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Cusp Forms fbrIl｡(p)ofweight2

ShigeakiTsuYUMINE

Letpbeaprime,andlet62(p)bethevectorspaceofcuspfbrmsfbrro(p)of

weight2.AsHecke[7]conjecturedandasEichler[3],[4]proved,62(p)isspanned
bythetaseries ofquaternaryquadraticforms associated with a maximalorder of

somequaternionalgebra(seealsoH.Hわikata,A･K･PizerandT･R･Schemanske[8])･
Thereis a decomposition

62(p)=6;(p)◎6;(p)

where6;(p)(resp.6;(p))denotestheeigenspacewitheigenvalue-1(resp･1)of

the operator associated with (;二1)whichisinvolutive.In the present paper

we areinterestedin6;(p).In
our previous paper[11],We

have constructed by

using Hilbert modular fbrms,elliptic modular
forms for ro(p)ofweight2whose

higher Fouriercoe伍cients are computable and whoseO-th Fourier coelficients are

essentially the values at O ofsome zetafunctions of realquadraticfields･Itis

expected that there are arithmetic applicationsifwe
have simple formulas fbr the

values atOofthezetafunctions.ThoseelliptlCmOdularfbrmsarewritten
as sums

ofthe Eisenstein series and elements of6;(p),and
fbr our purposeitis necessary

toinvestigatetheFouriercoe伍cientsofmodularformsin6;(p)･Thisisthereason

why we areinterestedin6;(p)･
For sma11p we give basis of6;(p)explicitly which are constructed from

Eisenstein series.One advantage ofour basisis that their Fourier coe抗cients
are

easyto obtain,Whichis verylmPOrtantfbrourpurpose･Thereis a table ofthe

Fouriercoe凪cientsofsomecuspfbrmsfbrI㌔(N)ofweight2in ModularFunctions

ofOneVariableIV(Lect.Notesin Math.,476(1975)),and thereis also atable of

Hecke polynomials ofthe spaces ofcusp fbrms fbrIb(p)ofweight2in Doiand

Miyake[2].However no tables ofthe Fourier coelficients ofbasis of6;(p)can

not be foundin anyliterature･We supply the tablesin the presentlpaPer,Which

might,the author hopes,bene飢us･

TheworkispartlysupportedbyGrant-in-AidforScientificResearchonPriorlty

Areas231"Infinite Analysis".

1.Wedenoteby悶,Z,C,thesetofnaturalnumbers,therlngOfintegers,the

fieldofcomplexnumbersrespectively.Forn,k∈N,CTk(n)denotes ∑ dk,andifn

is notintegralwe define
o･k(n)to

be O･Let H denote the upper plane

(z∈CIImz>0),andlet GL･;(Z)denote the group of2×2integralmatrices of

positivedeterminant･ThegroupactsonHbytheusualmodularsubstitution
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か-→ルわ=慧雲,〟=(:;)∈G相･
The center ofGL･;(Z),namely the group consisting ofintegraldiagonalmatrices,

actstriviallyonH,andsoactuallyGL言(Z)actsviathequotientgroup GL;(Z)=

GL;(Z)/(the center).Fora naturalnumber Nlet

r(Ⅳ):=

rl(Ⅳ):=

r｡(Ⅳ):=

α

C

α

C

α

C

;)∈g上2(Z)･β≡d≡1,わ≡C≡0(modヰ

…)∈∫上2伽≡d≡1,C≡0(modヰ

;)∈5⊥2(鋸≡0(modヰ
andletro(N)*bethegroupgeneratedbyIt,(N)and (.:･

-1

云1)∈G⊥;(Z).If戸｡(Ⅳ),
Fo(N)*denotethesubgroupsofGL;(Z)givenasthenaturalsudectiveimagesof

lL(N),IL(N)*respectively,thentheindex[f｡(N);f｡(N)*]isequaltotwo.Letr
be a subgroup ofGL･;(Z)commensurable with SL2(Z).The quotient space H/r
has the naturalcompactificationglVenbyaddingafinitenumberofpolntS,Which

iscalledcusps･Wedenoteby(H/r)*,thecompactified space,Whichisasmooth

algebraiccurve･LetfbeaholomorphicfunctiononH.Thenfiscalledamodular
fbrm fbr rofweight k∈Nifit satisfies

(i)fFM=ffbr any M∈Il

(ii)fis holomorphic at each cusp,

where

(/l〟)(z)=(αd一転)た/2(cz+d)た/(z)〟= ∴ミ∈G上;(Z)

With(ad-bc)k/2>0･We denote by9Jtk(r),the space ofmodularformsfbr rof

Weight k･A modularformis called a cusp fbrmifit vanishes at each cusp,and

Wedenote by6k(r),the subspace ofmk(r)consisting ofcuspforms.

Letpbeaprime,andlet那k(p)‥=別k(Ib(p)),6k(p):=6k(T｡(p)).Letusrecall

theoperators t4i,UponthesespacesdefinedinAtkinandLehner[1]･W;isthe

One aSSOCiated with the matrix

′･瞑′･(:二1)=pサた′(一三)
Letf(z)=∑ane(nz)betheFourierexpansionwheree(x)denotesexp(2花J二7x).
Then Upisdescribedinterms ofthe Fourierexpansion,aS

/lUp=∑α叩e(〃Z)･
〃=0

-
8
-



Cusp forms forIL(p)ofweight2

These two operators commute With each other,and also with Hecke operators

7L(p/m)･Sothedecompositionofmk(p)or6k(p)intoeigenspacesgivesthatof

Heckemodules.Let6[(p),6:(p)betheeigensubspacesin6た(p)witheigenvalue

-1,lof喝respectively,andlet那J(p),m:(p)betheonesdefinedsimilarlyfbr
邪k(p).Bydefinitionwehavem:(p)=那k(ro(p)*),6:(p)=6k(ro(p)*)･ByLemma

17(iii)in[1],fL喝+flUpisamodularformfbrSL2(Z)ofweightk･

Letusassumek=2.ThenwehaveI%=-Upasoperators,Sincethereare
n｡n｡ntrivialmodular fbrms fbr SL2(Z)ofweight2･The curve(H/ro(p))*has

exactlytwocusps,andbytheresiduetheoremtheO-th
Fouriercoemcientatthe

cuspJ二了∞Ofamodularfbrmin那2(p)is-PtimestheO-thFouriercoefficient
attheothercusp.Inparticularwehave邪;(p)=6;(p)･Asiswell-known,the

genusofthealgebraiccurve(H/ro(p))*isOforp=2,3,andis(p-13)/12,(p-5)/12,
(p-7)/120r(p+1)/12according as p…1,5,7,11(mod12)(See

for example

Shimura[10]).Thecurve(H/r｡(p)*)*has(H/r｡(p))*asitsdoublecovering,and
itsgenusisobtainedbythe=urwitzfbrmulaifthenumberofthefixedpolntSunder

the action

O

p.(
(†1

0 )
l
一

〇
is obtained,Which was done by Fricke[5],Chap･4(see

als｡LehnerandNewman[9]).Sincedim6;(p)=dim62(p)-dim62(ro(p)*),and
since dim62(p),dim62(ro(p)*)are equalto the genera of curves(H/ro(p))*,

(H/r｡(p)*)*respectively,WeObtainthefollowing;

L川Illlal./.‖/->j/,ぐ/りイ仙･･`′…/ん一′小一J-I/-ぐ′/∫(･(･/`…′=′=/}=･り/､′/∫`･

/′"`′岬′′丁`岬`/′川ん′〃〃‖/w//(イ`/J･(､一了-I･〃刷Jm三二~り-=＼両…り恒

云(p-αp)+βpわ(-p)

w力ビアe∝p=25,17,19,11αCCOrd吻α∫p…1,5,7,11(mod12),α〃dβp=1/4(p≡1,5
(mod12)),1/2(p…7,23(mod24)),1(p…11,19(mod24))･

We give a table ofdim6;(p)up
to p=107･

2.Let N be a naturalnumber.Leti,j∈Z.An
Eisenstein series of weight

G柚;町=芸｡≡f,ふ州,(cz+d)-畑㍑+刺~5･5=O
where the summationis taken over allc,d∈Z with(c,d)≠(0,0)which satisfythe

一
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COngruenCe･Obviously Gk(z,i,j;N)is determined up to residue classes modulo N

towhichi,jbelong,andfurtherGk(z,-i,-j;N)=(-1)kGk(z,i,j;N).ForN>1,
We define also other Eisenstein series

Gた(z;i;Ⅳ)‥=∑Gた(z,り;Ⅳ),
J=0

G2(z;Ⅳ):=
花2

2(1-Ⅳ)
(G2(z,0,0;1)-ⅣG2(Ⅳz,0,0;1)).

The Fourier expansions of Gk(z,i,j;N)were given by Hecke[6].From this,a

Simple calculationleads to the followlng;

Gl(z,0,j;N)=COt雲+4n姜1(｡Ansin慧)e(nz)
(j#0(modN)),

G両ノ;Ⅳ)=-√コ(1一言〈i〉Ⅳ)

一2Jコ〃姜1(z妄.〃Sgn(擁(慧))e(芸z)(酬m呵),〃/m≡f(modⅣ)

Gl(z∋i;叫=-J二了(Ⅳ-2〈i〉Ⅳ)-2J二てⅣ∑(∑sgn(叫)e(z)
〃=1 Z∋ml〃
m≡ヱ(modⅣ)

G2(z;Ⅳ)=1+芸鈷(乃)-ⅣJl(芸))e(ゆ
For 凡才=

享二ごこき
∈SL2(Z),We have

Gた(z,り;Ⅳ)l〃=Gた(z,扇十¢,わf+¢;Ⅳ),

fromwhichitfbllowsthat Gl(z,i,j;N)isin町il(r(N)),anditisin那1(rl(N))in

Particularifi…0(modN)･Furtherit fbllows that Gl(z,i;N)∈那1(rl(N)),and

G2(z;Ⅳ)∈!椚2(′も(〃)).
Let N=P,a Prlme.We note that

Gl(zっ0,ノ;州喝=p~1/2Gl(z,ノ;p).

We construct modular Lbrmsin6;(p)from Eisenstein series of weightland

G2(z;P)･Atfirstweconsidertheinvariantelementsundertheactionofll(p)/r(p),

Ofthe vector subspace of別2(r(p))generated by products oftwo Eisenstein series
Ofweightl･Itiseasy to see that generators ofthe vectorspace aredividedinto

three types;

(Ⅰ) ∑Gl(z,0,i;p)Gl(z,0,fd;p)
王=1

(ⅠⅠ) ∑Gl(z,0,i;p)Gl(z,Cf′;p)
i=1

-10 -
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(c∈Z,p′c),



(ⅠⅠⅠ)篭1篭1Gl(z,り;p)Gl(z,f｡,f′c+ノ;p)(c∈Z,材C),

wherei,den｡teS theinverse ofimodulo p.Obviously they arein那2(p),and

m｡d｡1arfbrms oftype(II)arein6;(p)･Inthepresentpaperweconsider
only

modular fbrms oftype(I).

Propositionl･Letp>2beaprime･Let〈i〉p(i∈Z)dbnote theintegersuch

′加0≦〈i〉p≦クー1,〈f〉p≡i(modp)･エビf∂d,わ(α,わ∈Z)占e′力eαr～血eJ∠cルーC血

(仙川･`//-.l･

(β…わ(modp),p/α,p/わ)

(α≡-わ(modp),p/α,クルけ

(oJ毎rwf∫e)

乃e〃∑Gl(z,0,i;p)Gl(zっ0,fd;p)(d∈Z,p′d)力α=カビ肋r融e叩α〃∫加

一戸(クー1).竺笠1f〈id〉p+8∑‡∑(クー〈加〉クー〈d′m〉p)pf=1
〃=10㌶!〃

+p∑ ∑ ∂′,dm‡e(nz),
た=1 0<りた

d′∂e如才毎血er∫eげdmodp･

Proof.We have

=COt‡cot誓+4nflIcot‡｡Ansin誓+COt誓｡Lsin誓
+4n云1∑ sin星空sin竺空†肥(｡Z).㌘sin誓空ト(れZ)･k=1 0<りた

0<椚l〃-た

At丘rstwecomputetheconstantterm･Sincecot一=
p

汀J 扇(J
COt-COt-=

p P 諾た′sin

詰ん′‡

2扇ん.2加胡

一･Slll 一一
夕 p

COS

一旦p云1んsinJ)た=1

COS

2打沈

p

2扇(た一朗) 2扇(ん+朗)

p p

Taking the sum overi,We have

ク~1花f 乃id 呈p云1ん恥

i∑cotすCOtす=pk,l=1

=--p(クー1)+竺篭1f〈勒,p f=1

-11-
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Whichgives the constant term.

Now we compute the higher terms.We have

.2花id∽
COt禦=slnT

=一三篭1ksin空空∑slnL
.27rid∽

pた=1 p O<椚l〃

=-!篭1pた=1
2扇(ん一加) 2扇(ん+d叫

Then the summation overiis equalto

- ∑ ∑た∂抽

= ∑(〈-dm〉クー〈d∽〉p)

= ∑(クー2〈d∽〉p)･
0<椚In

Similarly we have

∑cot竺ヱ∑
i=1 p O<叫〃

クー1〃-1

∑ ∑ ∑
f=1た=1 0<りた

0<ml〃-た

Finally we have

=主_享二
p

sin誓=ふ(クー2〈d′∽〉p)･p′m

.2如J.2血潮Sln+Slnバ

ク p

クー1

∑ ∑
0<叩【i=1
0<別け-た

∑ ∂′,｡椚.
2
0㌫lた
0<椚l〃-た

We are done.q.e.d.

2加(た-d叫 2扇(た+

cos竺㌍‡

Corollaryl･⊥eJd∈Z,p粗 銅e〃∑Gl(z,0,f;ク)Gl(z,0,fd;p)ねわ7那;(p).
`=1

Proof･We must show that ∑Gl(z,0,i;P)Gl(z,0,id;P)has -1as the

eigenvalue of WL.Since(∑Gl(z,0,i;P)Gl(z,0,id;｡))I喝=!盲1Gl(z,i;P)f=1 p f=1

Gl(z,id;P),itis enough to show theequality

-12 -



∑Gl(z,0,f;p)Gl(zルd;p)=-!笠1Gl(z,f;弼1(z,鋤),
クー1

王=1 p f=1

whichis done by comparing the Fourier expansions･Gl(z,i;P)G(z,id;P)has the

expansion

ー(クー2〈f〉p)(クー2〈id〉p)

-2p∑〈(クー2〈i〉p)∑
〃=1 2∋ml〃

m≡id(modp)

sgn(椚)+(クー2〈最〉ク)∑sgn(椚)
Z∋ml〃
m≡りmodp)

+2p∑(∑ sgn(m))(∑ sgn(∽)))e(〃Z)･
た=1 2∋mlた Z∋椚l〃-た

m≡i(modp) m≡id(modp)

Thell

-∑(p-2〈f〉p)(クー2〈fd〉p)=p2(クー1卜4∑i〈fd〉p,

which verifies the aboveequalityfbr theO-th coe伍cients･Further we have

∑(クー2〈f〉p)
f=1

∑
芝∋椚l〃
m≡ほ(modク)

∑ sgn(椚)
Z∋椚I〃
Ⅲ≡id(modp)

Sgn(m)-2∑i ∑ sgn(叫
i=1 Z∋ml〃

m≡`d(modp)

=-2 ∑ ∑f∂m,`｡

=2 ∑(クー2〈d′∽〉ク),
0<叫〃

JIい】

∑(クー2〈id〉p)∑ sgn(叫
i=1 2∋m】〃

m≡りmodp)

2 ∑(クー2〈d∽〉p),
0<ml〃
p′〃

∑(∑ sgn(椚))(
`=1 芝∋叫た

∑ sgn(m))
芝∋ml〃-た

m≡f(modク) ∽≡ほ(modク)

=∑(∑ ∂い)(∑ ∂叫f｡)
i=10<りん 0<椚l〃-た

-13 -
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=2 ∑ ∂′,m｡･
0<りた
0<叫〃-た

This shows that the corresponding higher terms are also equal,and our assertion

follows.q.e.d.

As stated above,Up and-WL
are equalas operators on那2(p)･Hence we

have the followlng;

Corollary2･⊥ピJα〃鹿〃βJ=カeれ-才力鞠〟r如cβ仁伊cわ〃′〆 ∑Gl(z,0,i;p)

×Gl(z,0,id;p)･乃e〃αp〃=α〃･
f=1

3･Letf∈邪2(p)･By the residue theorem,ifthe O-th Fourier coe伍cient off
at some cuspIS ZerO,then the O-th coe伍cient at the other cuspIS also zero and

henceitisacuspform･TheEisensteinseriesG2(z;P)isobviouslyin邪;(p).Then

thedi鮎renceof∑Gl(z,0,i;P)Gl(z,0,id;P)andG2(z;P)withOasitsO-thFourier

COe伍cientisin6;(p)by Corollary to Propositionl.

Let g denote the genus of the curve(H/r｡(p))*.Since the degree of the

CanOnicaldivisoris2g-2and since the number of the cusps of(H/r｡(p))*is2,
thenumberofzerosofacuspfbrmofweight2atcuspsisatmost2g(=2g-2+2)
including multiplicities.A cusp fbrmin6;(p)has the same vanishing order at

every cusp,and henceit vanishesifallthefirst g Fourier coe伍cients ofits do,In

OtherwordsthelinearindependencecanbecheckedbyexaminlngthefirstgFourier

COefficients.By a direct computation,We Obtain the fbllowlng;

Theorem.T71eCujPjbrmsobtainedabovejPan6;(p)jbrprimep<1000except

ノbrp=389,433,563,571,643,709,997.

Remark.In the above exceptlOnalcases,the cusp fbrms span a subspace of

COdimension onein6;(p)fbr p≠997,and that ofcodimension two fbr p=997.

4.Wegivethetableofbasisof6;(p)forprimep≦107,P=163andthefirst

thirtyFouriercoe伍cientsofthem･Wetreat163inantlCIPationofsomeapplications

becauseQ(J二元き)isofclassnumberone･Basisareintheform

α(∑Gl(z,0,f;ク)Gl(z,0,fd;p)+♭G2(z;p))･

Theindication of the tableis as follows;

ノー!`J: `J! り

J/h･ノん･.､JJ仙=･J･1冊んり･l･りl〃(･ん州､ハ(･り)J//′(･lトJ/‥･り川ノ=川J:

11131 5/88l -61
1
-2 -1

2 1 2
-2

0
-2 -2

1
-2

4 4
-1

-4 -2
4 0 2 2

-2 -1
0
-4 -8

5
-4

0 2
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