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Double Lie Algebras on Simple Lie Algebras

Manabu SANAMI*and Yukihiro KANIE†

1Introduction

In the beginlng Ofa coursein abstract algebra,We enCOunter With the exercise of

determinlngfinitegroupsofaglVenOrder.Forexample,Weget,aSgrOuPS Oforder

4,thecyclicgroupZ4andtheKlein'sfbur-grOuP K4.Wemay saythatabove two

groups are allgroup structures which can be constructed on the four polnt Set.

WewanttoconsiderasimilarexerciseforLiealgebras.Here,WeShallintroduce

Oftheconcept ofdouble Liealgebras,thatis,Other Lie algebra structures on glVen

Liealgebras･Precisely,aLiealgebrahiscalledthedouble Lie algebraonaglVen

Lie algebragifthe underlying vector space ofh coincides with that ofg･

Thedi伍cultyoftheproblemofdeterminlnggrOuPSOfgivenordersgrowsrapidly

as ordersgrow･AIsoina Liealgebracase,itispracticallylmPOSSibleto determine

double Lie algebrasin general･Here we restrict ourselves to the case ofprq】eCtive

double Lie algebras defined below:

De伽itionl･1[2]Lelh andg befnite dimensionalLie algebras over ajield

人Il､油血･･､(′′肛∫仙ん小′叩け(･J川･･､/仙`･l･川(･⊥ん･`J/小ル`Jん日用ル/`J/り･り/汀//廿
dbuble Lie aわebra on g打and on&げthe relation ad(h)⊂Der(g)holds as subsets

′イ血･†`･Jり/`J/////机JJ･け〟〃.､/川･肋J//け〃､り/-1二Il/Jr=･こlし1仙`ん仲山･＼//!(･､(リ′′///仙･J･

(んり･/…J山肌､り/一几`川(/【)el●しgI//J(･.､(･/り/(J//正直川JJ川ハり/-.ど.

The concept ofprqjective double Lie algebrasisintroducedin[2].This was

deduced from theinfinitesimalstructure ofa geodesic homogeneouslocalLieloop

in prQ)eCtive relationwith a Lie group.

In this note,We Shallinvestlgate the class ofpr〔リeCtive double Lie algebras on

Simple Lie algebras.

Here,We glVe an eXamPle ofprq]eCtive double Lie algebras.

Examplel･1⊥ビ′g=(巧[,]g)占eβ⊥おα匂ピ∂柑0脚麒･凡r p∈片,α上滋

αわe∂rαgp=(巧[,]p)cα〃占e`榔〃ed∂γ[ズ,γ]p=p[ズ,γ]g･

･＼●仙′/∫(′′gl=g`′′∫(/gl･/､`′(川==′′`′〟=･/･′‥′/小ノー′･`′･仙′`′(′･.ざJ,/､/､仰いり,/高

/りg(ハ`′′J`J/-…仙･JJ.正`J砧イり･(J/仰J-≠().I
Ebrp≠0,therelationadはp)=adは)⊂Derは)holds･On theotherhan4when

ダニ0,adko)=0⊂Derk)･肋〃Ce,血⊥′e〟わe∂rαgpね〟prq/ecJ加ゐ〟抽⊥～e

`′/小イげ`′州gノ仰`J/リ/-∈人.

In particular,On an arbitrary Lie algebrag,the underlying space Vcan be

COnSidered as acommutative Lie algebra and prq】eCtive double ong.As afinite
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group analogue,the underlying set ofthe abelian group Z4is nothing but the one

Ofthe group K4.

The aim ofthis noteis to show that the above example essentially exhausts

thesetofallpr(リeCtivedoubleLiealgebrasonacomplexorrealsimpleLiealgebra.

Wedenoteby虜thefieldofrealnumbersand哲thefieldofcomplexnumbers･

Firstin this note,We Shallshow that each prq)eCtive double Lie algebra on a

Simple Lie algebra glS Obtainedfrom alinear transfbrmation ofg which satisfies

the condition(D)(givenin専3)･The Key of this workis a property oflinear

transfbrmations with the condition(D),Which we callKey Lemma(the proofwill

be
given告4):

keI･Lenlnla//`J//肛`〃･/J･州小′J･仙J//仰-♪り/`J(･川叩/八川･′ⅥJ/･､/′岬/(･J･ん･(′/小イり･`′

g.ヾ(JJ/､//ハ//れ/･rり〃`///晶Jり)い/J川り-/-`イ州小/りJ/J(･汀〃J′･り/`/り/､g.

Thislemma and theJacobson's results for the centroid ofa simple Lie algebra

give us the following main result ofthis note･(c･f･専3･)

Main Result(1)qaLiealgebragissimpleover留,thenanyprQjectivedouble

⊥ん･`′/小ノー=′ト肌.ざ八′/∫`･J･ん･(′/小イり･`′.一丁】/′∫い-(′′叩/`･卜1/仰､川肛(川中h･′=′=/-げJ-･

t二IJ.`･/g/-ぐ`=/川/,ん一/.ん･`J/小ノーJ･`=けげ･ガ.

川//g`/`仙//=い川/〃/,/八丁./ぐ(J/小イけ`J.､什川イJ爪･､.J/J川(J′‖･/り･り/(･(J両′`/川′仙･/･ん･

`′/小イー′･`‥椚g/･､gノー/諒､川〃‥…/′=〃=/-=･/-･

仙.｣､.､〃J〃ぐJ/MJg`J`仙//､‖(川叩/ハ/./=J/小ル`J､/川(･J川･【･･J.〃甘〃`〃り､/,r仲川t■`･

`/川′仙･/･ん･`由`ル`′仰.g/､(隼,I.･/川･､り〃れ･川′叩/ハ′=〃=/-げノー･-tゾ…リJJ八//J‥川叩/ハ

J.ん･`J/小イけ`/り/-/`/血･`/ノh仰g/-.=/J(′川J叩/ハ､/川(･/肌一･J･

Herewe use the fbllowlng nOtations:Let F be afield and K a subfield ofF,

orFis an extensionfield ofK･For a Lie algebrag over K,gF denotes the scalar

extenson ofgto F.Conversely,fbr a Lie algebram over F,mK denotes the scalar

restriction of m to K.

In the paper[2],it was asserted that
Lie algebrasin Examplel･1exhaust the

setofpr(刀eCtivedoubleLiealgebrasonanyodd-dimensionalrealsimpleLiealgebra,

whose proofin[2]has an error aboutinvariant fbrms unfbrtunately･We avoid

here this hlse hctin that proof,and generalise the result･

Thefirstauthorexpresseshisheartythanks to Prof･K･H･Hohannforhis

POlntlng Out the error･

2 Preliminaries

For afinite dimensionalLie algebrag=(り[,])over afield K,the centroidrは)

ofgisdefinedtobethesetofalllineartransfbrmationsofVwhichcommuteevery

inner derivation ofg,thatis;

rは)=(q,:V→Vlq)islinearand(P･adx=adx･q)foranyx∈V)･

Note that the centroid r(g)contains naturally the basefield K as the subset

which consists of p･id(p∈K).The
Lie algebra gis called centralifits centroid
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coincides withits basefield.

The following was shownin Chapter X of[1];

Theorem2.1(Jacobson)(1)qaLieaわebragissin7PleoveranyjieldK,then

′/′‥川′川′`/rtgIり/g/)(川′肛､(‥･り〃===′(′〟=･/′lイ`/･･lJり′…､几′/∫l･/･ん一`′/小ル`′g八

`仙川･`/川･‖･//J(･仇イ`/J'tgI叶//Jぐ､川/`J‥川′/′中/′(･`′//川=ト､守一りいl/川●･Y仁g･り自=.れ
`J/〃/油`一/.ん･`J/小イー…g/､=州J･`J/､//叩/=けげJ'(gト

t二)′一l･′g/-…J一ん･`′/小イけ`′川げ`′′′`イ`/人･･｣､､〃〃八･′/刷.ざ/､(川′′･`′/､/′岬/‥′′∫`/

l､八(JJけハ/‖ハん川/J(イ(/り/人.川川//Jぐ､川/川･ハ/川､′州.ざJ-り/.ざ/‥川′′･`′/､/′叩ん･

0〃er F.

Itis wellknown that the onlyfinite-dimensionalfieldextension of留is哲-itself

andanyalgebraicextensionfieldof虜iseither虜-itselforisisomorphicto留･These

fhcts and the above theoremimmediately glVe the followlng remark:

R川1ark2.1(1I上汁‖･/J/血･`仙…､/川=/､//叩/(･/.ん･`J/小イれ=れり･ソ･八(川/′･`′/･

tコIJ一(リg/-(,=/川/′ぐ`//川川､/り肘/､/′岬ん･J･ん･(′/小心`‥れ･′･ガ･

い 什g/､=州/･`J/廿脚=れJ/J川/ハ=〃叩/ハ血･`′//州.ぐ′ 八`′/､り､血/-/‥川`/

(でJ‖ナ(･J/(汀(リ･名､.

… 旦t･J/Jぐ`仙/J/J/州.gハ/川(川け`J///州`/川中′/J'tgI/､/､川〃川ソ,/J/(/り

･′･.･い〃(･(･g=刑/,`･(･川両`ん…/`ハ川=′/小ル`‥′…･J'しれ//g/､′川(川′′･`′/′/付〃g

`′血∫山`‥･川岬/ハJ･ん･`′/小イれ‥′′･…･′W丑
山り′/′=･-…･`/､･′/…･ハ八ハ`′/･/ぐ`′/小イり･`′

JJ=ノけ′･･′一､…･/‥/M′g=〝-.‥･＼-り′l･･/′∫′/′/､(･仙･･′/′`′′′/∫`･川=り,/川/′((′′/刷g′
ハ

/川JH川ソ,晶･Jり//八･`/り〃/心J〃在り〃り/-′,‥′､`′川′叩/ハ/･ん･`′/小イけ`J･

3 Key Lemma and Main Theorem

Atfirst,We COnSider a way to construct new Lie algebra structures on a glVen Lie

algebra by uslng alinear transfbrmation.

Let
g=(V[,])be a Lie algebra over a field K and(p:V→V alinear

transfbrmation of V Then we can define the bilinear map[,]甲:VxV→V by

[ズ,γ]甲=[甲(ズ),γ]･

Itiseasytochecktheconditionthatthenewbracket[,]¢givesaLiealgebra

StruCture On V:

L川l■-1a j･l T7′`･/-〟血･`′′･′肘/〉トL.,`仙川･`/`′/}川､l･小甘‥′⊥ん･(′/小イけ(‥/仙/廿日一

り〃1け〃〃`/川中･け//Jl･///肌JJ･J川Jハ/i〃川`JJ/川=-､`//f､/付､/高･/′亜…･//Jり川〃`/f/晶〃り)I
ノわrβ〃γⅩ,γ∈g;

り)I:
(1)[甲(ズ),γ]=[ズ,甲(γ)].

(2)甲([甲(ズ),γ])=[甲(ズ),甲(γ)].

l)eIiniti川13.1J.`イg=tlニト]I/,=JJ.ん一(J/小イり･`J什=･J･(J仇イ`/人.廿/J川(J///肌JJ･

′川′ハ/i′川棚/川‥J-り/g､`′′/､/ん･､′/h･(1り"/f′吊りり)いl･←`んソ帖･/-l･g..,血･/･",(′/小イり･`′

(V[,]¢),andcallit thecanonicalLiealgebra ongjbr q)･

Remark3.1エビJg=(巧[,])∂ピα上由βノダe占rαOt椚■町庫〟尺.
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ttI‖ソJ川り=Jトん=J-∈人L//J(,(･`J川椚/(･`J/J.fぐ(J/小ノーJ･`J.g｡/諒り-八′いJ/血り/-〃/

′/′(･J･ん･`′/小ル`′.ざJ-/′～J二1､･`′′叩/(･1･卜

t二IJ/(.-/-`イ川里､/りJ/Jぐ(川JJ･り/`/り/g.J/J川･P…仙血･=/れ･(･り′J`//Jん椚t〃t･

Ifalinear transfbrmation(P Ofa Lie algebrag satisfies the condition(D),then
the relation ad(g¢)⊂adは)holds,and the canonicalLie algebrag甲is a prqjective
doulbe Lie algebra ong.Conversely,the fbllowlnglemma holds･

L州I11aj.ヱ レJg/-=J/川J/=///〃川､山川J//.fr`J/小イり･`J仙り･左､J/､g/=､`′J′イ∫イ`′/

(川J‖･刑`//〃′･り‖/(･J･`ん･Jイ川//川い､//J川(J/け/り･り/(=汗=/川′/心⊥ん･`J/小心`=椚gパ血･

=J/い〃/(･(J/J.ん･`//小イれJgい/iげ､川机♪/血仰什`J/い/り′●J川JJ/刷け

ProQr By the assumption,ad(h)⊂Derは)=ad(g)for a prqjective
double Lie

algebra h ong･And the adjoint representation adg:g→ad(g)is bijectivesinceg
hasatrivialcenter.Hencewecandefinethecomposition

q)=ad;1｡adh,and
so

the Lie algebra hcoincides withg甲■ Tn fhct

[x,y]甲=[q)(x),y]g=[ad;1(adh(x)),y]g

=adg(ad;1(adh(x)))(y)=adh(x)(y)=[x,yL･

ヴ.g.d

Since any complex or realsimle Lie algebras have trivialcenters and no outer

derivations,We get

(血仙aり ⊥=g/-=J仙/J=/油川､/州`′/⊥/‥′/小イれ′川･=･′/一仰･ガ･J/'g八･､/′叩/ぐ･

//J川`叩･/けり/`･(イ/け`/州/-/`･J･ん･`J/小イり･`川′′.ど/･､//付(州仰J(･`′//･/川/小イりt`′gい/り′●川′′∫‥′)･

The fbllowinglemmais the key ofthis note(It willbe provedin§4)･

KeyLemma Letgbeajini(edimensionalsimple Liealgebraouer留or虜･q

(J/J肛`J=J･`J/ハ/仰仙J//川り′-り/.ざ､`JJ/､小一､J/J(･(･州(///高〃り)い/甘〃-.-/,lイ州申/りJ/∫‥･川J′●り/`/

q/g.

We translate this Key Lemmainto the followlng theorem･Itis easy to see

that this theoremis equivalent to Main Resultin§1･

Theorem3.1(1)LetgbeajinitedimensionalsimpleLiealebraover留･T71en,

`J/リ･/け岬(J/lで`/川J仙J･/=′/小ル`′り′′gハ′/∫l･J･/‥′/小イり･`′.ざ′,/′′J･'w叩/l･1･川げ…仙･

川J叩/ハJ〃〃‖/-げJ,･

t二IJ.l･/g/-ぐ`//JJ血･`///〃川､山川J/､/′叩/(･J一/‥′/小小川川-げ･ガ･

仙//.ざ/=川/J･`J/.J/付〃`叩/り･り/(･(J/け`/川J仙･‖=J/小イれ′り′∫gパ血･=‥′/小･ハ′･`′

gノー/仰､仰汀′･(･`′/′=川/,=･J)･

(ffI‖九刊.ざパ ′刷(川′′･`′/･血甘ハ山‥′J･ん･`′/小ノー′･`‥∫‥′…･√/･､′′(イ∫′/∫`′′

g=∵川㌧.7TJ丑州.l･/榊/=血∵`んりJ仙J･/‥′/小イー′･`‥….打八血･J･正`′/小イー′･`′り叫イバげ
川/川･川/叩/ハ/〃〃‖/-げノー･

ProQr(1)ByKeyLemmaand Remark2･l(1),foranylineartransformation

甲Satisfyingthecondition(D),thereexistsacomplexnumberpsuch that q)=P･id･

Hence,Corollary ofLemma3.2and Remark3･1(1)imply the assertion･

(2)(i)is obtainedby the sameargumentin the case(1)･(ii)Theexistence of
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mis due to Remark2.1(2).Note that the basefield of misidentified with the

CentrOid ofg.Hence,the result fbllows丘om the similar argument to(l). q.e.d.

4 ProofofKeyLemma

For the proofofKey Lemma,We PrePare a ftwlemmas about the condition(D).

L川IllⅧlJ.1J.tイg/-ぐ(JJ./(一`J/小イれ=′…t`JノJ(イ`/人..｣､､〃〃れ･止`〃`J///肌JJ･

什(J/ハ/〝/ⅢJ//州ゅり/､g.､`J/吋Jハ//J(･川〃`//J信〃り)I.

(1)ケ甲力α∫α〃0乃-ZビアO吻e〃ぴα/〃ビス∈足,血〃才力ピ吻e〃岬〟Ceg(A)=‡ズ∈g】甲(ズ)=

A･X)f∫α〃7鹿〟〆げg･

(二I〃'リートJい〃一ニト=′州`//〃小りJl川.J/J川//…･=一､小/､`J〃州一二川=イ川′川/ニ∈g川(/J

才力αJ(adz)2=0.

ProQfl(1)Take an element x∈g(l),then[x,y]∈g(l)R)r any y∈g.In
fact,

粕淵=祀両,γ])=了[中仙甲(川=丁[〆阜),γ]=勅γ]･人

(2)Since(pis nilpotent,We Can take an element v such that(p(v)≠O and

p2(v)=0.Then z=q)(v)is the
desired element.In fact,

(adz)2(ズ)=[甲(ロ),[甲(ぴ),ズ]]=[ぴ,¢[¢(ぴ),ズ]]=[ぴ,[甲2(ぴ),ズ]]=0.

ヴ.ビ.d

Lemnは｣.2J.l･Jg/-ぐ`J〟〃高･`/油川､ん仙J/､/′叩/(･/･ん一`J/小イり･`J川-‖･-/･り′･･ガ.//

`J//肛(げ什`J/ハ/涼〃J(J/山〃叩-イg､`JJ/.小`･､//!=･･肋////棚(〃い/J川･′つぃ川り汀J/I=げJ叫,り付/JJ.

ProQr First,aSSumethatthebasefieldis哲.Takeaneigenvaluelofq),then

l∈留.Ifl≠0,then the Lie algebra g coincides with the eigenspace g(A)due to

Lemma4.1(1)and the simplicity ofg.Thisimplies that(pis sudective.Ifevery
elgenValue of(PIS ZerO,then(PIS nilpotent･

Now assume that the basefieldis real.

(1)Whengis central,g留is also simple as a Lie algebra over留by Remark

2.1.Hence,the assertion fbllows from the same argument fbr the complexification

中宮‥g官→g官･

(ii)Let g be not central.Then,due to Remark2.1(2),g=mi努Lbr some

complex simple Lie algebra m and thatg官isisomorophic to
mOm as a complex

Lie algebra.

Takeaneigenvaluelofq)･IfÅisnotreal,thenits竺OmPlexcor如gateA(≠l)
is also an eigenvalue.So,We get that g留⊃g官(l)◎g留(l)as vector spaces.We
know that the eigenspacesg官(Å)andg管(l)areideals ofg官due to Lemma4.1(1)

andg留芸m◎m.ThustheLiealgebrasg管(l)andg官(l)arebothisomorphictom

andg官=g留(l)◎g官(l).Thisimpliesthat(P官issudectiveandsois q).

WheneveryelgenValueofq)1Sreal,theassertionfollowsfromthesamearguments

On the complex case. q.e.d

Lemma4.3 Letgbeajiniledimensionalco〝7PlexsemisimpleLieaわebra.771en
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//…･〟(･′い′…トニ`冊′′坤′〃川′仙(W′′･州､/川･川`J/高明､り/.gll､/J/lノ=`JJ叫､//Jぐ(川浦J/仰
(β).

ProQr DuetoLemma4.1(2),itissu伍centtoshowthattherearenonon-ZerO

elements z∈g SuCh that(adz)2=0.

Decompose.チnynOn-ZerOelementz∈gaSZ=h+∑a∈AaαXabyafixedroot
SPaCedecomposltlOnOfthe semisimple Liealgebrag･Thenwecanchoose a root

VeCtOrWOfgsuchthat(adz)2(w)≠0. q.e.d

Now,We are at the stage to prove Key Lemma.

Let q)be alinear transfbrmationin Key Lemma･Then,by Lemma4･2,q)1S

SuI]eCtive or nilpotent.

If(Pis sudective,thenwe get(P([x,y])=[x,q)(y)]dueto the secondequality

Ofthe condition(D)･Thus we get that(Pisin the centroid ofg.

Let(P be nilpotent.

Ifthebasefieldofgis留,then(p=OduetoLemma4.3,inparticular(P∈r(g).
WhenglSaLiealgebraover虜,WeCanSeethatthecomplexification(p官satisfies

the condition(D)andis also nilpotent as a transfbrmation ofg官.on the other

hand,Remark2･limplies thatg官is semisimple over留･Then we get(P留=Oby

Lemma4.3,hence q)=0.

This completes the proof.
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