK2],inthe

latterthenotionofholonomicsystemsfbrN-POlntfunctionsplaysamainrolerather

than vertexoperators(operatorformalism),andsomemonodromyrepresentationsfbr

thecaseofBil),C£1),Dil)-Symmetryaredetermined.Theserepresentationsfact｡,
throughBirman-Wenzl-Murakamialgebra,aq-analogueofBrauer,salgebra.
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g:SimpleLiealgebraoftypeXL=n-◎蜘･=掩左9a
Å,fI=(α1,‥･,αn):SyStemOfrootsorsimplerootsof(g,b)
0:maXimum root

(,):nOndegeneratesymmetricinvariantbilinearfbrmongnormalizedas(0,0)=2.

f=Cg_β+C甘∨+q(≡叫2;C));g士β印±β,(右,g_β)=1,β∨=[ち,g_β].

P=∑Z斤i:Weightlatticeof(g,b);<斤i,αI>=∂ij
i=1

P.=∑Z2｡Ål:thesetofdominantintegralweightsof(g,b)

貞=g⑳C[t,t.1]◎α:the a侃ne Liealgebra oftype XLl)⊃g=g⑳1

g(〃)=g◎∠〃 br g∈9dnd〃∈Z

[ガ(椚),ア(〃H=[考ア](∽+乃)+∽(ちア)∂椚.〃,OC

b=b◎C:the Cartan subalgebra of貞

m±=g@t士C[t±],琉.=m.◎Tt.,1L=m_◎11_,P±=m±◎g◎α:Subalgebrasof6

g:dualCoxeternumber=n+1,2n-l,n+1,2n-2,12,18,30,9,40f6,ifitisoftype

現1),魂1),ql),堤),餌),堵),丹),Gど)

ce=∑Cbn+Cbb:theVirasoro
algebra

[e椚,e〝]=(∽-ゆ∽.〃･竺諾∂刷eム;[e仰e距O
f2=∑Xixt∈U(g):theCasimirelementofg((Xi),(ろ)aredualbasesof9)

8X(m)Y(n)g thenormalorderedproductfbrX(m),Y(n)∈9⑳C[t,t-1]

=g(畔(〃)(椚<〃);…(物榊)+ア(乃)g(勅(脚);ア(〃)g(蝋∽>〃)
X(z)=∑X(n)z~n.1(z∈C*,XEg):aCurrent

r(z)=孟甘00榊(z∈ぴ)
=∑L(m)z-m.2;theenergymomentumtenSOr
れ∈Z

L(m)=ラ前石£亨8Xl(-k)Xl(m+k)3‥theSugawarabrm
l:thecentralcharge(1evelofintegrablerepresentation)(wefixl∈C>0)

K=J+伊

町their,ed｡CibleleM-mOduleofsplnjbrj∈去z≧｡
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ConformalFieldTheoryandtheBraidGroup

VA:theirreduciblelem9-mOduleofhighestweightl∈Pl,decomposed
as a f-mOdule:

り= ∑ 椚J町

町=Hom(町,C),VI=Hom(り,C):thedual(right)g(f)-mOduleofW;,VA

W;:theirreduciblerightf-mOduleofsplnjforj∈亘Zio

VI:theirreduciblerightg-mOduleof highestweightl∈P,

tMA=U(6)亀(p.,lA〉‥theVermamoduleasale略moduleofhighestweightL^｡+l
(A∈P`)(m.1A〉=m+lA〉=0,叫〉=肘〉,叫〉=〈んカ〉lA〉).

LAWI=〈AI乳(｡_,U(看):theVermamoduleasaright6-mOduleofhighestweightl^｡+l
(〈Alm-=〈柚-=0,〈AIc=J〈孔〈Al力=〈んカ〉〈州.

LFA=U(p-)lJA〉:thepropermaximal昌一SubmoduleoftAWA

LgI=〈JllU(p+):thepropermaximal百-Submoduleofy4WI

lち〉=弟(-1)卜御)+11A〉,〈んl=〈畔_β(1)卜(んβ)+1

7TA:LMA→LWA,花王:tAWI→uWI:thecanonicalprq】eCtion

#A=LMA/tyA:theintegrablehighestweightleft昌一mOdule

tWI=LgA＼u@I:theintegrable highestweightright金一mOdule

〈l〉‥咋×Vl→C仁好IxtwA→C:thevacuumexpectationvalues

〈lll〉=1,〈uaJv)=〈uJav〉 Lbranya∈gOr金

ガÅ,dand亡W工d:theeigenspacesof3VAand#IfbrtheoperatorL(0)belongingtothe

elgenValue Al+drespectively

範=Il3VA,dand威‡=口tWエd:COmPletionsoftWAandL#Irespectively

ガ=∑範⊂威=∑廃人;ガ+=∑ガ‡=威=∑威‡.
A巧 A叫 A巧 加Pl

ⅢA‥tW→範,威→廃人,tW'→MI,威i･威I‥theprq)eCtionstothel-COmP｡nent

岩={v=(A2AAl);l,Al,l2∈P.):thesetofvertices

V戸(v∈V;Al,ス2∈タ∫)

ybi(v)=thesetofallvertexoperatorsoftypev

y(V)=(pEHomg(n⑳VLl;V12);prqり2･甲(W;⑳W;1)=0foranyモーSimplesubmodules

町,Wll,町20fVA,V11,TL2reSP･Withj+jl+j2>l)
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(lCG)=(v∈V,;y(v)≠0):thesetofalllCG-Vertices

AA=
(んA+2p)1

姦EllvA:theconformaldimensionofvertexoperatorsofweightA2た

A(v)=AA:theconfbrmaldimension ofavertex v

A(v)=AA+AAl-AA2fbravertexv

◎(u;Z)=◎(z)(u⑳･)=∑軋(n)z-n一叫thehomogeneousdecompositionofavertex

OPeratOr◎(z)oftype
v

◎甲(z)‥thevertexoperatoroftypevwhoseinitialterm◎･(0)isq)∈y(v)foreach

v∈(lCG)(consideredasVA⑳#Al→廃人2)

l+:theanti-Weightofl,definedas-l+isthelowestweightofVL,i.e･A十=-W｡(A),

where w｡is thelongestelementoftheWeylgroup of(g,b)

v:VA･→V‡:theisomorphism
defined by v(lA十〉)=〈A+land v(XLv〉)=-V(lv〉)X

(lぴ〉∈γA十,g∈9).

v:#A+→tWI:theisomorphismextendedbytheabovevandv(X(m)lv〉)=

-γ(lp〉)g(∽)(lぴ〉∈ガA+,g∈9,椚∈ろ

Let M=Ml⑳…⑳MNthetensorproduct ofg-mOdulesMk,then

Pj:the9-aCtiononthej-thcomponentofM

Ajk=Pj+pk:thediagonalactiononthej-thandk-thcomponentsofM

nJた=∑蛸)βた(考)=…(Ajた(ロトQjj-n比)
nエ= ∑ n沌

代=(lN,…,Al):an N-Ple ofweights Ai∈Pz

K=りⅣ⑳…⑳nl,鵜=γごⅣ⑳…γご1

V;(八)=Hom9(K;C)thespaceofal19-invariantfbrmsofVL

リ

グ(凡)=∑サー(八);〃=(仙-1,…〃1)∈(げ+t

γ(勅=γ(vⅣ(如)⑳…⑳γ(vi励))⑳‥･⑳γ(vl00)

vⅣ伽}=(㌔芸…),･‥,Vi伽)=(ん),‥･Vl伽)=(〃て10)
(伽⑳‥･⑳甲1)(〟Ⅳ⑳…⑳〟1)=〈01伽(〟Ⅳ)0…叩1(〟1)(tO〉)(勒∈γ(v血)),〟摩りf)
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yTe%(凡):the space ofN-pOintfunctions ofweight八;

◎伊(z)=〈◎中〃(zⅣ)…◎甲1(zl)〉∈れを(凡)(甲=恥⑳…⑳甲1∈γ(几))

Aニ(八)=一∑A(vi(几))

几=(l4,l3,A2,Al):a quadruple ofAE∈Pl

rご(八)ニ2=Hom9(㌦⑳n3,n三)⑳Hom9(り2⑳nl,㌦)(〃∈P+)

γ(几)孟2=γ(瑚⑳γ(〃Aか弼)
C太2:鼠γご(几)孟2→rご(几)
Cま2(甲2⑳甲1)(〟3⑳〟2⑳〟1)=甲2(〟3⑳甲1(以2⑳以1))(甲2⑳甲1∈rご(凡)ヱ2,準㌦)

J(几)=〈〝∈P.;rご(八)孟2≠(0))⊃ろ(几)=(〃∈タ～;γ(几)丘2≠(0))

A4(八)=A(v2)+Å(vl)=AAl+AA2+AA3-AA4

For each T∈P.

γ撫で)=∑γ撫で)〟, 脚=(仙-1,…,〝1)∈(タ王)Ⅳ~1

珊T)〟=γ((デ〃…))⑳…⑳γ((〝F帖))⑳…⑳γ((〃F｡))
=((zⅣ,…,Zl)∈ピⅤ;Zi≠zた(i=瑚端

∪
怖
針
∪
範
∪
ん

=((zⅣ,…,Zl)∈(ぴ)Ⅳ;Z`≠zた(拝瑚

虜ヱ=(z=(zⅣ,…,Zl)∈ピー;lz〃l〉…〉lzll)⊂二㍍
∪

虜z,｡=((z〃,…,Zl)∈ピー;lz〃l〉…〉lzll〉0)

烏=((z〃,…,Zl)｡点〃;ZⅣ〉…〉zl〉0)

軋,｡=(w=(w〃,…,Wl)｡♂;WⅣ≠0,1州〉0(2くfくⅣ-1),1〉lwlけ
(‰,元N,XJ:theuniversalcoveringspaceofXL

6N:the N-th symmetric group

(ql,…,qN_1):thecanonicalgenerators(qL=(i,i+1))of6N

PN:考,→右=XJ6N:thecanonicalprqjection

BN:thebraidgroupwithN-StringsofC(≡花1(み,*))

BNisgeneratedby(bl,…,bN-1)andfundamentalrelations:

抽+1ゐ戸ム汁1坤汁1(1くどく〃-2);坤J=坤i(け-ノl≧2)
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7TN:BN→6N:the homomorphism defined by7TN(bl)=qi

PN=kernN:the pure braid group with N-Strings ofC(≡冗1(XL,*))

HN(q):the Hecke algebra oftype AN_1

(Tl,…,7L-1)‥thecanonicalgeneratorsofHN(q)

11.171=1.1711.1(1く′くⅣ-2);11=11(け-ノl>2);

(1-ヴ)(1+1)=0

(el,…,eN_1):thesystemofidempotentgeneratorsofHN(q);ej=(q-71)/[2]｡

gN:the set ofallYoung diagrams on N-nOdes

Y=[fl,…,ji]:theYoungdiagramsuchthatthenumberofnodesofthei-throwisj;

仏≧…>ム)

g‰:the set ofallYoungdiagrams on N-nOdeswith depth<g

g*,K)=(Y=[jl,j;,…,j;]∈g‰;jl-j;<TC-g=l)fbrtypeAil)

r(z):the gammafunction

F(α,β,γ,;Z):the Gauss'hypergeometricfunction

軋=誓

(孟)=

(q≠1),i(q=l):a q-integer(i∈Z)

上!

∽Ⅳ!…∽1
themultinomialcoe伍centfbrm=(mN,…,ml)with L=∑mk

§1.Preliminaries

Inthissection,WeSummarizethefactsabouta伍neLiealgebrasoftypeXゝ1),their

representations and relations with the Virasoro algebra mainly after V･G･Kac

[Ka].Confbrmalfield theory concerns with Virasoro algebra symmetries,and we

treat hereits Wess-Zumino theory,i･e･also with a侃ne Lie algebra symmetries･

1.1)SiInple Lie Algebras oftype弟

Let g be a simplefinite-dimensionalLie algebra over Coftype Xn,andfix a

Cartan
subalgebrab of9.Denote

by A the root system of(9,b)･Then the Lie

algebra g has the root space decomposition

g=り◎∑gγ,
γ∈A

wbere

9γ=(g∈9;[耳∴q=〈γ,g〉ズー】branyガ∈軒

ChooseafundamentalsystemⅢ=(∝1,…,αn)ofrootsof(g,b)anddenotebyA+
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thesetofthecorrespondingpositiveroots･Let(EIEgai,E;∈g-αi(1<iくn)lbethe

Chevalleygeneratorsand(Hl∈b(1<i<n))bethecorootbasis,thatis,

[£ゎろ]=∂ij巧,[耳,旦]=〈αj,旦〉ち,[耳,ろ]=一〈αノ,旦〉ろ

(1<i<n),and thematrix[〈∝j,Hl〉]1≦l,j≦nisthe Cartanmatrix oftypeXn･

Let(,)bethenon-degenerate,Symmetricandinvariantbilinearformongwith

the normalized condition(0,0)=2,Where Ois the maximum root.

Let(Xl,…,Xn)and(Xl,…,Xn)bedualbasesofbw･r･t･theform(,)･Forany

γ∈A,ChooseelementsXy∈gγSuChthat(Xy,X-γ)=1andputgγ=X-γ･TheCasimir

qperator ofgisdefined by

n=∑ガろ+∑即ち∈U(9)･

Thennis a centralelementin U(g)andisindependent ofthechoice ofdualbases.

DenotebyfthesubalgebraofggeneratedbyXo,X_OandOV=[X;,X_e],then f

isisomorphic to5I(2,C).

IntroducethejiLnddmentalweightsÅi∈b*(1<i<n)of(g,b)defined by

〈Å｡巧〉=∂ij(1くりく〃),

and the weightldttice P and the set P.ofdbminant血egralweights of(g,b):

タ=(A∈り*;〈ん呵〉∈Z(1く∫く乃))=∑ZÅ`⊃P.=∑Z≧｡Åi･

Now we summarize the facts onfinite dimensiona15I(2;C)-and g-mOdules:

Propositionl.l.F7･Y(m.t･11(mfleg(Ltire/1(柑i,1((,y(,rj.771L･lt(hぐr(,(･.rLyt.y(7LmiqLL(,

如g血cめわ柳α乃drわ如f一別0血お町α乃d呵げ成椚e那わ乃む+1r"pecぬゆ･乃e

′"0血ん,∫け1刷`ブル丁`げぐ〝川肌′J"J叶的/旺甘ノー1鴫/侶､"･J-′r･-1ノ〉〟′汀/く/l-1而J/托,
ノわ〃ゐ∽e乃JαJre加わ〃∫:

弟レ〉 =0,β∨レ〉=訓ノ〉,g竺甘1L/〉=0;

Ulg_〃=0,U岬∨=むUl,Ul需j+1=0.

乃e岬αCe∫町α乃d呵力αひe血w吻加平αCe鹿co〝卯∫〟わ乃∫

町= ∑.町,たα〃d町= ∑.肝ふ,
宝…冠 至芸毒7

Where町,k=(rv〉∈町;0VIv〉=2klv)and W:k=(〈ul∈W;;〈u10V=2k〈ul)arel-
dimensional.

Propositionl.2.撤αゐ∽お〃J血e♂rαJw吻如A∈ア..

J)乃ere eズ由J∫α〟乃王ヴ〟e如e血cめわ仲如一成加e乃∫わ〃αJ)坤9-∽0血わnw′′力

極力e∫Jw吻如A･乃e椚β血ねりね♂e〃erαJedムγα埴ゐe∫Jw吻如びeC托げIA〉w〟カJ鮎

ノわ〃血椚e乃JαJre加わ〃∫:

旦IA〉=0,抑A〉=〈ん耳〉lA〉,秤叫〉+11A〉=0(1く∫く〃).
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乃e甲αCe nゐα∫Jあelヅe匂如岬αCe滋co〝甲0∫iJわ〃

n= ∑ り,〝,

Wカerビア(A)f∫血∫eJげw吻触加nα乃dり,.=(lぴ〉∈り;ガlひ〉=〈甚〃〉lび〉岬∈り))･
〝)乃ereeズ如∫α〟殉〟e如e血cf独伊乃如-ゐ〃e〃∫わ〃αJ)吻如9一棚血わ咋Ⅵ融

ノ物力e∫Jw吻如A.乃e∽0血わ咋ね♂e乃g和書ed毎α極力e∫Jwe匂ゎひeC加〈AIwf∠力J如

ノわ乃血椚e乃JαJre加わ〃∫:

〈Al彗=0,〈Al旦=〈ん均〉〈礼 〈Al旦"麟>+1=0(1く王く〝).

乃e岬αCe町ゐβ=ゐe we匂ゎ岬αCe滋co〝甲β∫よJわ〃

r‡= ∑ r‡,.,

Wゐerg r工〝=(〈叫∈り;〈叫H=〈甚H〉〈ul(H∈耶)･

〟7(り 7伽Cα∫如か叩erαわrnαCJ∫0〃rJα乃dりα∫n=(んA+2p)域wカere2β
= ∑γ･
γ∈A+

(if)乃ere eズねJ∫α〟乃桓〟e〃0〃鹿♂e乃erαJeムiJ加αrノわr′"

〈l〉:咋×り→C

∫〟Cカ血‖)〈川瀬〉=〈叫郎〉♪川叩用∈9,〈叫∈町α〃dlぴ〉∈り,2)〈AIA〉=1･乃ere∫什わfわ〃

〈l〉:咋〃×n,〆→Cびd〃ね力e∫〟〃由∫∫〃=〆,α〃d〈l〉∫咋〝×n,p→Cね〃0〃dねe〝erαJe♪r

α乃γ〃∈タ(A).

JF)d∫f一別0血毎りα乃d咋αre鹿coJ叩0∫edα∫♪Jわw∫:

n=∑削り町α〃d咋=∑椚り町,

W力grgノr〟〃=か0〟♂力血

∫e′匝0;捌A)‡
α〃d削り∈Z≧0αre椚〟物J油ね鼠

1.2 A価血elieAlgebrasortype弟1).

Thea伍ne Liealgebra金oftypeXLl)isdefinedby

毒=g⑳C[らJ~1]◎Cと,

with the relations

[g(椚),ア(た)]=[弟ア](∽+た)+∽∂椚.た,0(ちア)c

c∈tbe center of畠, (ちア∈g,椚,た∈Z)

wbere

g(∽)=g⑳′m∈壷 (g∈g,椚∈句･

The Lie
algebra9isincludedin壷byidentifyingXwith X(0)･Introduce the

subspaceg(m)=g⑳tmof金fbreachm∈ろandthesubalgebrasm±andp±definedby

p±=m±◎9◎α⊃m±=∑9(±叫=9⑳′±c[′±]･

Then金is decomposedinto
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貪=m+◎(g◎α)◎m-=p+◎m-=m+◎p-･

TheCartansubalgebrabof金isb=b◎α,WhereTeidentifyb=b⑳1and9

=b⑳l.Thedualb*ofbisconsideredasthesubspaceofb*bysettingalb=αand〈α,

C〉=O brα∈ウキ

The Liealgebra8has therootspacedecomposition

貪=ち◎∑ち⑳予◎∑∑9γ⑳fた=命-◎6◎命.,

where免±=m±◎Tt±andTt±= ∑g±γareSubalgebrasof6andgrespectively･

Putα古=C-0V(0),e｡=X_｡(l),jb=Xb(-1),αI=Hj(0),el=EE(0)andj;=彗(0)

(1<i<n).Then囲(0<i<n))fbrmsabasisofband

[eゎム]=∂りα㌢,[α㌢,ej]=叩j,[∝㌢,ム]=-αi訪(0くfく乃),

whereaLj=〈αj,∝[)andthematrixA=(aij)0≦L,j≦nisthegeneralizedCartanmatrixof

type需1).
Moreover

c=α古+β∨=

POSitiveintegers whose sum

∑aIaf,Where ag,ar,…,aX
are mutua11y prime

g=∑αJ=i((β,β)+2(β,βいscalled血α′伽e′erj=0

number.Itisknownbytheclassificationofthea伍neLiealgebrasas

♂=〃+1,2〃-1,2乃一2,12,18,30,9,4,

if壷isoftypeAil),Bil),CLl),DLl),Eg),E?),Eg),丹),Gg)respectively･

IntroducethejiLnddmentalweights^i∈b*(0<i<n)of(8,b)definedby

〈A｡α∫〉=∂り(0くりく〃),

andtheweightlatticePof(8,b)by

β=〈A∈り*;〈A,α㌢〉∈Z(0ミ;′く乃))=∑Z八`⊃β.=∑Z≧OAい
f=O i=O

Note

A戸αrA｡+Åi(1くfく可.

Thenumber〈∧,C〉iscalledofthelevelof^∈P.Forafixedintegerl>1,theset

P,=(^∈P.;〈∧,C〉=l)isbbectivewiththesetP,=(A∈P.;(l,0)<l)byassigning^A

=仇｡+A∈β∫tOA∈クレ

Propositioml･3･加･e血c∠抽血egrα地物カe∫Jw吻加島-∽0血わ∫βreクαrα椚e什fzed

毎血∫eJ((ろA);J∈Z,｡,A∈P`)･撤∫〃Cカ仏A).
⊥ 乃ereeズねJ∫α〟〃桓〟e如e血cめわ(血e卯α抽α〃dノ軸カe∫Jwef♂如)妙義一肌仇九庵

亡好A W油α〃β〝ZerO〃eCJ〝lA〉("沼郎日用肌用珊)∫〟CカJカαJ

命.1A〉=0α〝d叫〉=〈∧A,ゐ〉lA〉(力∈も).

乃e昌一椚0血わガAね0加α加dカ0∽Jカe針椚0血わh.Co那～鹿rりα∫αp.-椚β血由ゐγ

m･り=0α〃d clァA=JidァA,Jゐe〃才力e加血ced昌一椚0血由滅A=Ⅳ伯)⑳㌦り(柁r〝-α

-
9
-



仰血わ)力α=ゐe〃頑〟e∽αズf∽αJクr甲er昌一∫〟ム椚0血Je4w址力由♂e〃〝αねdムγα血♂わ

びeCわrtん〉=′㌃(んの+11A〉.乃〟∫範=滅A/琉.

乃eぴαC〟〃削げガAα〝d加計∽0血わ(lぴ〉∈ガA;m.lぴ〉=0)αrefあJ挿edw如才カe

Cね∫∫げ1⑳lA〉α〃dり=1⑳n re甲eC抽e少.

〟or紺びer命.1ん〉=0α〃dα苫lん〉=-(ト(Å,β)+2)lん〉.
丑 乃ereeズぬα〟殉〟eわe血cよ地(血印rα抽α乃dノ柏カe∫Jw拘ゎ)鴫画絹一別仇九庵

ガ‡wf才力α乃0〃Zer…αC〟〟椚びeCわr〈Al∫〟CカJ如才

〈Al命-=0α乃d〈Alカ=〈AA,力〉〈Al(カ∈り).

ガ‡ね0如α加dα∫ガ‡=♂‡＼〟‡,W加re滅‡ね血吻如昌一椚0血わ滅‡=咋⑳｡_

(血=廃山9-∽0血Je F‡ねco〃∫f鹿redα∫αp_一別仇九庵,毎∫e汀吻F‡m_=0α乃d

㈲イU.
d

=崗ア‡)･r鮎g一別仇九鹿(〈叫∈ガ王;〈叫m一=0)ね抜刀ゆdw∫∠カ血c血∬〆r‡

=咋⑳1.
mど〟叫∫付〝眈Y血`′/〝叩`り･如～血m)`加ビ･アナ`イ､.〝‡i†♂川ぐJ･`JJ`,叫II`=叫//ぐ!､`,(･J()r

〈んl=〈Al釘冊)+1･肋reo脚〈ち博一=0α〝d〈んl∝g=-(ト(んβ)+2)〈ち卜

1.3.Segal-Sugawara Form.

Inthisparagraph,WeglVetheactionson#AandL#IoftheVirasoroA匂ebraeY,

Where
cY=∑Cbn+Cbらisthe

Liealgebradefinedbytherelations:

[e仰e〃]=(研一ゆm+〝･㌔竺∂瑚e乙(椚,乃∈Z);
[eb,e椚]=0.

De丘nitionl.4.

り(current)fbreαCカg∈9,We瑚乃e血♪r〝7αJエα〟re〃=erね∫

g(z)=∑g(乃)z~〝~1(z∈C*).

ii)(EnergyMomentumTensor;Segal-SugawaraForm([Se]and[Su])Ebrz∈C*,

r(z)=㌫{且津(z)ろ(申=S㌘(z)榊}
〃

=∑エ(椚)z~m~2,
J乃∈Z

′カα〆ね,

⊥(椚)=

両市左(葺叫~畔(椚+戊)汁∑3㌘(一た)ち(椚+戊)3),γ∈△

Wカere(ガ,ガ)α〃d〈ろ,ち)αre血α川α∫e∫げ9Jαたe乃α∫f〃専1･1α〃d血normalordered

productsq/e由∽e〃J∫げ9⑳C[ちJ~1]αre瑚乃ed∂γ

g(椚)ア(乃)

gg(椚)ア(乃)s= …[g(叫ア
(椚〈〃)

(〃)+ア(乃)g(椚)] (椚=〃)

ア(〃)g(∽) (椚〉乃ト

-10 -
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Then we get

り伽α〃γ′∈Z>0α〃瑚,血叩er加叫叫(∽∈Z)α乃頼0)=語idαC′
州･〝よ(〝〟J･〝‡.

[瑚,坤′)]=(研一叫(…仰㌔竺∂刷エ′(0)･
招)凡r eαCカ∽∈Zα〃dg∈g,

[⊥(∽),g(z)]=Z椚(z孟+刷)g(z);
[上(∽),g(〃)]=一札r(∽+〃)(椚,〃∈Z)･

Propositionl.7.

り 乃ereeズぬα〟〃∫す〟〟e∂〟加αrノわr′"(cαJわdぴαC〟〟∽e叩eCJα血〃ぴαJ〟錯)

〈l〉∴好‡×二筋A→C

∫〟C力才力αJl)〈Al〉=1α〃d2)〈Mlひ〉=〈叫00〉♪rα〃γα∈6,〈〟匡ガ‡α〃dlぴ〉∈ガス･乃ね
相加αr♪r〝7〈l〉ね〃β〃如e〃〝αJeα乃d如re∫什わ血〃0〃rエ×nCβ加cf血ywf才力血♪r〝一

画脚=わ凸w朋而㈹1.2.

王りガAα〃dガ‡力αロe血吻e〃岬αCe滋co〝卿∫わわ那W･r･′･血叩erαわr上(0):

ガA=∑ガん｡α〃dガ‡=∑ガ‡,d,

wカerビガん｡α〃dガ工｡αre血吻e叩αCg∫加ガAα〃dガJげ血吻e〃UαJ〟e
AÅ+d

re岬eぐめe抄,△A
(んA+2/))

2(♂+J)'
dim亡好A,d=dimtW工d〈∞andLWA,｡=VA,t#エ｡=VI･

〟oreoひer〈ガんdlガ工｡′〉=0〟乃由∫∫d=d′,α〃d〟把∂〃加eαrノわr〝1〈l〉ね〃β〃鹿ge〃erαJe

β〃ガ工dX亡好んd･
沼)fbrα乃γg∈9,∽∈Zα〃dd>0,

g(叫ガ伊上(叫ガA,｡=ガん｡-m α〃d ガ工｡g(叫,ガ工｡上(叫=ガ‡,d.椚･

§2.Vertex Operators･

Throughoutthispaperwefixthevaluel(apositiveinteger)ofthecentralelement

conthespaces亡Wand#+,andusethevalueK=l+gfbrconvenience･Wereftrto

ourpreviouspaper[TK]fordetails ofnotionsandpropositionsinthissection･

2.1)Field Operators.

ForeachA∈Pl,introducethecompletions廃人=口端,dand亡好I=Il#工dOf端and
d≧O d≧0

一11一



LWIrespectively･Extendthe8-aCtionon#Aand｡好王totheircompletionsandthe
VaCuumeXPeCtation〈l〉‥#Ixt#A→Ctocontinuousbilinearpairings〈I〉:LW:×威A

→Cand威Ixt#A→C NotetW:isnaturallyisomorphictoHomc(#A;q.
Consider the direct sums ofthese modules:

ガ=見ガA⊂威=克彦A;ガ+=見ガエ⊂威+=長身‡,
WherePL=(A∈P.;(l,0)<l)･Theprqjection冗AtOtheんthcomponent:威→威A,威+

→威Icommuteswiththeactionof金.
AnqperatorAon#meansalinearmapplngA:L#→威,WhichisequlValentto

glVeabilinearmapA:tW+×#→CandalsotoglVealinearmapplngA+:LW+→威+

bytheconditionthatfbrany〈vl∈#+and rw〉∈tW,

<帖仙>=<ぴIjlw>=<ぴd+lw>.

Thenotionsofthecomposabilityandtheholomorphyofoperatorsandoperator

Valuedfunctionsareweaklydefined(see[TK]fbrexactdefinitions).
Operatorvaluedfunctions X(z)(X∈9)and T(z):#→威aresingle-Valuedand

holomorphiconC*=Pl＼(0,∞)･BythesameargumentsoftheproofofProposition
2.60f[TK],We get

Proposition2.1.

f)Or鹿redクαfr∫(g((),ア(z)),(g(;),r(z)),(r((),g(z))α〃d(r((),r(z))げ
叩erαわr∫αre CO叩0∫α地力rl引〉lzl〉0(弟 ア∈9),α〃d血かco叩0∫血〃g(;)ア(z),

g(;)r(z),r(;)g(z)α〃dr(;)r(z)αreα乃α坤cα勒･CO〃血〟edわ∫掬わ-びαJ〟e4叩erα加-

ぴα血ed力0わ椚叩旋ル柁C血那0〃〟2=(((,Z)∈(C*)2;(≠z).d∫甲erαわr=〃ガ,fカピ

(Ⅰ)g(∈)ア(z)=簑等id･占["](z)･R∫(弟ア∈9)･

(ⅠⅠ)r(∈)g(z)=前言戸g(z)･占£g(z)･月∫∫(g∈9)･
(ⅠⅠⅠ)r(;)r(z)=

Jdimg.,2r(z) 1 ∂

id+示誇+盲三左r(z)+凡丑2K((-Z)4`}■(;-Z)2

月セre月∫,R∫∫α乃d月∫∫∫αre
re♂〟血rαJ;=Z∈C*.〟oreoぴer

r(()r(z)=r(z)r((),r(()g(z)=ズ(z)r(()α〃dg(()ア(z)=ア(z)g(;).

ii)The normalproduct呂X(E)Y(E)呂is also regularat∈=E and

3g(∈)ア(∈)瑚∈)ア(∈)一芸等fd
∈-;〝畠
∑([ろア](2〝1

(∈り1+椚

-12
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g(;)ア(()3=

2花JコJc帥∈J二___≡:
g(∈)ア((),

whereC;;OisacontouraroundEsuchthatOisoutsideCE"･

2.2 Vertex operators･

Vertexoperators(OrPrimaryfields)areintroducedbyV･G･KnizhnikandA･B･

Zamolodchikov[KZ].

A multi-Valued,holomorphic,OPeratOr-Valued
function O(u;Z)on Ml=C'

parametrizedbyuEVlisca11edavertexqperatorqfweightA∈P+,iffbranyu∈VA,an

OPeratOr

◎(〟;Z):ガ→威

satisfies the conditions:

(Vl)◎(u;Z)islinearin u∈VA;

(V2)[g(椚),◎(〟;Z)]=Z椚◎(且領;Z) (g∈9,椚∈ろ;

(V3)帥),軸z)]=ZM〔孟･(刷)AA)軸z)(鵬Z),
where the number

AA
(んA+2/))

2K
is called the confbrmaldimension of

the verte

operator◎(u;Z)･Denotebyサ壱i(A)thespaceofallvertexoperatorsofweightA･

Remark2.2.i)Vertexoperatorsaresometimesconsideredas

◎(z):n⑳ガ→威 by◎(z)(以,γ)=◎(餌;Z)(け

Theconditions(V2)and(V3)arethegaugeconditionandtheequationsofmotionfor

thefield◎(z)respectively･ 〈

ii)Theprincipalbranchof◎(z)istakensuchasthe valueofz-A(V)ispositive

forz∈R.=(z∈R;Z〉0)anduniquelycontinuedtotheregionC.=(z∈CRez〉0),and
we refer thisfor the value of◎(z)on

C..

Introduce the sets V and VL defined by

坤=(〃2A〃1);ん…2嘲っ叫=拉=(〃2A〝1)∈V;…沸
AnelementvofViscalledavertex.Foraverte

v=(〃2A〃1)∈V,
WeCallthatIL11S

anincomin竺Weight,P2isanoutgoingweightandlisanouterweight,anddenoteA(v)

=AAandA(v)=AA+Apl-A〝2･

V:
〃2 ｣二1
-13 -



Foravertex v= (〃2A〃1)∈り,a

YukihiroKANIE

VerteXOPertOr◎(z)ofweightliscalledQrtJPeV,

if◎(u;Z)=np2◎(u;Z)nplfbranyuEVA･Denotebyy;i(v)thespaceofallvertex

OPeratOrS Oftype v,then

Proposition2.3.

γ最(Å)=詫｡栃((〃2A〃1))･
Simi1arlyasProposition2.1in[TK],Weget

Proposition2.4.

り
ノ叫=､`仙=甲`一r`〟…･¢√!/､J叩`,V(∈V`)厄､`∫上`W`刑▲-(〉′･/ぐ.-叩"′油川

◎(〟;Z)=∑軋(叫z-m一ÅⅣ)(〟∈り)

α〃d軋(椚)∫α〆え所e∫

[⊥P),◎〟(叫]=(△〝2-A〝1一叫◎〟(叫(∽∈Z),

∠カα′ね,

軋(叫:ガ〃1,d→ガ〝2,d一肌,ガち,d→ガニ1,か+川(∽∈Z)･

よりfbreαCカ〟∈り,

[g(叫,軋(椚′)]=[g(0),軋(∽+〟)]=◎加(椚+椚′) (g∈9,∽,∽′∈ろ

[上(叫,軋(椚′)]=((∽+1)AA-∽-∽′-Å(v)勅(椚+扉)(∽,椚′∈Z).

Propositiom2.5.

り 加0血ce〟什〟加αりbr椚甲:rニ2㊥り㊧㌦1→C頻〝ed毎

甲(ぴ,〟,W)=〈叶軋(0)lw〉z抽)lヱ=｡

♪=∈り,膵γちα〃dw∈㌦1,血刀甲f∫9一方〃びαr≠α〃∠:

甲(ぴち〟,W)=甲(び,弟′,W)+甲(ロ,〟,ズ加)(g∈9).

巾
■Jl､(柵･=,〝′●`JJ川●¢ 吋叩`′ V/･ヾ 刷叫可l･`ん肋･′血肌J叶｣/∫`,ノi〃川

中∈Homg(巧⑳り⑳り1,C)窒Hom｡(り⑳nl,り2)瑚〃ed～〝り･恥cαJJ甲由才力e
加わJJer〝-げ血脚Jeズ叩erα加◎α〃d滋〃OJe◎=◎甲･

2･3)ExistenceofVertex Operators.

Letv=(p2Apl)bea
VerteX･The dimension

m(v)of the space

Hom9(賎⑳Vl⑳㌦1,C)isequaltothemultiplicityofTL21nthetensorproduct
TL⑳㌦1･ItisknownastheSteinberg'sfbrmula,Whichisexplicitbutisnotsoeasy
to applywhentheWeylgroupislarge･

De誠一ion2･6･加0血ce′カe軍αCeγ(v)co那めgαJJカ邪甲∈=om9(り㊧㌦1,

ー14 -
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㌦2)∫αJ毎秒吻血co〃劫加‥

prqJ町2叩(町⑳町1)=0,

ノi〃町･血J,〟f-∫〃毎…`仙川;､川;1`仙川ユニ(!/､Il､ILl〟〃`∫l;▲ユーl叶什/1+ム〉/川/J`W

pr(わⅣJヱね血prq画0乃げ㌦20油血f-∫f叩ね∫〟椚椚α〃d町2･
Foranyvertexoperator◎∈y(v),itsinitialtermq)isinHomg(VA⑳TLl,fL2)

and甲=0(0)lvA⑳ガpl(0)=Prq,yp20ZAp)0(z)LVA⑳㌦1･Underthiscorrespondence,

血eorem2.7.乃e岬αCeれを(v)げ吋0血ル乃C血那げりpeVね加椚叩紘wi′カ

∠力e甲αCeγ(v)げ加地JJer〝-∫げりpeV･

ProQf:Theinitialterm甲Of◎(z)∈γ最(v)mustsatisfy

甲(〃,弟~(〝1･の+1",l〃1〉)=Obrany膵アニ2,〟∈n

and

q)(〈IL2l,Xtjp2,0)+1u,W)=Ofbranyu∈VA,W∈㌦1･

Decompose-1㌦1and㌦2aSt-mOdules,andapplyLemma2･2in[TK]･Then

q)∈y(v).Thesudectivityisalsoduetothesamelemma,andProposition2･5implies

theinjectivity･
q･e･d

Remark2.8.i)Avertex v with y(v)≠Ois said to satisfythel-COnStrained

♂e〃erα肋dCJe占∫カーGor血乃CO乃加わ〃α乃dwr如V可JCG)･
ii)Let◎(u;Z)beavertexoperatorofweightA(u∈VA),thenasafbrmalLaurent

◎(〟;Z)=Z岬)~AA叫〃;1)z~⊥(0)(〟∈n)･

Proposition2.9.

乃ere eズ融和8〃0〃ZerOぴer勧叩e柑托げ∫げw拘ゎん〟乃Je∫∫A∈P∫･

ProQf:For a weightl∈P.with(0,l)〉l,take甲∈y ((〃2A〃1))andlet◎(z)
=◎¢(z)･Wbmustshowthat◎=0･ByProposition2･5ii),itissu伍cienttoprove

thatq}(v,lA〉w)=0foranyvEVI2andwE㌦1･

Thesubalgebraf=‡⑳C[t,J~l]+αof畠isisomorphictothea凪neLiealgebraof

typeAil).bf=fnb=Cp>andbf=fnb=Ch

f respectively.The sets ‡
β

亘

V
O ◎COV(0)areCartan subalgebrasoff and

‡⊂押*andI^0,^0･拒⊂$･givefundamental
Weightsof(f,輌aユd(f,bi)respectively･Let W;betheirreduciblele氏f-mOdulewith

highest weightjO 匝0)anddenoteby W:thecorrespondingrightf-mOdule･

Decompose㌦1andVちasf-mOdules:

㌦1=叩`andrニ2=i琶呵,
ml

i=1

-15
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thenji･kL<芸,Since(p,0)<(l,0)foranyp∈P(l)･Byrestrictinginitialterms｡fthe
VerteX OPeratOr◎(z)fbr台to Vち⑳U(f)ll〉⑳VLl,Weget a Sum Offormsin
Homf(Wち⑳町A,0)/2⑳町i)satisfyingsimilarconditionsofDefinition2.6.However
SuChfbrmsmustvanishbyLemma2･2andRemark2.2′of[TK]. q.e.d

Proposition2･10･上eJ金∂eα〃`解乃e上ね殉eムrαげりped£1),紺),ql)〝現1).ケ

α㍑rJeズVカα∫αノ♭r〝‡V=

γ(v)=Homg(叛1⑳㌦1,㌦2)･

Proqf ConsidertheweightstructureofthevectorrepresentationI㌔10fg･

ヴ.e.d

2･4)OperatorProductExpansionsandActionsof金andcYonVertexOperators.

OperatorproductexpansionsareobtainedsimilarlyasPropositions2.6and2.70f

[TK]:

Proposition2.11.

り･山行¢(〟;Z)∂eα脚Jeズ叩erα加げ仲細山A(〟∈り)･Or滋redp血(g(;),

◎匝;Z)),(◎匝;;),g(z)),(r(;),◎(〟;Z))α扉(◎匝;;),r(z))げ叩er血椚αreCO叩β∫α抽
♪rl引〉lzl〉0(g∈9),α〃d血かco叩0∫〟わ那g(;)◎(〟;Z),◎匝;;)g(z),r(り◎(〟;Z)α乃d

◎(〟;()r(z)αreα〃α坤cα砂c∂〃血〟edわ椚〟/血αJ〟e4叩erαJ彿びαJ〟edカ0わ椚叩兢

ル〝C血〃…〃〟2･d∫叩grαわr∫0〃ガ,血♪肋w和才鹿J血わ∫カ0肱

(ⅠⅤ)g(胸;Z)=占◎(肋;Z)+月∫ア(瑚･

(Ⅴ)r(∈)叫;Z)=謹平叫;Z)+占£軸z刷･
月セre月∫アα〃dRァαre

re♂〟ねrαJ;=Z∈C*.

〟oreoぴer g(;)◎(〟;Z)α〃dr(;)◎(〟;Z)(g∈9)αre∫吻ね-ぴα血edα〃d届0椚叩ぁわ

ル〃C血乃0〃(∈タ1＼(0,Z,∞)カrα町カズedz∈P,α乃d

g(()◎(〟;Z)=◎(〟;Z)g(;)α〃dr(()◎(〟;Z)=◎(〟;Z)r(().

fり エeJ〟∈りα〃d◎(z)占eα脚Jビガ叩erαねrげりpe v= (A2AAl)∈(JCG),エeJ

dⅣ(zⅣ),…,dl(zl)ゐe呼erαわr∫げ血♪r〝1r(z),g(z)(g∈g)or◎(〟;Z),α乃dα∫∫〟∽e∠励

J励eねαf伽∫Jo〃e〃〟椚∂erら∫〟Cカ伽d`0(zi｡)=◎(〟;Z`｡)α〃ddf(z`)ね〃β′αロer′eズ

叩erαわrノ♭r′≠∫｡.

乃e〃(dⅣ(zⅣ),…,dl(zl))由cβ叩β∫α抽加Jゐerα聯IzJl>‥･>lzll,α〃d血
CO〝卯∫ed叩erαわr dⅣ(zⅣ)…dl(zl)ねα〃α少庇α砂co〝血〟edJoα椚〟J抽α血edα〃d

力0わ∽叩旋ル〃CJ加0〃〟Ⅳ=((zⅣ,…,Zl)∈(C*)〃;Z`≠zJ(わり))･ゲ仰り触(zⅣ,…,乏〆‥,

Zl)U≠fo),血〃舶ル柁C如〃ね血♂わーぴαJ〟ed～〃ZJ∈タ1＼(∞,Z〃,‥･,2j,…,Zl,0).
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Notation.ForanypointsEl,…,E｡andEl,･･･,Eb∈CdenotebyC=C(1,･･･,;｡;El,･･･,∈b

apositivelyorientedcontoursuchthatEl,･･･,E｡areinsideCandEl,…,EbareOutSide
C.

Foreach
q)∈y(v),introducethe g-mOdule9(q,)definedby

ク(甲)=(◎(〟;Z);〟∈n); g◎(〟;Z)=◎(助;Z)(g∈9)･

NowintroducethespaceO(q))ofoperatorson#astheC-VeCtOrSPaCeSPanned

by the set

上.(2花J-げJcⅣJcl上
堵Ⅳ…威1((Ⅳ-Z)椚肌‥(;1-Z)椚1■㍍((Ⅳ)…gl((1)◎(〟;Z);

Ⅳ∈Z≧｡,弟∈9,椚i∈Z(1く′くⅣ),〟∈h

WherethecontoursCl(l<i<N)aretakenasCE=Cz,El,…,;i_1;O

LetA(z)∈0(q)),X∈g andmEZlthendefine

帥(z)=言古t

帥(z)=言古上

堵((-Z)mg(()d(z)∈♂(甲)

威((-Z)m+1r(;)d(z)∈♂(甲)

and

fbrsomecontourC=Cz;0･ThenbyProposition2･11,

Proposition2.12.

り 乃eα∫殉〃d血〃g(椚)一身(叫α乃dcト◆Jid瑚〃e∫血昌一椚0血Je∫加C加eo〃♂(甲)･

∫りエe∠〟∈n,血〃

g(椚)◎(〟;Z)=0,£(叫◎(以;Z)=0 (椚≧1,g∈9),

g(0)◎(〟;Z)=[g(0),◎(〟;Z)]=◎(助;Z) (g∈9),

抽勒z)=A動;Z)and£(-1)柚z)=£叫;Z)･
材)r鮎･g-αC血〃 0〃 ♂(甲)垂何肌7句′仇両脚如才上(叫-£(椚)〟浸上′(0)

い些塑Jidねc叩α助血ゐ血色-αC血.
By Theorem2.7and Proposition2･12,

Propositiom2.13.

凡redC月中∈γ(v),血α∫殉乃α血〃り∈狛→ゆ(〟;Z)瑚〃e∫血g-加椚叩旭椚〆り

0肋血岬αCeク(v),α〃dfJねgズJe乃滋dわα∫〟ゆC油e昌一∽β血お∽呼P吻◎:滅Å→♂(甲)･

Theorem2.14(Nuclear Democracy).

凡rα乃γ甲∈γ(v)w油v∈(JCG)血畠一肌卿如◎カcJor∫わガスα〃d♂加∫才力e昌一

ー17 -
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ね0∽0甲力血椚q/三筋Å0〃わ♂(甲).

Proqf:Firstnote thatthefbllowinghctisimportant:Theonly one additonal

relationof#AtOtheVermamoduleJWAistheequalityj凱l〉=0,WhereL=l-(0,A)
+1>1.

Let(p∈y(v)withv∈(lCG).SincethekerneloftheprqjectionofJWAOntO亡好Ais

generatedbyavectorlJA〉∈JWAOVer U(8),itissu伍cienttoshowthat◎(LJl〉;Z)=0･

Firstnotethat[Jl〉=ji[l〉∈tMAisaweightvectorofweightlA｡+A-Lα｡≠P.

and才A芸シガい⊥β.

Any V(z)∈U(g)◎(lJA〉;Z)satisfies

倉(m)V(z)=0 foranym>0,X∈9,

Since m.U(9)lJÅ〉=0.By
Proposition2･11,We get

[g(椚(z)]=吉宗た;｡砿∈椚g(∈)Y(z),
[g(0),Ⅴ(z)]=g(0)Y(z)and[g(叫,Y(z)]=Zm[g(0),Y(z)](∽∈ろ.

Hence by Proposition2.9,Weget◎(lJL>;Z)=O since(l+LO,0)=L+l+1>l.

曾.e.d

Here we summarize the relations satisfied by vertex opertors:

FundamentalRelations fbr Vertex Operators.

エeJ◎(z)占eα膵rJeズ叩erαれ汀q/w吻如A.乃e〃

g(叫◎(〟;Z)=0 (椚≧1,g∈9,〟∈n);

倉(0)◎(以;Z)=[g(0),◎(以;Z)]=◎(g祝;Z)(g∈9,〟∈n);

£(叫◎(以;Z)=0 (椚≧1,〟∈り);

£(0)◎(〟;Z)=AA◎(以;Z) (〟∈n);

ヱ(-1)叫z)=£叫;Z) (〟∈n);
and

名(-1)卜(ん8)+1◎仰〉;Z)=0･

§3.Di鮎rentialEquations of N･POint Functions and ComposatIilty of Vertex

Operators.

In this section,We WillglVe the system of di鮎rentialequations of N-POlnt

functions and show the composability ofvertex operators.

3.1.NIpoint Functions and their Di鮎rentialEquations.

Thevacuums LO〉and〈Olof亡W｡and#言 areof specialimportance(andare

Called nr(7∫OrOぴαC〟〟∽∫):

-18 -
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p.10〉=O and 上(椚)10〉=0 (椚≧-1);

〈Olp_=O and 〈Ol⊥(∽)=0 (椚く1)･

ForanoperatorAon亡好,defineitsvacuumexpectationvalueas〈A〉=〈OIA10〉･

Denote by plthe g-aCtion on thei-th component of the tensor product M

=MN⑳…⑳MlOfg-mOdulesMi･DenotebyA沌(l<i,k<N)theg-diagonalaction
onthei-thandk-thcomponentofM,thatis,A沌=Pl+pk,andintroducetheoperator

f2比On Mdefined by

n沌=∑仇(ガ)仇(弟)+∑仇(ガ)仇(ち),

where(Xj(1<j<n),Xγ(γ∈A))and(Fj(1<j<n),Xy(γ∈A))aredualbasesofgtaken
in§l.1.Denoteq=E2ii=7Tl(f2),then

n比=…(A比(nトni一恥
and

[nゎA丑(Ⅹ)]=[n加pメⅩ)]=0(持た,g∈9,ノ≠らり･

Foreach几=(lN,…,Al)∈(P,)N,denote

m=KⅣ⑳…⑳り1,γX=rごⅣ⑳…⑳町,Fご(几)=(FX)9竺Hom9(払,C)･

ThentheoperatorsqkaCtOnFL,VX,f?(几)andg⑳Nwhere9=∑ ∑ク(q,)･

Let OE(zi)be a vertex operator of weight Ai(1<i<N),then the vacuum

expectationvaluueofthecomposedoperator

〈◎Ⅳ(zⅣ)…◎1(zl)〉

isconsideredasaVX-Valued,fbrmalLaurentserieson(zN,…,Zl)andiscalledanN-

pointjiLnCtiondweight^.Denotebyγ扇(J%)thespaceofa11N-POintfunctionsof

Weigbt几･

If◎l(zl)isoftype vi(1<i<N),

〈◎Ⅳ(zⅣ)‥叫1)〉=nZ｢Å(Vi)m是｡‥･羞z･‥よ｡CⅢ〃‥●mlZ嘉川〃イ椚1,i=1

Cm〃…椚1=〈叩㍗(椚Ⅳ)◎?~1(鞠｣1)･‥◎ヲ(椚2)叫(椚1)IO〉∈γX･

Itisshown(Theorem3.3)thatN-POintfunctionsdefinemultivaluedholomorphic

functions on MN.

FirstwegetasystemofdihrentialequationsofN-POintfunctions((i)～(iii)are

due to V.G.Knizhnik and A.B.Zamolodchikov[KZ]).

Theorem3.1.

上eJ◎セ`)ムeα腔rJeズ呼erαわrq/wegg如A`(1く∫くⅣ),血乃血Ⅳザ0如ル柁C血〃
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〈◎〃(zⅣ)…か(zl)〉∫αJ榔e=カe♪Jわw吻e曾〟α如〃∫:

(J)(gaugeimYariamce)凡rd〃γg∈9,

∑仇(g)〈◎〃(zⅣ)‥･◎1(zl)〉=0,

(〝)凡r eαCカブ=1,･‥,凡

(境一基窯)〈◎Ⅳ(…1(zl)〉=0,
Wゐere K=J+♂.

(沼)凡reαCカブ(1くfくⅣ)α〃dα〃γ〟た∈㌦(た≠り,ク〟J上戸ト(んβ)+1･

ふ(加(zた一冊〈◎Ⅳ(勒zⅣ)…叫･A`〉;Z`)…◎伽1;Zl)-mil=エi
口.(zた-Z`)~椚た〈◎Ⅳ(帯Ⅳ〟Ⅳ;ZⅣ)…◎i仙`〉;Z`)…◎り帯1〟1;Zl)〉=0,

Wカerem戸(椚Ⅳ,…,励わ‥･,叫)∈(Z≧｡)Ⅳ~1,l叫l=∑椚たα〃d

CO∈解cね眈

タro〆(J)

∑仇(g)〈◎〃(zⅣ)…◎1(zl)〉
i=1

主吉‥主.･:.
-1｢

吉宗上｡

昭〈g(∈)◎〃(〟Ⅳ;ZⅣ)…◎1(〟1;Zl)〉

灰〈g(∈)◎Ⅳ(〃Ⅳ;Z〃)･‥◎1(〟1;Zl)〉=0,

由‡カe椚〟JJ加β椚ねJ

WhereCl=Czl;Zl,...,2L,...,ZN,0(l<j<N)and C｡=C｡;Zl,…,ZN

(II)ByProposition2･1(ii),foranyXiY∈g,u∈VAand◎∈サ壱i(l),

た.｡威朝ア(帥〟;Z)=上z.｡畏{g(榊;Z)･ア(榊;Z)},
I

SO

2K上(-1)◎(〟;Z)= ≒J
d∈ d空8
∑ ガ(∈)◎(右〟;Z),
た=1

冗J二1Jcz.｡ぞ-Z

Where(X*)and(Xk)aredualbasesof9,Hence

K孟〈柚;ZⅣ)‥軸1;Zl)〉=隼仇(£…)〈柚Ⅳ;ZⅣ)…柚1;Zl)〉

吉宗上葦貰〈梱(〟〃;ZⅣ)…◎伽)‥輌1;Zl)〉

吉宗貰長上j掛招(帥柚z〃)榊1;Zl)〉
-20-
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た言1j=1ZノーZi
j≠i

dim9 Ⅳ

-

∑ ∑

Ⅳ∑欝ニ
軋
ZノーZi

仇(右)βJ(㌔)〈恥(〟〃;ZⅣ)…◎1(〟1;Zl)〉

〈◎Ⅳ(〟Ⅳ;Z〃)…◎1(〃1;Zl)〉.

The equations(III)are nothing
but the Lbllowing:

仇(gβ(-1))句〈◎〃(〟Ⅳ;Z〃)…◎1(〟1;Zl)〉=0. ヴ.e.d

月e椚αrた3.2.

i)Theequations(I)meanthat〈◎N(zN)…01(zl)〉∈V;(几)･
ii)Theequations(II)and(III)implytheprQjectiveinvariance:Ebrm=-1,Oand

呈ヰ去･(刷)AA`)〈◎Ⅳ(zⅣ)･‥咄)〉=0･
iii)As a corollary ofthe above remarkii),N-POintfunctions are translation

invariant:

〈◎Ⅳ(zⅣ+z)…◎1(zl+z)〉=〈◎Ⅳ(zⅣ)…◎1(zl)〉.

3.2)Solutioms orFundamentalEquatiom.

Consider the systems丘Z(几)of di鮎rentialequations andlC(凡)of algebraic

equations fbr yT(几)-Valuedfunctions◎(zN,…,Zl)onthemanifo1d XL=((zN,･･･,

zl)∈♂;Zf≠zた(f≠り)⊃〟Ⅳ;

彫(凡) (K嘉一為栗)◎(zⅣ,…,Zl)=0(1く∫くⅣ)
andfbreachi(1<i<N)andanyuk∈VAk(k≠i),

′C(几)ふ(如(zた-Z`)一椚ゆ(zⅣ,…,Zl)仰町‥,佑〉,…,桝)=0,
wheremE=(mN,･･･,Thi,…,ml)∈(Z≧｡)N-1,lmll=∑mkandLf=ト(li,0)+1.

Remark 3･3･The system 且Z(八)of di鮎rentialequationsis completely

integrable･Theintegrabilityconditionof丘Z(八)isnothingbutthe煎/言nitesimalpure

占rαidreねfわ〃∫Ofn托:

[E2ik,f2mn]=0(ifi,k,m,n are mutually di毎oint);

and

[f2Lm,fl比+flkm]=0(ifi,k,m aremutually di毎Oint).

TheserelationswereoriginallynotedbyK.Aomoto(See[Al]and[A2]).Moreover

thesepurebraidrelationsareequlValenttotheclassicalYang-Baxterequationsfbr5Ⅰ2

0btained by C.N.Yang[Y]and A.A.Belavin-V.G.Drinfbl'd[BD].

Thespace
Vご(几)isdecomposedas

-21-



誓(几)=∑誓(凡)〃;〃=(仙一1,…,〃1)∈(P.)侶1,

rご(几)脚隻80Ⅲ9(り〃⑳㌦…,鴨)⑳…⑳
Homg(fli⑳㌦卜1,TLi)⑳‥･⑳Homg(TLl⑳Vo,㌦1)･

Theidentification C^isglVenby

C几(恥⑳…⑳甲1)(〟Ⅳ⑳…⑳〟1)=〈叫恥(〟〃⑳伽_1(･‥⑳甲2(〟1釧0〉)･‥)〉

=〈Ol伽(〟Ⅳ)…甲1(〟1)(10〉),

for吼∈Homg(Tll⑳㌦卜1,㌦)…Hom(Tli,Hom(㌦i_1,㌦))(1<i<叫pN=P｡=0),and
〟Ⅳ⑳‥･⑳〟1∈払.

9

Introducethesubspacey(凡)ofF?(凡)definedthroughC^by

γ(几)=∑γ(几)〃;〃=(侮-1,…,〃1)∈(Pe)Ⅳ+1,

wbere

γ(凡)〃=γ(vⅣ(両)⑳…⑳γ(v`(脚))⑳…⑳γ(vl(〃))=誓(凡)p,

vⅣ(脚)=(｡ヱ:_1),…,Vi伽)=(㌶_1),…,Vル)=(〃て10)･
Thenthespacey(八)isisomorphicto垢を(八)ofN-POintfunctionsofweight凡as

fbllows:tOeaCh q)=q,N⑳…⑳q)1∈y(八)p,aSSigntheN-POintfunction

◎甲(Z)=〈◎¢Ⅳ(z〃)…◎甲1(zl)〉∈れを(八)･

J
〃〃=0

←● -←-----

〃Ⅳ-1･･･仇

J ←●一; 十-●･･･-ト L∴｣
ス1

+←

〟卜1･‥〃2 J▲1 0=仇

IntroducetheoperatorsE2ぷ= ∑ E2ijOnIてfbrm(2≦;m<N),then
l≦i≠J≦研

nよ=軋一∑nか

where軋isthediagonalactionofnon VL⑳…V;l･Bythepurebraidrelations
(Remark3.3),We get that[E2X,撒]=0･

Theseoperatorsarescalaroneach T?(凡)p:

n£=2棚)id

on㍑(几)〃←=(恥1,･‥,〃1);叫=(〃`宣_1))
Wbere
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A£(抑=A〝m一見AAi=-∑柚)(2く研く叫･
In fact,for eachi=2,…,〃,

f2i=2KApiid
and E2il=2KAAiid

onV:(^)y･

ForeachoL∈(Pz)N-1andq)∈y(凡)p,theN-POintfunction◎¢(z)isafbrmalLaurent

Series solution ofthejoint system KZ(J%)andlC(几)by Theorem3.1,Whereits

Laurent series expansionis glVen aS

◎甲(z)=nZ｢叫)∑ ‥･∑
‥･

f=1 〝-〃≧O mi∈Z

=n打AAil〈z克(0)◎ⅣM
i=1

長｡CmⅣ…椚1Z完m狛‥Zrml

(怒)叩'◎…(1)…e∫`0'叫)z㌻呵
Wbere◎i=◎甲iand

㍍Ⅳ･‥ml=〈Ol◎?(椚〃)◎?~1(椚臣1)…中(∽2)叫(椚1)10〉･

Moreover

Theorem3.4.

i)Fo川〃γ甲∈γ(八レカe上α〟re〃J∫erわぷ◎甲(z)ねα如0加e少co〃躇r♂e乃J加血re♂わ〃

虜z,α乃d由α〃αケ庇α砂co〝血〟edわα椚〟J地αJ〟ed加わ∽叩カわル〃C血乃0乃.㍍,Wゐere虜ヱ

由頻〃edわ,

虜z=(z=(z〃,…,Zl)∈ぴ;lzⅣl〉…〉lzlけ⊂二㌦.

より乃g∫0加わ〃軍αCeげ血力加平∫Je∽且Z(几)α乃dJC(几)由加∽叩鋸cl血力

垢せ(几),如〃Ce W〟力γ(几).

ProQf:Thestatementi)issimilarlyprovedasTheorem3.3i)of[TK]:Change

COOrdinatesztowbywN=ZNandwi=Zl/zi.1(1<i<N-1),andapplythetheoryof

Partialdi鮎rentialequations with regular slngular polntS･

ii)TheequationsIC(^)arerelatedonlywiththef-mOdulestructuresofり,s,

Wheref=CXb+COV+Cズー0･Sosimilarlyas Proposition2.9,decompose VAintoa

SumOfirreduciblef-mOdulesandapplytheargumentsoftheproofTheorem3.3ii)of
[TE-]･ ヴ.e.d

3･3)Composability ofvertex operators.

The right g-mOdule VIcan beidentified with the dual(right)9-mOdule Vr

=Hom(り,q through the vacuum expectation values:

坤)=〈函〉 br
ぴ∈咋and〟∈り.

LetwobethelongestelementoftheWeylgroup Wfor(g,b).Itiswellknown

thatthegroupWactsonb*,theweightlatticeP,thesetP(l)ofweightsinI㌔andthe

moduleVLfbranydominantintegralweightl∈P十･ForeachÅ∈P+,WoAisthelowest

-23-



Weightoftheg-mOdulefLandA+=一W｡Åisalsodominantintegralandisca11edanli-

weightofl.Theinvarianceof(,)underthegroupWimpliesAA十=AAand(l+,0)

=(l,0)･Thereexistsag-isomorphismv:Vi･→VIovertheanti-autOmOrhismv｡Of
g defined by v(l-A〉)=〈Al,thatis,

V(Xlu〉)=V(lu〉)vg(X)fbranyXEgandlu〉∈VJ,

wherev｡(X)=-X(X∈g)andL-Å〉=W｡Il+〉is alowestvectorinIl･.Notethatv

isageneratorofHom｡(Tl･⑳VA;C)竺Homg(V/,V:)･Bytheclassification,A+is
known as fbllows:

If91SOftypeBn,Cn,E,,E8,FiorG2,A'=lfbranyl∈P十.

IfgisoftypeAn,(∑a凡)+=∑an.1_lAi.

IfglS Oftype Dn witheven n,A+=Afbr any A∈P..

IfglS Oftype Dn with odd n,

(∑α凡)+=∑α凡+α九_1+ム〃_1Å〃.

IfglS Oftype g6,

(∑α凡)+=∑α6_凡+α6入6.

Propositiom3.5.

り エeJv= (AA｡)∈叫･乃e〃△(v)=0α〃dγ(v)芸Hom9(り,り)=ddァA,カe〃Ce
ぴer∠eズ叩er(血r∫q/りpe

V

gズ由J〟〃∫ヴ〟eレ岬わαCO乃∫Jα乃J椚〟Jゆわ.エeJ◎(z)ムg才力e

㍑rJeズ呼erα加W∫fカ血加地JJer〝-甲=idァA･乃e〝

聖◎(w;Z)】0〉=tW〉(w∈り)･

fり エeJv= (♂1)瑚･乃e〃Å(v)=2AAα〝dγ(v)…Homg(り十,咋)=仇,カe〃Ce
ひerJgズqPer(加r∫q/りpeV eズねJ〟〃よ曾〟eレ呼わ〟Cβ那Jα乃J椚〟Jゆ由.上eJ◎(z)∂e才力e

びerJeズqPerαれげW王∠力才力eわl′血JJer〝1甲=γ.乃e乃

1imz2AA〈Ol◎(w;Z)=〈γ(w)l(w∈n+).

ByTheorem3.4andProposition3.5,Wegetthefo1lowlngSimilarlyasTheorem

3.40f[TK]:

Theorem3.`.

上e′◎`(zf)占e…erJeズ呼er加rq/w吻如A`α〃d〟f∈㌦(1くfくⅣ)･乃e乃血

∫e曾〟e乃Ce(恥(〟〃;ZⅣ),…,◎1(〟1;Zl))ねco叩0∫α抽加血re♂わ〃虜ヱ,｡=((zⅣ,…,Zl)∈ぴ;
lz〃l>…>lzll>0)α〃d才力eco〝卯∫ed叩erαJor恥(以Ⅳ;ZⅣ)…◎1(鋸1;Zl)ねα〃α坤cα砂
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‖川J血〟ど(JJ(===J/J血ん〟′(J血)/(〃〃明)揖(･ノi〟附加椚〃〃几へ.

Remark3.7.Ifwざtakethevaluelofthecentralelementcof轟asliQ,thenwe

canconstructananalogous theorywithoutthel-COnStraintcondition･Inthiscase,

theVermamoduleu4yAisirreduciblefbranydominantintegralformA∈P+,andthe

space亡好istakenastW=∑BAWA,WherelrunsoverP.･Thenthespaceサ壱i(v)of

VerteX OPeratOrS On
L# of

type v= (〃2A〃1)∈Visisomorphic with y(几)

=Homg(TL⑳㌦l,㌦2)･Inthiscase,0(q))=uMAfbrany甲∈y(v),SOthelastequation
名(-1)l.(A･0)+1◎(ll〉;Z)=Oiseliminatedamongthefundamentalequationsfbrvertex

OPeratOrS･

§4.CommutationRelationsandFusionsofVertex Operators･

4.1)Comm山ation Relations.

Fixaquadruple几=(l.,A,,l2,ll)∈(P,)4.Foreachp∈P,,denote

〃=(Aヱ,〃,Al),V2(〃)=(Af3〃)vl(〃)=(〃Aま1)
andintroducethenumberA4(凡)=Å(v2)+Å(vl)=AÅ1+AA2+AA3-AA4(independent

Or〃).

匹㌃.｣二｢.守
こ ●･-こ

〃

こ ● ト

スl

The space f?(几)isidentifiedwith Hom9(V^,⑳VA2⑳VAl,VL‡)andis
decomposed as

誓(几)阜∑誓(几)孟2
〝∈タ+

V;(凡)孟2=Homg(㌦⑳V^,,VA‡)⑳Hom9(V^2⑳VAl,㌦)

and

Cた2(甲2⑳甲1)(〟3⑳〟2⑳〟1)=甲2(〟3㊥甲1(〟2⑳〟1))(叫∈ni)･

Thusthesubspacey(^)isalsoidentified,bythisCえ2,With

…早見㈹2;㈹2=γ(Aり⑳γ(〃Aま1)･
ー25 -



ByTheorem3･6,fbreachq)i∈y(vi(p)),thevertexoperators◎中2(w)and◎甲1(z)
are composablein the region虜2=((w,Z)∈C2;Iwl>lzl>0),and the composed

OPeratOr◎甲2(w)◎pl(z)isanalyticallycontinuedtoamulti-Valuedholomorphicand

Homc(3VAl,勧)-ValuedfunctiononM2=((w,Z)∈(C*)2;W≠z)･TheTT(几)-Valued
holomorphicfunction

Y甲2⑳甲1(w,Z)(Ⅷ)=〈巾4)l◎甲2(〟3;W)◎甲1("2;Z)l以1〉(腔m)

=暫だ恕;2A4〈◎Ⅴ(〟4;川◎中2("3;岬申1(以2;Z)◎h;∈)〉
OnM2hasaconvergentLaurentseriesexpansioninthereglOn虜2:

Z~A4(几)∑
n≧0 (…)

れ+A(V2)

〈巾4)l◎甲2･〟3(乃)◎申1,〟2(-可恒1〉･

Itsinitialtermis C太2(q)2⑳q)1).

ForV;(几)-ValuedfunctionsV(w,Z)onM2,introducethesystemsKZ2(几)and

毘2(几)(K£一票一男Y(w,Z)=(K£一撃一票)Y(w,Z)=0･
α乃d

⊥ユ

∑
M=O

Lユ

∑
m=0

W~mzM~エ1Y(w,Z)(〟4,帯〟｡,鶉1~M〟2,lAl〉)=0,

(w-Z)~椚(-Z)椚~上2Y(w,Z)(〟｡,.碍〟｡,lA2〉,考2~椚〟1)=0,

(w-Z)~m(-W)m~上3Y(w,Z)(〟.,lA｡〉,.碍〟2,考3~椚〟1)=0,

∑
■m■=上4 (急)Y(w,Z)(lA4〉,■碍3〟3,.碍2〟2,.碍1〟1)=0,

Wゐere上戸ト(んβ)+1(1くよく4)α〝dm=(椚｡,∽2,∽1)∈(Z≧｡)3.

By Proposition2･5andTheorems2･7,3･4,Weget

り撤甲αCe(長押長ル,,◎甲2(鴫1(z))げHomc(ガAl,威A汗γα血ed庫-
Jわ〃∫0乃〟2ね細別0岬力わw油サ壱を(几)空1r(几).

#)乃e∫0加わ乃甲αCe`ダ2(几)げfカビル血叩∫Je∽∫且Z2(八)α乃dJC2(几)is

(Y甲2叫(w,Z);吼∈γ(vi(〃)),〃叫)･
Nowintroduce the g-1SOmOrPhism T:VX→VI凡defined by

(7や)(〟4⑳〟2⑳〟3⑳〟1)=甲(〟4⑳〟3⑳〟2⑳〟1)

forq,∈VX,u4⑳u2⑳u3⑳ul∈VT几and T八=(l4,l2,A3,ll).Then
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r(誓(几))=誓(r八),r(γ(八))=γ(r几)andA4(心=A4(r几)･

Foreachp?,1et豆2(p)=(d2〃)and豆1(〃)=(plま1)･W^)-Valued
holomorphicfunctlOnSV¢2卵1(w,Z)onM2Withq,L∈y(¢f)fbrmthesolutionspaceof

thejointsystemKZ2(T几)andlC2(T几),Whichisalsoisomorphicwithy(T几)･In

the region虜2,thisfunction V甲2⑳甲1(w,Z)also has aconvergent Laurent series

expansion:

Y申2卵1(w,Z)(〟4⑳〟2⑳〟3⑳〟1)

=Z~A4(几)∑
〝≧0 (…)

〝+A(V2)

〈巾4)l◎¢2,〟2(〃)◎甲1,〟｡(一両恒1〉･

withtheinitialterm Ci急(q)2㊥q)1)∈y(T八)･

⊥._._._[←._←L←._.⊥←
O A‡ 〃 Al

N｡Wi｡tr｡d｡Cethes｡bsetsI2=((w,Z)∈R2;W>Z>0)andち=((z,W)∈R2;W>Z

>0)ofthemanifbldM2andthefunctions

佃=竿+g花Jコ竿,"り=丁-e冗Jコ竺(棚1])
br(w,Z)∈I2･Thenγ(t)=(q(t),E(t))isapathfromapoint(w,Z)inthesetI2tOthe

point(z,W)inthesetちonM2･

Recallthat V甲2⑳甲1(w,Z)is a convergent Laurent seriesin theregion虜2

⊃I2･Denote by Vp2@pl(z,W)its analytic continuation alongthepathγ(t)and

COnSiderV中2⑳申1(z,W)nearち,then
the 誓(m)-ValuedfunctiohTV甲2⑳甲1(z,W)

Satisfiestheequations KZ2(T几)andlC2(T几),SO We get alinearmapping

C(八)=Cγ(几):γ(几)→γ(r几)

byTheorem3.4 S･OmetimeswedenotebyC(z,W)theendomorphismof∑y(几)

defihedby Cγ(凡)･

Hence by Proposition4.1,
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Proposition4.2.f)乃e椚御物C(几)♂加∫α〃細別β岬力血肌

′りエビJ凡=(A4,A3,A2,Al,A｡),Jゐe〝J如braidrelation力oJゐ:

C12C23C12=C23C12C23,

Where CLj=C(zL,Zj)(1≦i<j≦3).

0 1 2 3 4

(5) (r)

0 1 2 3 4

(ぶ) い)

Now ourfundamentalproblemis:

FllndamentalProbIem.

伽Jer椚加eJ鮎ね0椚0岬力血∽C(凡)ノ♭r(J乃γ曾〟α汝呼わ几.

4.2)Reduced Equatiom.

IntroduceavariableE=Z/w,thentheV:(几)-ValuedfunctionzA4(～v中2｡pl(w,Ew)
isindependent ofw,Since by Remark3.2,ii)

(w£･z£-A4(几))Y中2叫(w,Z)=0･
So we abbreviate zA4(^)v甲2⑳中1(w,Ew)to V伊2⑳pl(E),then the fT(凡)-Valued

functionV中2⑳甲1(E)(ca11edreduced4rpointjunction)satisfiesthejointsystemKZl(几)

andlCl(几)for y(八)-Valuedfunctions V(E)on C:

毘1(八) (援-
α〃d

JCl(几)∑
m=O

Lユ

∑
m=0

⊥ユ

∑
M=0

モ_三三i

n12+K△4(几

(mY(り(〟4∴碍〟3,鶉1~m〟2,lAl〉)=0,

(な)(占)m

(な)佑)m

.m左上4(急)

Y(()=0

Y(り(〟4∴碍〟｡,1A2〉,鶉2~椚〟1)=0,

Y(;)(〟4,lA3〉∴碍〟2,鶉3~m〟1)=0,

Y(;)(lA4〉∴碍3〟3,.碍2〟2,■碍1〟1)=0,

wカere⊥戸ト(Aゎβ)+1(1くiく4)d〃dm=(椚3,椚2,∽1)∈(Z≧｡)3･
By Proposition4.1,
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Proposition4.3.

乃e∫0血血〃甲αCeダ1(凡)げ血ノ0血叩∫∠e∽且Zl(几)α乃dJCl(几)由〈Y甲2⑳甲1(;);

吼∈γ(v`(〃",〃∈タ∫)･
Note.i)ThesystemKZ2(凡)ofequationsturntoasingledi鮎rentialequation

KZl(爪),Since fl12+E213+f223=-KA4(凡)･

ii)ThefunctionV申2⑳pl(E)hasaconvergentLaurentseriesexpansion

Y¢2⑳中1(()(M)=;A(V2(州∑〈巾4M◎¢2,-｡(〃)◎¢1,"2(一可恒1〉;"

intheregion(lEl<1)anditsinitialtermisC夫2(q,2⑳q}1)･
iii)Thesolutionspaces9'i(凡)ofthejointsystemsKZi(凡)andlCl(几)(i=1,2)

areisomorphicwitheachother,andparametrizedbythespace ∑y(八)三2･

For each q)2⑳q}1∈y(几);2,theassociated solutions V甲2⑳甲1(E)∈yl(^)and

V中2⑳申1(w,Z)∈y2(凡)arerelatedas

Y¢2卵1(w,Z)=Z~A4(叫中2卵1

V伊2@pl(E)isasolutionofthesystem且Zl(几)ofd騰rentialequationwithregular

Singularites only at E=0,1and∞Whichis regularized as

Y甲2⑳甲1(∈)=∈Å(V2(州(C紬2⑳甲1)+0(恥

WhereO(E)isaV;(几)-ValuedholomorphicfunctionnearE=OandvanishesatE=0･
Foreach p∈P.,introduce the spaces

誓(几)ニ3=Hom9(㌦⑳り2,り‡)⑳恥mg(n｡⑳り1,㌦),

て(八)孟3=Hom9(㌔⑳り1,n‡)⑳Hom9(n｡⑳h2,㌦),

Cえ3:孟.誓(几)ヱ3→誓(几);C孟3:ふ誓(凡)孟3→㍑(几)

defined by

C烹3(甲2⑳甲1)(〟｡⑳〟2⑳〟1)=甲2(〟2⑳甲1(〟3⑳〟1)),甲2⑳甲1∈誓(八Jエ3,

α3(甲2⑳甲1)(〟3⑳〟2⑳〟1)=甲2(甲1(〟3⑳〟2)⑳〟1),甲2⑳甲1∈誓(几)孟3,

fbr
uieVAi(i=1,2,3)･Note that f?(J%)孟3=f?(凡)エ2andTCi烹on the space

て(几1三3･
For convenience,We uSe the notations

灯(几)㌘)=灯(几)エ2,誓(几)r)=γご(凡)孟3and誓(舟㌍)=誓(心孟3･
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Choosebases(噂さk(几))off?(八)琵),i=0,l,∞,SuChthat【鶴)(^)=T昭之(^)･Then

theyformbasesofT?(几)diagonalizingtheoperatorsE212,E223andf213‥

n12【だ之=K(げ)-A.(几))こだとn2｡【〃之=Kγr)咄とnl｡【鶴)=Kγ㌍)【鶴)

forany〃∈P.,Where祀),i=0,1,∞areCOnStantSglVenby

げ)=三(A〝-AAl-△A2)+A4(几)=‡(A〝+△A｡-AA4)=Å(v2…

γ㌍)=‡〈A.-AA2-AA3),γ㌍)=三(A伸一AAl-AA3)∈e･
The system且Zl(几)is converted to KZl(凡)1and且Zl(凡)c｡atland∝)aS:

瑚)1(嘉一等
d n23 nl

2+KA4(几
∈-1 りY(1-∈)=0

吼几)∞ (K孟-㌢莞)Y(三)=0

(∈=1-;),

(り=言)
for f?(^)-ValuedfunctionsV(E)onE∈C*･

Hencetherearethreebases(V払几)(E(l)))of5Pl(几)whichareregularlizedatE=i

(;(0)=;,((1)=∈=1-;,(( ChuS)

l
一
レ
/
ゝ

二〃■ニ
∞

that

Y払几)(((0))=≠盟㈹(()=押(q2(堀(几))+0(恥
職(∧.(;(1))=(トイ)γ`J'(C孟3(咄(几))+0(1一恥

慌)(几,(∈(∞))=∈-7や(榊))･0(喜)‡･
Then

Proposition4･4･Foranyquadruple几∈(P,)4,theisomorphismC(几)isgivenby

theconnectionisomorphismofthesolutionsregularizedatE=00fthejointsystem

KZl(几)andlCl(几)to the solutions regularized at E=CX).

ProQf:RecallthemappingC(几)ofy(凡)toitselL ForeachU∈y(几)ニ2,the
SOlution Vu(w,Z)∈y2(几)is absolutely convergentin@2.Denote by Vu(z,W)its

analytic continuation along the pathγ(t).Then TVu(z,W)isin y2(T几),SOitis

expressedas TVu(z,W)=V6(w,Z)fbrU=C(几)(U)∈∑ y(T几)L2･Henceweget
〝∈タl

rlr(･ (言)=;-A4(凡)Y試(),
Where甘口 istheanalyticcontinuationofVu(()alongthepath穴t)fromOtothe
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infinityfiguredbelow･Infact,thepathγ(t)fromapoint(w,Z)∈I2tO(z,W)∈ちonM2

COrreSPOndsapathh.omthepointE=Z/winthesetJl=(E∈R;1>E>0)tothepoint
l/Ein the set ji=(E∈R;E>l)on the maniLbld C*.Ifz tends to zero,then the

COrreSPOnding path tends to the path f(t).

0 1

∝)

Itis su缶cient to note the equality

γ㌢)(八)+△4(心=げ)(r几)

amongtheexponentsandthefactthattheconnectionisomorphismoftheequation

且Zl(几)preservesthesubspacey(凡)inTT(几)becauseofthecompatibilityofthe
equationsKZl(八)andlCl(^)･ q.e.d

4.3)Fusiom Rule.

Foreachq,2⑳q)1∈y(凡)孟2,thecompositionO甲2(u2;W)◎甲1(ul;Z)oftheverte
OPeratOrSis slngular at w=Z andits behaviour near w=Zis described as below.

For each vEPl,introduce the space y(几)ヲ3=y (A‡VAl)⑳γ(vA;2)and for
q,2⑳q,1∈y(凡)ヲ3,definea"vertexoperator"◎吉2⑳甲1(z)of範1tO亡好A‡Parametrized
by fL,⑳T12definedby

喝2⑳91(〟3⑳〟2;Z)=◎甲2(甲1(〟3⑳〟2);Z)(叫∈㌦),

thatis,theoperator◎忘2帥1(v;Z)satisfiestheconditions(V2)and(V3)ofvertex
OPeratOrSOfweightvwiththeexceptionthatitislinearinv∈TL3⑳f12inthecondition

(Vl)(see専2.2).

Denotewl(γ)= (v雪2),thenγtl)=-Å(wl(v)).Then
Theorem4･5･(Short range expansion or Fusion rule)

り 〃eαrlγ=Z((w,Z)∈虜2),

◎甲2(〟3;W)◎¢1(〟2;Z)=∑(w-Z)~伸1)(鴨(〟3⑳〟2;Z)+0(w-Z))

～(w-Z)~(叫+AA3)∑(w-Z)Av軋(〟3⑳〟2;Z),Y∈♪J

Wゐereれ∈γ(几)ヲ3,α乃dO(w-Z)わぁ0わ〝∽岬力わ〃eαrW=Zα〃dぴα〝ねゐe∫αJw=Z;

⊥ふヰ

亡1､γ≡∫(w-Z,瑚)｣.1一31-
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In other words,

言古L;｡
dw(w-Z)A叫卜1◎甲2(〟3;W)◎甲1(〟2;Z)=軋(〟3⑳〟2;Z),

乃eロα血eげ(w-Z)~A(Wl)ねc力0∫e〃α∫∫〆ねpo∫肋eカr(w,Z)∈虜2∩虜2.

fり 乃eノお∫わ〃g加∫α〃加∽0岬旭椚

ダ(几

∑圃

t
.
J
卜
γ 21

山一)八(

y､(几I

車3
∑γ(几)ヲ3
､･∈PJ

瑚乃ed∂γ

ダ(心Cま2(甲2⑳甲1)=∑C三3(れ)(甲2⑳甲1∈γ(几)丘2王
V∈タI

W力ereれαre血0〃e∫0如α加d由り.

招)乃e加∽0岬旭椚F(几)ね♂加〃占γ才力e co〃〃eCJわ〃げ血∫0加わ〃∫re♂〟ねrたどd

αJ;=O q/J毎ノ0血叩∫′e別居Zl(八)α〃dJCl(几)fo′カe∫0加わ〃∫re♂〟ぬrたedαJ(=1.

ProQf:Theoperator◎甲,(u3;W)◎甲.(u2;Z)isdeterminedbythe4-POintfunction

V甲2⑳甲1(w,Z)∈g2(几)orV¢2⑳¢1(()∈gl(几)･Theinitialtermoftheanalyticcontinuation

OfV申2⑳¢1(E)alongthestandardpathLbrmOtol(thesegment[0,1])iswrittenas

∑(トイ)γ£り(C㌘仇)+0(ト細れ∈誓(八)ヲ3･

Nowintroducetheoperator=v(z):fl,⑳f12⑳#Al→威A:definedby

輌⑳〃2;Z)=云右上z;｡(w-く｢γ～1)一1◎¢2("3;W)佃2;砂,
Where Cz;｡muSt be considered as a cycIce similarly asin専3.4.of[TK3]･

Tben

[g(椚),三v(〟｡⑳〟2;Z)]=Zm(Ev(肋3⑳〟2;Z)+王v(〟3㊥且領2;Z)),

and

[上(椚),Ev(〟3⑳〟2;Z)]=Zm(z孟･(刷)△Ⅴ)帥3⑳〟2;Z)･
曾.e.d

4.4)｣(1)一CaSe.

Inthefbllowlng,WereStrictedourselvestothecasewhere91SOftypeAn･Denote

bygkthesetofallYoungdiagrams Y=[jl,j;,･･･,ji]withdepth(Y)<k,Wherej;

meansthenumberofnodesthej-throwofア.ToanyYoungdiagram Y=[jl,･･･,

jL.1]∈g"+1,definethedominantintegralweightA(Y)∈PHY),l(Y)=jl-jL+1∈Z≧Oand

椚=椚(ア)∈e
by
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A(ア)=∑ムjÅj, 占J=ムーん1
J=1

J(ア)=ムーん1=∑∂ノ=(A(ア),β),
j=1

(1≦ノく〃),

叫ア)=志岩ム=謹=ん1･志ゑ軋
For each weightl∈P,,thereis a Young diagram Y∈gn+1withl=l(Y)and A

=l(Y).SometimesweusethenotationsVYinsteadofVA(Y)fbrgn'1
Note that fbr eachi,j;-misindependent of the choice of Young diagram

expressionsYofl･Inhct,f-m=…･1-よkflkbk=∑bk-よk姜1kbk･

〝

Introduceち∈b*definedbyA(Y)+Fj=A(Y+Fj),WheretheYoungdiagram Y+ち
is

ア+ち=[ん…,ムー1,ム+1,ム+1,…,ん1]･

NowwewanttosoIvethefundamentalproblemfbrthecasewhereA2=l,=Å1

=A(D)in^.Note
that凡=T几in this case.First weinvestigate the reduced

equationKZl(几)indetailfbrsuchquadruple几withI甘(凡)≠Oandthereahrtake
the equationlCl(凡)into account.Fixaquadruple几=(A4,A(□),A(□),ll)with

Vy(几)≠O andintroduce the setsI(几)andIl(八)

J(几)=(〃∈P.;柑(心ニ2≠(0〉)⊃ろ(八)=(〃∈P∫;γ(八)孟2≠(0))･

NotethatL(^)=I(几)nP,,Since柑(几)孟2=y(八)丘2fbrlL∈PlbyProposition2･10･

WritellaSll=∑bjÅj=A(Y)with Y=[jl,…,jL.1]･Firstnotethat#I(几)

=dimI甘(几)<2.And
dim柑(J%)=2ifand onlyif

(D2) A才=Al+ら+ち, ムト1≧1,ムノー1>1(f〈ル

Inthiscase,I(几)=(FL.=ll+Ei,P-=ll+ち∈P.)･Introducethenumberd(几)=j-i

+ノ∴/ユ･
The case(D2)is dividedinto two cases(D2)iSuCh that#Il(凡)=i(i=1,2):

(D2)2 8｡<l:j-i<n,Or`リーi=n&(0,ll)<l'',thenI,(凡)=I(几),

(D2)1 £｡=1;ノーf=乃&(β,Al)=いhen〃A)=(A_=Al+ら.1=Al一入〝),

Where£｡=£｡(八)
d(几)+1

._J._㌃.⊥
堤
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MoreoverdimT?(几)=1,ifandonlyifeitherofthefbllowingconditions(Dl)
holds:

(Dl)1 A‡=Al+2ざ王;ゐ卜1>2

(Dl)2 人言=Al+ち+ら.1;占卜1>1,ゐ戸O

AndI(几)=〈Al+ii).Notethatoneoftheconditons(Dl)`implies#Il(^)=1･

Denoteby(DO)thecasewhere VF(J%)=0,i･e･I(几)=¢･

Cα∫β(D2)

Firstwegetthreebases(咋)),(UT)and(UT)of柑(凡)suchthatthey
diagonalizetheoperatorE212,f223andfl13reSPeCtively:

n12【で)=K(γ?)-A4(几))畔n2｡吋)=K増)吋川13咋)=畔)咋),

and

γ?)=祐一小椚-

γ竺)=‡‡
トJ+椚-

乃

乃+1

乃

〃+1

‡,γ?)=㌫,γ再耕一刷),

‡,γせ)= -(乃+2)K(乃+1)' γや)=…(カナ仙)･
Thedi鮎rencesγ(l)=γ?-γり(i=0,l,∞)arenotintegers:infact,

γ(0)=γ(の)=竺(d=d(凡)),γせ)=呈(K=什♂)･

ThetransfbrmationmatricesS(i･k)betweenthebases(U?)and(tPf))areexplicitly
glVen aS

(【乃),こ理))=(こ丹,【理)ぷi,た),

ぷ0･1)=∫(1,0)=(g一三),ぷ0,可=ぷ∞,0)=(忘プ′′ヱ′)∈0(2)＼∫0(2),
∫(叫1)=rぷ1,の)=(莞′て′)∈ぶ0(2),

and the constants A～B′′are glVen aS

d=d′=(憲)1′2,A′′=去,β=β′=轄)1′2andβ′′
(d+1)(d-1)

For this
computation,Wetaketheorthonormalbasisu?ofthespaceofhighest

weight vectors of V｡⑳㌔⑳V10fweightlI'diagonalizingf221,f232andE231aS
bllows.

〟?)=妄{ゆ馴〉+=〟た軋一両ゆ卵〉た=i+1
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+叫⑳∑〟た⑳wた,A+∑〟た⑳〟り),
た=1 た=1

〟竺)=妄(町⑳隼⑳困+∑〟朗ふた=1

祀)=吉{(ゆ汁ゆj)⑳け〉+

〃せ)=主〈(ゆi一町⑳隼)⑳車け+

∑ぴ〝⑳w.),
〝>年+弓

∑ びL⑳wL),
〝>年+弓

〟や)=ち2〟?)and〟や)=r32〟竺),

Where c:and clare positive
constants and vり,V;,A∈(VD⑳VA)A+t･6一兎,

明り∈Vl,A･6T毎,Vp,VL∈(Vu⑳VD)p,Wp,WL∈VA,A･ち+ら-P and
T32is thelinear

isomorphism T,2:VD⑳Vu⑳VA→V｡㊥TL⑳VA defined by T32(u3⑳u2⑳ul)

=(〟2⑳〟3⑳〟1).
Similarly as Proposition4.3in[TK],We get thefundamentalsolutions ofthe

lineardi飴rentialequationKZl(几)withregularsingularpointsatE=0,1and∝)by

means ofthe Gauss'hypergeometricfunction F(α,β,γ;E):

Proposition4.`.

エeJY?(;)ムe才力eル〃ゐ∽e〃ねJ∫βJ〟血〝∫げ才力ee曾〟α血且Zl(几)re♂〟ねrizedαJ(=f
(f=0,1,∞):

(Y?((),Yり(())=(ぴク,ぴク)

乃e〃

(i)

甲?｣(;)=;γ?j(1-()γワケ(∝,β,γ(0);;);

甲?し(;)=CtP)(1+γ里1-;)γ顆(α+1,β+1,2+γ(0);;);

甲竺｣(()=C?)(1+ァ竺)(トー()γせ旋(-α+1,-β+1,2-γ(0);();

中空し(()= ;γ竺)(1-()γせ)F(-α,-β,一γ(0);().

(ii)

甲?し(;)= ;γⅥ1-;)γワF(∝,β,γ(1);ト();

正江(()=Cせ)∈γ?)(トけ十γ叫∝+1,β+1,2+γ(1);1-;);

申せし(;)=Cせ)(7竺}(1-げ+γせ)ダ(-α+1,一β+1,2-γ(1);1-();

申せし(()=(γ?)(1-;)γせ女(-α,-β,-γ(1);1-;).

捌)=∈-γ専一喜)γ?ヰ∝,β,γ(可;言);
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舵(囲)∈-1-γや)(ト喜)γせゝ(α･1,1･β,2+γ(の);言);

捌)=町1-γベト喜)γせヰ1項-β,2-γ(の);言);

把(∈)=∈-γ十喜)γせヰーα,-β,-γ(呵;喜),

α=塑,β=‡,C望)=Cヂ)=一打

wカere

Jd+1Jd-1
d(K±d) andcワ)=-

Jd+1Jd-1
2(K±2)

Cα∫e(pl).

Since dimV;(几)=1,the choice of basis vectors of V;(几)is not of
importance･But by the compatibility with the case(D2),We Choose basis vectors

(ぴ`);∫=0,1,∞)of誓(几)suchtbat

ぴ0)=ぴ1)=び可ぬr(♪1)1;ぴ0)=ぴ1)=-び匝)br(β1)2.

Theexponentsγ(0),γ(1)andγ(co)oftheequationKZl(凡)atE=0,1,∞aregivenas

(Dl)1γ(0)=1

(Dl)2
γ(0)=!K

‡亜研一崇‡,γ(1)=羞1,,γ(可=‡{←ト叫,

ト･折ふ‡,γ(1)=γ(可=‡㍑-ト…1〉,
Tben we get

Proposition4.6,.

乃eル乃血椚e乃ねJ∫0血血〃Y(i)(;)=ぴ)甲(り(;)げ血e曾〟α血〝且Zl(几)乃Or〝1αJたedαJ

(=f(ブ=0,1,∞)ねβ加〝=鮎

(Dl)1(p(0)(;)=甲(1)(;)=(γ(0)(1-()γり三甲(の)(;)=曾云了了甲(0)(;),

α〃d

(Dl)2 甲(0)(()=甲(1)(()=(γ(0)(トイ)〆り,甲(可(()=-ヴ茄了ち甲(0)(;)･

Wカere血叩0〃e痛γ(i)αreCOrre卿0〃肋♂0〃e∫α〃d曾=e叩(2花Jコ領

4･5)ConnectionMatricesfbr^=(A4,l(□),A(□),ll).

NowtakeanintermediateedgeILfbraquadrupleJ%=(l4,l(□),A(□),Al)with

I(V)≠¢.Wewanttoknowtheanalyticcontinuationofthereduced4-POintfunction

Vp(E)alongthepathf(t)･

For the case(Dl),We get eaSily the connection(scalar)matrix K(几)ofthe

fundamentalsolutionV(0)(E)at E=Oto V(cD)(E)at E=∞Oftheequation KZl(几):
ぷ0,可甲(0)(()=甲(可(;)g(几)asfbllows:
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(Dl)1 g(几)=曾両丁市=曾･曾~抑~

(Dl)2

榊)=一声諾(曾=叩(誓))･
Nowwedealwiththecase(D2).BythesameargumentsintheAppendixIIin

OurPaPer[TK],WegettheconnectionmatrixK(几)= (
足工g二
足;g= )ofthefundamental

solutions(V?),Vt9))at E=Oto(VtE,),VtT))atE=CX)Oftheequation且Zl(几):

(Y?),Y竺))=(Y?),Yや))

r(γ)r(-γ)

βr(β)r(-β)'

Proposition4.7.

g‡=一甘言(d+ふ)旦′)

誌(£)1′2g;= 曾2(〃+1)

wゐered=d(凡),α=坐ユ,β=1,γ=-,£=K K K

且三=曾紳+1) 仁
γ2

£

g==甘言(d-ふ)旦′)

d-1

K

)
1/2r(-γ)r(-γ)

r(-α)r(-£)'

r(γ)r(-γ)
Y~

βr(β)r(-β)'

α乃d曾=eXp(2花Jコノけ
Hence by Propositions4.1and4.7,We get

Propositiom4息 エビJ几=(A4,A(□),A(□),Al)両班J(几)≠¢.乃e乃

l

つ一

)

)

)

1

2

2

乃
一
■
乃
一
一
β

(

(

(

C(心=C雷(几)=g(八),Wカere〃∈J(几)α乃d斥∈J(八)･

C(心=Cた(凡)=g=(八),Wカere耳-=〝_=Al-Ån.

C(几)=(q(凡))如｡J困=g(几)as2×2一椚α什加∫･

Remark.In the case(D2)2,allentries of the matrix C(几)=K(凡)do not

Vanish.Inthecase(D2)1,£｡=1impliesK!(几)=0,hencethematrixK(凡)isofthe

brm (:望)･
Nowrecallthenotionofq-integersfbrq∈C*:fbreachintegeri∈ろintroducethe

q-integer[i]=[i]｡definedby

[∫]｡=

ヴl-1

曾-1
(曾≠1)

～ (曾=1).

Tben

Lemma4.,.

り [0]｡=0,[1]｡=1α〃d[2]｡=1+ヴ･

呵 トf]｡=一曾~`[f]｡α〃d[∫]1佃=曾卜i[∫]｡(i∈Z).

叫[榊打α瑚碑(帰0頼exp(誓)･)
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わ)1im[り｡=i♪rα乃γf∈Z

Thenin the case(D2)2,the matrix K(几)can be symmetrized by means ofq-

integers:

Proposition4.10.fbr eαCカ ヴ〟α汝呼わ凡=(A4,A(□),A(□),Al)∫αJ毎秒吻 血

CO〃劫わ乃(♪2)2,

-1 Jヴ[d-1][d+1]

r(±γ)

ー(〃+2)

g(几)=曾~亘両

Where

γ±

[の

Jヴ[d-1][d+1]
[可

(r(±α汀(±£げ/2

,q=eXp(聖)and[i]=[i]q･
Wecangettheconnectionmatrix(=SCalar)K(几)inthecases(D2)1and(Dl):

pro.osition4･10･上e牌Ⅹp(空誓)･
f)(♪2)1g(几)=g=(凡)=｡諾諾･K-1胸-1]=-｡両丁

-(〝+2)

fり(β1)1 g(几)=曾･官有丁汀

招)(β1)2 g(凡)=-ヴ~師~汀

Remark.Thevaluesinii)arealsoobtained丘omtheonesinthecase(D2)2･Let

几=((Al+8i+8"1)+,A(□),A(□),Al),thend=1,SOK;(八)=K三(凡)=OandK工(几)=
~(乃+2)

~q両~

§5.MonodromyRepresentationsofBraid Groups･

In this section,We COnStruCt rePreSentations ofbraid groups on the spaces of

multi-COrrelationfunctions,andshowthattheyglVethesamerepresentationsofHecke

algebrasconstructedbyH･Wenzl･FixanintegerN>2throughoutthissection･

5.1)Braid GroupsandMondromyRepresentations･

DenotebyXNthequotientmanifbldXNbytheN-thsymmetricgroup6N･The

fundamentalgroupofXNisthebraidgrozQWithNstringsdtheman拘IdCthatis,

theclassicalbraidgro呼pQFArtin,andisdenotedbyBN･Itiswe11-knownthatthe

groupBNhasasystem(bi;1<i<N-1)ofgeneratorswiththefundamentalrelations

(BR) 軌=埴(tトノl>2)and 抽+1占戸ゐ汁1的+1(1くiく八一2)･

ThesegeneratorsblarerepreSentedbythecurvesonCdefinedby

帥ヰ町･‥,汀呈(山巾),汀…(トe巾),…,2,1),
t∈[0,1]･Herewetake(N･･･,2,1)asabasepointofXL.
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Seeourpreviouspaper[TK]fbrmonodromyrepresentationsofBNOnthespace

Ofmultivalued holomorphicfunctions on XL.

For each T and A∈Pt,introduce the space

γ(ん弼T)=∑γ(ん叫T)〟 〃=(仙-1,…,〝1)∈(タ∫)臣1

γ(川T)〃=γ((てん1))⑳‥･⑳γ((読1))⑳…⑳γ((〃タ0)),
andtheweightて∈P,isca11edatargetehe.Theny(l,弗T)isisomorphicwiththe

spaceサ気(凡T)of(N+1)-pOintfunctions,i･e･Withthe space

仰て)=ふγ((∂:))⑳γ(川て)〟,
wbere凡,=八丁(A)=(T+,ん…,A)∈(P王)附1

Now recallK=l+g and q=eXP i三ミ~1i.Consider the systems KZ(凡A;T)

andlC(Nl;て)ofequationsfbrTT(凡て(Å))-ValuedfunctionsonthemanifbldXN‥
Ⅳ

且Z(凡人;T) (K孟K三一一∑
nほ

た言1Zi-Zた
た≠i
)Y(z〃,…,Zl)=0 (1ミ;i≦Ⅳ)

andfbranyuk∈㌦(lN+1主T+,ll=A(l<i<N)),

JC(凡人;て)∑
mi (孟:)

brlミ;∫く〃,and

H(zた-Z`)~椚岬(z)(〟Ⅳ+1,■碍Ⅳ〃Ⅳ,…,lA〉,…∴碍1〟1)=0
た=1

た≠i

≡1(紅)
Y(Z)(けⅣ.1〉,二碍Ⅳ〟Ⅳ,…,.碍1〟1)=0

wberem里=(椚〃,･‥,商わ…,∽1)∈(Z≧｡)Ⅳ~1(1くiくⅣ)andm附1=(∽〃,…,∽1)∈(Z≧｡)Ⅳ

Wit町両l=⊥`=ト(んβ)+1(1くiくⅣ+1)･
Introducethetranspositionoperators T;jOfTT(J%て(l))(1<i,j<N)definedby

(れJ甲)(ぴ⑳〟Ⅳ⑳…⑳〟j⑳…⑳叫⑳…⑳〟1)=甲(ぴ⑳ぴⅣ⑳…⑳叫⑳…⑳〟J⑳…⑳〟1)

forvE一㌍,uj∈VA(1<j<N)･Then7lj(1<り<N)preservesthesubspacey(八一(A))

⊆γ(ん弼T).
ByProposition4･2,WeCandefineamonodromyrepresentationofBNOnthespace

y(l,N T)asfo1lows:fbr eachiand q)N⑳…⑳q)1∈y(l,N T)

iftheanalyticc｡ntin｡ati｡nV設忘e(N+1)-,｡intfuncti｡n◎v｡中N⑳…⑳甲1(z),Z=(zN.1,
ZN,…,Zl)∈虜N.1,along the pathγiis written as

∑ ql,…◎佃…卵1(z),¢Ⅳ⑳…⑳¢1∈γ(ん理T)〟,
〟∈ギ~1
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γi(ヰ…,ZⅣ,Z……,竿+〆]r雪子,
一丁一〆]rZ汁妄~Zf,,Zl),

ほ[0,1].

wbere

5･2)IwahoriHecke Algebrasand MonodromyRepresentations.

For q∈C*,theIwahoriHecke algebra耳Ⅳ(q)oftype AN_1is defined as a C-

algebrawithasystem(Tl,…,7L-1)ofgeneratorsandthefundamentalrelationsas

ll+171=1+111+1(1く∫くⅣ-2);11=11(lトノl>2);(れ一射(1+1)=0.

Inthefo1lowing,WereStrictourselvestothecaseA=l(□)andomitA=l(□)inthe

notations of専5.1.
Let W(N;T)be the solution space ofthejoint system KZ(N;て)andlC(N;T).

Then by Theorem3･4,the space W(N T)has a basis〈Vp(zN,…,Zl);脚∈9,(NT))
defined asfo1lows:Let

クJ(彗T)=(脚=(AⅣ,…,ス1,A｡);ん=T,A｡=0,Ai∈ア王(1く∫くⅣ)

A戸スト1+ちbrsomeル

ForeachpE9t(Nて),definethe V;(几,)-Valued,multi-Valuedholomorphicfunction
Yp(zⅣ,…,Zl)on二㍍by

Yp(z〃,‥･,Zl)(ぴ,"Ⅳ,‥･,鋸1)=〈γ(州◎vⅣ(〟Ⅳ;ZⅣ)･‥◎vl(以1;Zl)lvac〉

fbrvEVl+andui∈Vu(1<i<N),Wherethevertex vi=Vi(P)is definedasvl=

(1<i<N)･Notethatdimy(vi)=1andtheinitialtermq,vi∈y(vi)of◎viistakenas

thefixed basis vector ofy(vi).
The braid group BN aCtS On this space W(N;T)as monodromies.The

COmmutation relations ofvertex operators glVeS a factorization ofthis monodromy

representation(nN,T,W(N;T))･The6N-mOdule structure ofthe space TT(几)is
defined by

(叩)(〟Ⅳ,…,〃1)=甲(〟仰,…,輿)J)(甲∈灯(八),J∈6〃),

andtheBN-mOdulestructureonthespaceofI?(八)-ValuedfunctionsonXNisdefined
in専5.l.ByPropositions4.10,4･10′and5･1,WeWillgivethisrepresentationl[=冗N,t

explicitly.

Foreachi(1<i<N-1),theaction冗(bl)ofthegeneratorb10fthegroupBNOn

the space W(叫て)is given as fbllows･

Atfirst,dividethesetクl(弼T)intothesixparts:Letp=(lN,AN-1,‥･,lE,…,Å1,

A｡)∈ク王(叫T),ん=T,A｡=0:

脚∈クデ仰;T)･→A汁1=スト1+2ち
brsome j
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p)∈9チ(Nて)◆→Ai.1=Ai-1+Ej+ち.1and〈スト1,Hj〉=Ofbrsomej

昨夕"理小→ん.1=スト1+gl+も+1and(ん-1,∂)=J

p∈gヂ(N;T)←◆ん.1=ん-1+ij+ikfbrsomej>kwithl<j-k<n

P)∈9?(N;小→Ai.1=Ai-1+ち+Fj.1and〈l卜1,Hj〉〉Ofbrsomej

p∈ク√畔小→A汁1=スト1+gl+ら.1and(スト1,β)〈J

Thentheoperationlt(bi)isgivenonthebasisvectors(Vp;P∈91(Nて))as:

a) If脚∈ク7(弗T), 冗(ゐi)Yp=曾官有r汀Yp･

b,C)Ir昨夕空(符丁)∪郵(耽T), 冗(ゐf)Y肝=-ダラ訴~汀Yp･

d)Ifp∈gプ(N;T),thereisonlyonep′∈9f(N;て)suchthatlh=端fbrany

andli-A;=±(8j-8k)･We define the actionl[(bl)fbr which CVp+CVp′is

invariant･Wemodifythenotationsasp±=(T,lN-.1,･･･,Ai･1,l≡,A卜1,…,Al),Where
l[=ll-1+らandl[=Ai-1+ち(k<j)･ThentheactlOn7T(bi)onCVp++CVp-isgiven

as花(わi)=足(A汁1,A(□),A(□),Ai_1):

-1 Jす[d+1]

冗(あ加甲阿++C甲肝_=曾市子市
[可

J曾[d+1][d-1]
[可

whered=k-j+j;-jL,Al-1=l([fL,･･･,jL+1])and

)

T
d
一
打+一(r

秤訝砺頚~拓
e)Letk=j+1,then7T(bE)isthesameasincasec)･

f)Letj=1andk=n+1,then7T(bi)isthesameasincased)･

In each case,(q,-1)are only possible eigenvalues of the operators

q2(n+1)n(bl).Thustheactionsqラ有丁市n(bi)onthespace W(弼T)satisfytherelations

Ofthe Hecke algebra HN(q).

Theorem5.1.

me monodyomy rqpresentation q両冗N,t Q[the
braidgrozQ BN On the space

W(N:T)yilleS(L r叩re･S(,nt(L(i(Wl(!/-th()F[(,(･kL･(L匂ebr(L
F[∫(q)､Ill/t(,req=eXp

5.3)Wenzl,s Representatioms orⅢ∝ke Algebra.

H.Wenzl[W]constructedirreduciblerepresentations(nY,VY)ofHeckealgebras

HN(q)for any q not being roots ofunity,Parametrized by the set gN OfallYoung
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diagramsonNnodes･Ifq=eXP

i≒~ユきWithlC>4,healsoconstructedirreducible
representations(柑K),Vy･k))ofHN(q)parametrizedbythesetg(g･k)ofall(g,K)-
diagrams on N nodes･Note that the representations柑K)are unitarizable as

representations ofthe group BN･

Inthisparagraph,WeShowthatourrepresentation(nN,t,W(叫て))oftheHecke

algebraHN(q)(q〒eXP(誓))isequivalenttotherepresentation(ny･K),酬andallWenzl'sunltarizableonesarethusobtained.(RecallthatK=l+gandg=n+1
in our case.)

Letg‰bethesetofallYoungdiagrmas YonNnodeswithdepth(Y)<g.For

each Y=[jl,…,j;]∈g‰,Putl(Y)=jl-L･Introduce the set g*･K)ofall(g,K)-
diagramsonNnodes,definedby空相,K)=(Y∈g‰;l(Y)<1'-g(=l)).
Weshallwrite Y′<Y,iftheYoungdiagram Y′canbeobtainedbytakingaway

approprlatenOdes ofア.Foreach YEg好,K),1et

ク∫(ア)=(〆=(れⅣ),…,れ1));Y(り∈郵牢),れf)<不出),れⅣ)=ア)･

H･Wenzldefinesanirreduciblerepresentation(フ吋K),V?･K))ofthealgebraHN(q)
Lbr each Y∈g好,K),Where Vy,K)has the fbrm ◎Cbメ.This gives a unitary

representationofthegroupBN･
je91(Y)

Note thatfor each〃,the weightl(Y)determines the Young diagram Y∈g鼻

unlquely･For each 4=(Y(N),…,Y(1))∈91(Y)with Y∈g好,K),1et K(4)=(T,
l(Y(N-1)),…,A(Y(1)),0)∈g,(N T)with T=A(Y).Then the mapping K gives a

bijection of9t(Y)with gl(N A(Y)).

DefinethemappingK:Vy,K)→W(N;A(り)by

且(み)=γ(〆)Yg(〆)br 〆=(不明,‥･,羊1,)∈ク`(り,

Whereγ(4)∈Cisdeterminedbythefbllowingconditionuptoaconstantmultiple:Let

4and4′bediBbrentatonlyoneposition,i･e･4=(Y;N),･･･,羊1))and4′=(私),…,Y;1))

With筍)=Y;i)and羊ね)=Y;h)fbrallhii･Assumethat羊i)=羊卜1)+EjandY;i)=羊卜1)

+EKWithj<k･Putd=ji-j;+k-j,then

(C)r(一三)(r(誓)r(誓))吉γ〆=r(芝)(檻)r(誓))与γ〆･
Herewefix捗10atSOmePath40,Sayatthemaximalク0,thenγ〆,sareuniquely

determinedLbral14∈gt(Y).

ThenthemappingKintertwb7eS肋nzPsr甲reSentalions(柑K),咋K))andour(n,

『(叫T)):

Proposit血5･2･凡reαCカ托汐好,た),∫eJT=A(ア).乃e〃
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Note.If we construct the theory fbrl≠Q asin Remark 3･7,We get the

monodromyrepresentationsoftheHeckealgebraHN(q),q=eXP (繋ご),Whichare
isomorphicto the representations(7TY,VY)parametrized by Ytg好).
The resultin this sectionis announcedin[K],but the existence condition of

VerteX OPeratOrSarefalselypresentedthere･Therem2･7inthispaperisthecorrect

VerSlOn.
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