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I n t r o d u c t i o n

I p r o
p

o s e d th e c o n c e p t o f d ァn a m ic a l g r a p h s fらr C lin i c a l M a t h e m a ti c s E d u c a ti o n i n [ 2] , a n d d is c u s s e d

t h e i r m a t h e m a ti c a l t h e o r y i n th e c a s e o f r e d u c e d d i v i s o r s u m s i n [ 3] , a n d i n t h e c a s e o f r e v e r s e d d iffe r e n c e s

i n [ 5] ･
A n d in [8] ,

I d e t e r m i n e d t h e n u m b e r o r t h e i s o m o r p h i s m c l a s s e s o f d y n a m i c a l g r a p h s w it h v e r t e x

n u m b e r k ≦1 0 ･ T h e r e w e k n o w t h e s t r u c t u r e s o f d ym a m i c a l g r a p h s a r e r a t h e r c o m p li c a t e d e v e n i n s u c h

a s m a ll si z e c a s e .

I n t h i s n o t e , w e w ill d e s c rib e s o m e s t r u c t u r e s o r b a si c e l e m e n t a rァ d ァn a m i c a l g r a p h s
,

e s p e c i a ll y o r

a d d iti o n g r a p h s a n d m u l ti p li c a ti o n g r a p h s ･ W e u s e s o m ti m e s th e a b b r e v i a ti o n D G f o r d y n a m i c a l
g

r a p h s ･

*
･ M a t h ･ D e p t ･ o f F a c ･ o f E d ･

,
M i e U n iv e r s lt y
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§1 ･ B ri e f R e v i e w s o f F i n it e D y n a m i c a l G r a p h s

L et V b e a fi n it e s e t ･ A d y n a m i c al g r a p h a - ( V
,
E ) is a n o ri e n t e d g r a p h o n V w h o s e e v e r y v e r t e x v ∈ V

h a s o n ly o n e o u t g oi n g e d g e f r o m v
,
t h a t is

,
t h e r e i s o n ly o n e v e t e x w w it h ( v , w) ∈ E ･ A n o ri e n t ed ed g e

( v
,

w) ∈ E i s s o m eti m e s d r a w n a s
′

u - w a n d is c all ed a n a r r o w .

D e n o t e b y D ( V ) th e s et o f all d y n a m i c al
g

r a p h s o n V , w hi c h is bij e c tiv e t o t h e s et M a p( V
,
V) o f th e

m a p s of V t o i t s elf ･ T h e c o r r e s p o n d e n c e i s g l V e n a S foll o w s .

G i v e n f ∈ M a p( V
,
V) ,

t a k e t h e g r a p h E (I) - (( v , f( v)) I v ∈ V ) o f th e m a p f a s t h e s et o f e d g e s of G ,

t h e n G(f) - ( V
,
E(I)) is a d y n a m i c al g r a p h .

C o n v e r s ely , gi v e n a d y n a m i c al g r a p h a - ( V
,
E) o n V , f o r a n y v E V w e h a v e o n ly o n e v e r t e x w E V

w it h ( v
,
w ) ∈ E ･ S o le t I( v) - w ･ D e n o t i n g f b y f( a ) , w e g et t h a t G - a (f( G)) a n d f - f( G (I)) ･

T w o m a p s f ∈ M a p( V
,
V ) a n d a ∈ M a p( W , W ) a r e c all e d is o m o r p h i c , if t h e r e e x ist s a bij e c tio n p

: V -

W ( c alle d a n i s o m o r p h i s m) s a tisfy i n g t h e e q u alit y

p
o f -

9
0

P ⇔ f -

p
- 1

o
g

o
p .

T h e n w e w ri t e a s f 空 g , a n d c all t h e d y n a m i c al g r a p h s a(I) a n d G(g) a r e i s o m o r p h i c w i t h e a ch o t h e r a n d

d e n o t e d b y G (f) 空 G(g) ･

I n d e s c ribi n
t,
o

'

st r u c t u r e s e x p licit el y , t h e r e a r e s o m e c a s e s w h e r e it is i m p o r t a n t t o s p e cify l a b els of v e r t e c es
,

a n d t o d i st i n g u i sh i s o m o r p h ic D G
'

s . S o w e d e n ot e p
* f -

. p
｡ f ｡

p
~1

a n d p
* G (I) - a( p

* f) , a n d c all

ア * G (f) t h e ダ
ー t r a n Sf e r o f t h e D G a (f ) ･ T h e n w e s a y t ･h a t t h e D G G(f) o n V i s p

- t r a n sfe r ed t ･o t h e D G

･ア * G (f) o n 14 '
･ M o r e o v e r

,
if G

′

is a D S G of G
,
t ･h e n

p
* G

′
i s als o a D S G of p

* G(I ) .

If f is bij e c ti v e
,
t h e d y n a m i c al g r a p h G (f~

1
) d e fi n e d b y th e i n v e r s e m a p p i n

g r
l

is c alle d t ,h e i n v e r s e

g r a p h o f G - G (f) , a n d G is c all e d i n v e r ti bl e . W rit e G ~1
- G (f~

1
) f o r t h e in v e r s e o f G , t h e n i t c a n b e

o b t ai n e d b y r e v e r s l n
g all di r e c t ･i o n s of a r r o w s o f C

D e n o t e h y 7 ) ｢ V l t ･h e s e t･ o f al一d v n a ･n l j c a l
g

r f l ,P h s o n V
,

a n d h v 7) ′｢ V l t h e s e t o f a ll i n v e r ti hl e d v n a ･ m i c a rl
＼ / t

ノ
＼ ′

g r a p h s o n V I T h e c a r d i n ali t y of V is c all e d of si z e of G - ( V , E) , d e n o t ed b y s - s( G ) , w h i c h c o i n ci d e s

w it h t h e n u m b e r # E of ed g e s of a .

D e n o t e b y か( v) a ,n d D
′

( v ) th e s e t of is o m o r p h is m cl a s s e s o f 了)( V ) a n d D
′

( V ) r e s p e c tiv el y .

N o w w e p r e p a r e s o m e b a si c n o tio n s a b o u t D G .

L e t G - ( V . E) - G (I) b e a D G ･ A d y n a m ic al g r a p h G
'

- ( V
'

,
E

'

) i s c all ed d y n a m i c al s u b g r ap h( D S G )

of G , if V
'

c v
,
E

'

c E a n d e v e r y ed g e i n E
'

c o n sis t s of v e rt e c e s i n V
'

.

F o r a v e r t e x
,

u ∈ V
,
t h e s e t of all

'

d e s c e n d a n t s
'

o f v :

V
+
( i,) - †w ∈ V F w - f

a

( v) f o r s o m e a >
_

0)

is a D S G b y .u al l d i s c a ,lle d t h e f ut u r e of v . T hi s s u b g r a p h is t h e m i n i m al s u b g r a p h c o n t ai n i n g t h e v e rt e x

v
,
s o i t i s als o c alle d t h e s u b g r a p h g e n e r a t e d b y ru a n d is d e n o t e d b y ( v) . F o r a n y s u b s e t U ⊂ V , d e n o t e b y

( U) th e D G g e n e r a t e d b y U .

F o r a v e r t e x u ∈ V
,
t h e s et of all

-

a n c e s t e r t s
'

of 1) :

V -
( u) - ( w ∈ V 卜L

7
- f

a

( w) fo r s o m e a ≧ 0)

is c all ed t h e p a s t o f u . b u t it i s ll O t a D S G i n g e n e r al .

F o r a n i n t e g e r n ,≧0 ･ d e n o t e b y G ( ",) t h e s u b g r a p h G (flf
れ

( V ))
- (f

n

( V)) o n t ･h e I -i n v a ri a n t s u b s et f
n

( V) ,

a n d c all it t h e n - th f u t u r e g r a p h . A ls o d e n o t e G ( 1)
- G

'

,
a n d c all i t t h e d e ri v e d g r a p h o f G . T h e n w e g et

v - f
O
( v )∋f

l
( v )⊇ ･ ･ ･

∋f
h
( v) - f

h + 1
( v ) -
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初等力学 グ ラ フ の 構追

fTo r s o m e h > 0 . I n t r o d u c e t h e s e t

L:
n ( a) - f

n ~1
( v) り

n

( V ) (1 ≦n < ∞) ,
i:

% ( G) - f
h

( v ) .

A v e rt e x v ∈ I: n( G) i s c all e d o f lif e n (1f( v) - n) ,
a n d v o f life 1 is c all e d a l e af .

A D G G i s c all e d c o n n e ct ed
,
if ( v) ∩( w) ≠¢ f o r a n y v , w ∈ V ,

F o r a v e r t e x v o r a c o n n e ct e d s u b g r a p h G
I

, t h e m a x i m al c o n n e c t e d D S G I c o n t a i n i n g v o r G
'

i s c all e d t h e

c o n n e c t e d c o m p o n e n t of v o r G
′

,
d e n o t e d b y I ( v) - f ( v ; G ) o r I ( G

′

) - I ( G
′

; G ) r es p e c ti v ely . T h e n u m b e r

c
-

c( G) of c o n n e c t e d c o m p o n e n t s i n G i s c all ed c o n n e c ti v i ty of G . c - 1 m e a n s t h a t G i s c o n n e c t e d .

§1 . . 1 C y cl e s a n d i n v e r ti b l e D G

If a s u b s e t C - ( v l ,

･ . I

, V
p) of ( m u t u ally d i ff e r e n t) v e r t e c e s s a ti s h e s

f ( v
7

･) -〈
v
i + 1 (i < p)

v l (i -

p) ,

t h e n t h e s u b g r a p h ( C) is c al le d a c y cle ･ S o m eti m e s t h e s et C it s elf i s al s o c all e d c y c le . T h e n u n lb e r

p
-

p( C ) i s c alle d t h e p e r i o d of t h e c y cle C , a n d i s n o t hi n g b u t t h e s i z e o f C . F o r a rl y V e r t e X て' Of C
,

C - ( v) - V J( v) ･ D e n o t e b y C
p
t h e i s o m o r p hi s m cl a s s of a c y cl e of p e ri o d p .

L e t a b e a d y n a m ic a l g r a p h ,
t h e n e v e r

y c o n n e ct e d c o m p o n e n t c o n t ai n s o rll v o n e c y cl e ･ A c
･

y cl e C o f a

i s c alle d a li m i t c y c le of G
,
if f ( C )∋C ･ F o r a n y v e rt e x v o f a li m it c y cl e C t ･h e s e t V L(

,

t
･

,) - V I C ) -

I ( i ,) - I ( C ) is a D S G ･ A D G G is c all e d of c y c l e t y p e
,
if it s e v e r y c o n n e t e d c o m p o n e n t i s a ( ,

･

y c le . T h e

s u b g r a p h i:
℃( G ) c o n si s t s o f all li m i t c y cl e s , a n d i s o f c y cl e t y p e .

A c y cl e of p e r i o d 1 c o n si st s o f a si n g le v e rt e x . a n d i s als o c alle d a P l
･

e d p ''i n /i ( s o (1e n o t e d a s C l) . A

c o n n e c t re d D G T i s c all e d p s e u d o- t r e e
,
if t h e li m it c y cle o f T is a fi x ed p o l n t ･ I n a p s e u d o - t r e e T

,
t h e (二y Cl e

c o n sis t s o f a s i n gl e v e r t e x v ･ t h i s u n l q u e g a t e 7) is c all ed a r o ot o f T ･

T h e s u b g r a p h ( v) g e n e r a t ed b y a v e rt e x v ∈ V h a s n o b r a n c h p oi n t s o u t si d e it s li m i t c y cle . A p s e u d o
-t ′ r e e

T is c all e d li n e a r , if t h e fi x e d p o i n t i s t h e o n l v o n e b r a n c h p o i n t .

1ノ

L et t , b e a v e r t e x of a li m it c y cle C , t h e n a v e rt e x w 蛋 C is c a lle d a 9 a t e O f C t o t l

,
if w - i /

･
. F () r a

v e rt e x v o f C
,
l et W - W ( v) b e t h e s e t of g a t es t ･o v

､
t ･h a t is . a n d i t s p a s t･ t ′

′
r~(T4

/

T

) is (
･

a11 ed t h e o u t e r p a s t

of v
,

a n d i s d e n o t e d b y 0 -( v) ⊃ W ･ A n d c o n si d e r t w o n u m b e r . t h e w ?I dt h I l
l

( L
･

) - # l′t
'

(7)) - °e g,I) - 1 a n d

t ,h e w e i g ht w t( v) - # 0 ~( v) of th e v e rt e x u ∈ C .

A v e r t e x u ∈ C i s c a ll ed t h e n - t h c y cli c p a st of t,
. if f

n

( u) - rt
,

. T h e n u i s u n i q u ely d et e r m i n e d b y u a n d

n , a n d is d e n o t e d b y u - f
e n

( i,
.) .

R e m a r k . H e r e w e c h a n
g e d t h e d e fi n iti o l l Of t h e g at e i n [8] . b u t o t h e r (1 e fi n iti () n s a r e n o t u n (

･h a n g e d a r o u n d

t h e c o n c e p t of g at e s .

L e t C b e a c y cl e o f G ･ F o r a v e r t e x l
l

∈ f ( C ) , p u t

h t( L
l

) - h t c (i ,

･

) -
m i n †n ≧O I f

77

( l
･

) ∈ C ) .

a n d c all it t h e h e i g h t of t 7 W ･ r ･t ･ t h e c y cl e C ･ W ri t e t h e s et of v e r t e (
･

e s of h eig h t h a s f h ( C ) - i
-

L
t

∈

f ( C ) I h t c ( v) - h) . t h e n

h ( C )

f ( C ) エ リ f h( C ) - U f h( C ) ･ f o( C ) - C ･

h ≧ o
h - O

w h e r e h( C ) i s t h e m a x i m al h ei gh t h( C ) - m a x(h c ( i,) l i,

∈ I ( C )) i n f ( C ) . a n d f
fJ( C )

( I ( C ))
- C .
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§1 . . 2 D e g r e e s a n d S i 2: e a n d P e ri o d C h a r a ct e ri sit c

F o r a v e r t e x v ∈ V , t h e n u m b e r of a r r o w s w h o s e t a r g et i s v is c alle d t h e d e g r e e of v
,

a n d i s d e n o t ed b y

d e g( v) . T h a t is , d e g( v) i s t h e n u m b e r o f t h e p r ei m a g e o f v b y I - I( G ) :

d e g( v) - 紺~1

( v) - # ( w ∈ v l w - vi .

L et D i( a) - ( v ∈ V I °eg( v) - i) , t h e n D o
- i: 1 is t h e s et of all le a v es ･

P u t D i( G) - # D i( G) a n d ID)( G) - ( D o , D l , ･ ･ ･) - ∑i ≧ ｡
D i k i, t h e n t h e r e h old s t h e d eg r e e e q u a ti o n :

s( a) - # E - ∑v ∈v
d e g v - ∑i ≧.

D i
- ∑i ≧ 1

i D i ･

W e s a y t h a t a v e rt e x v is a b ra n c h p o i n t if d e g( v) > 1 , t h e n c y cle s h a v e n o le a v e s a n d n o b r a n ch p oi n t s ･

P r o p o sit i o n 1 T h e f oll o w i n 9 S a re e q u i v ale n t w i th e a ch o th e r .

( 1) f is bij e c ti v e , t h a t is , G i s i n v e r tible .

(2) d e g v - 1 f o r e v e r y v e r t e x v , t h a t is , ID)( a) - s( a) k l
- 1

s( G )

(3) G i s of c y cl e t y p e .

(4) P
'

( a) - S( a ) .

R e m a r k l n a n o rd i n a r y g r a p h t h e o r y , t his n o ti o n of d e g r e e is c alle d t h e i n d e 9 re e ･ T h e r e a s o n w h y w e

ch o o s e t h is d e 丘n i ti o n , t h e o u t d e g r e e o f e v e r y v e r t e x is 1( c o n s t a n t) i n o u r t h e o r y ･

I n D G t h e o r y , (2) in P r o p o sitio n 2 m e a n s t h e th e h o m o g e n eit y i n d e g r e e s , t h a t is d e g v a r e t h e s a m e f o r

a n y v e rt e c e s v ,
A D G a i s c all ed q u a si - h o m o g e n e o u s ,

if t h e d e g r e e c h a r a c t e ris ti c D( a) h a s t w o n o n z e r o

c o m p o n e n t s ･ T h e n D ( a) h a s t h e fo r m ( s( a ) - c) k o + c u d , W h e r e c d - s( a ) ･

L et a - a(I) b e a fi n it e D G , a n d c - c( G) b e t h e c o n n e cti v it y c - c( G ) . L e t ( G
l

,

･ ･ ･

, G
c

) b e t h e s et

of c o n n e c t e d c o m p o n e n t s of a , C
i
b e t h e u n i q u e c y cle b f G

i
(1 ≦i ≦c) . I n t h is sit u a ti o n

, a is w rit t e n a s a

di sj oi n t s u m G - ∪? = 1 G
i

o f all c o n n e c t ed c o m p o n e n t s , a n d I: ∞( G ) - ∪宕= 1 C
i
i s t h e s u m of all li m i t c y cl e s ･

N o w i n t r o d u c e t h e si z e ch a r a ct e r i st i c s( G ) - ( s
l

,

･
･ ･

, s
c

) a n d t h e p e r th d c h a r a c t e ri sti c IP( a ) - ( p
l

,

I ･ .

, p
c

)

of t h e d y n a m i c al g r a p h a , w h e r e s
i

- s( G
i
) a n d p

i
-

p( c
i
) . T h e n a( G ) - s

l
+

･ ･ ･

+ s
c

.

F o r c o v e n i e n c e s a k e
,

w e u s e t h e f ollo w in g n o t ati o n fo r s e t s S - ( s l ,

･
･ ･

, S c) o f c n a t u r al n u m b e r s ･ L et

n
j

- # ( s i I s i - i) ,
t h e n w rit e S - ∑

j ≧.
n
j
k

j
- Il

] ≧. j
n
j

･ T h e n w e g e t

C

∑ s
j

- ∑ n
jj , c - ∑ n

j
･

j - 1
j ≧1 j ≧1

If e v e r y G i
(1 ≦i ≦c) is is o m o r p hi c t o a g r a p h 否,

th e n w e u s e t h e a b b r e v i a ti o n c否 fo r u; = 1
G

i
. T h e n

S( c否) - cs( 否) ,
肝( c否) - CIP( 否) ,

D (c否) - c D (否) ･ M o r e o v e r
,
S( C

p) - k
p ,
IP( C

p) - k
p ,

ID)( C
p) -

p k l ･

§1 . . 3 A t t a c b i n g

G iv e n a g r a p h a - G (I) ∈ D ( V) , a v e r t e x v ∈ V , a p s e u d o - t r e e T - G (i) - ( U , F ) ∈ T w ith th e r o o t

u ∈ U , t h e n d efi n e t h e d y n a m i c al g r a p h a( h) ∈ D( V
′

) o n e t h e s e t V
′

- V u ( U ＼( u )) b y

h( w, -(i(
'

i
I( w ) ( w ∈ V)

i( w ) ( w ∈ U a n d t( w) ≠ u)

( w ∈ U a n d t( w) - u) ･

W e s a y t h a t G( h) i s o b t ai n e d fr o m a a tt a ch e d b y T a t v
, a n d d e n o t e a (h) - G v t , T . T h e n

-

4
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s( G v
t,
T) - s( G) + s( T) - 1 - s( a ) + w t( T) ,

c( G v v T) - c( a ) ,
P( G v

v
T) - P( a) .

A n y c o n n e c t e d d y n a m i c al g r a p h s c a n b e e x p r e s s e d a s a c y cle C w it h p s e u d o -t r e e s Ti a t t a c h e d a t g a t es

v i (i - 1
,

I -

, a) : G - C >
v I

T
l

･ ･ ･

V v
g
T g

･ T h e n t h e si z e o f G i s gi v e n a s

g

s( a) -

p( G ) + ∑ w t( T i) ･

i = 1

L i n e a r p s e u d o - t r e e s of w ei gh t w a r e is o m o r p hi c w it h e a c h o t h e r s
,

s o d e n o t e t h ei r is o m o r p h i s m cl a s s b y

L
w

.

A n y p s e u d o - t r e e T c a n b e e x p r e s s e d a s a li n e a r p s e u d o - t r e e L
w o

w it h li n e a r p s e u d o - t r e e s L
w i

a t t a c h ed

a t b r a n c h p oi n t s vi (i - 1
,

-

, b( T))‥ T - (( ･ ･ ･ ( L w ｡
V V

I
L

w l)
- ) v

v ♭
L

w b
･ T h e n s( T ) - 1 + ∑ぎ= .

w i .

I n p a r t i c ul a r
,
L o

- K P - C l ,
a n d a t t a c hi n g L o d o e s n o t ch a n g e a n y g r a p h : G v

L
. L .

- G f o r a n y v ∈ V .

If v i s a le af o f a li n e a r p s e u d o - t r e e T w , t h e n L w v v L w
′

- L
w + w

′

,
1 n p a rti c ul a r L

w
>

l,
L o

- L
w

･

§1 ･ ･ 4 p
- n a r y P s e u d o - t r e e

F i x (p ,
e) ( p > l

i
e > 0) ,

w e d e fi n e p
- n a r y p s e u d o - t re e s B芸i n d u cti v ely o n P a s f oll o w s ‥ A t fi r s t le t B

p

O
- L o ,

a n d p u t

BS
' 1

- L o v o p( L I V I B芸) ･

T h e n B芸is a p s e u d o - t r e e ( ,f h eigh t ･ P
, # L: 1( B芸) -

p
e
(t ･h e n u m b e r of le a v es) , a n d

e

s( Bg) - ∑ p
i

-

F2 _ il

p
e + 1

- 1
. , n ハ P

P
- 1

w t( B芸) -

p
p - 1

7
' ' )

＼
~

p
' Y

p - 1
'

D o( B芸) -

p
L'k o + 崇 k

p
･

I n f a ct , w e c a n v e rif y i n d u c ti v el y

- t( BZ
･ l
, -

p( 1 + p 崇) -

p
p
e + 1

-

1

p
- 1

Bf is a lin e a r p s e u d o - t r e e L e of w ei gh t e
,

a n d B
2
k

i s c alle d a b i n a r y p s e u d o -t r e e of h ei gh t P .

T h e m ulti pli c a tio n g r a p h M
2

2
e i s e x p r e s s e d a s L I V I Bf- l

, a n d i n g e n e r al t h e m u lti p lic a ti o n g r a p h M
p

P
e

is e x p r e s s e d a s L o v o (p - 1)( L I V I B芸- 1
) ･ It s si z e c a n b e c o m p u t e d a s

s( M
p

P

e) - 1 + w t( M
p

P

e) - 1 + ( p - 1)(1 +
Pif j

- 1) -

p
k

･

p - 1

§2 ･ R e a li z a ti o n o f D y n a m i c a l G r a p h s

F o r e x pli ci t r e ali z a ti o n s of d y n a m ic al g r a p h s
,
fi x t h e siz e k

,
a n d t a k e t h e k - sk elt o n o f N :

･ k
-(L

i ∈ " I O ≦ k k} = {0 , 1 ,
2 1 ･ ･ ･

,
k J }

‡…ゴ≡;
t e'

a s a s et o f v e rt e c e s ･ T h e n I k is a r e p r e s e n t a tiv e s y s t e m o f t h e q u o tie n t ri n g Z k( - Z/ k Z ) . I n t h i s n o t e , w e

id e n tify Ik W it h Z k a n d u s e t h e n o t a ti o n 而 fo r t h e r e sid u e cl a s s of m ∈ Z .

D e n o t e D (I k) a n d D
′

(I k) b y D k a n d D左r e s p e c ti v ely . A n d か k a n d か
'

k
b y か(I k) a n d D

′

(I k) r e s p e c ti v ely .

W e k n o w e a sily t h a t # D k
- k

k
, # D左 - k! a n d # Dと -

p(k) ,
w h e r e p(k) is t h e p a r ti ti o n n u m b e r of k . B y

【8] ,
w e k n o w t h e n u m b e r 6 k

- # D k a S foll o w s .

k 1 2 3 4 5 6 7 8 9 10

6 k 1 3 7 1 8 4 6 1 30 3 4 3 9 5 1 2 6 1 5 7 2 0 7

- 5 -
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T h u s t h e r e a r e s o m a n y d iff e r e n t n o nis o m o r p h ic D G
'

s , e v e n if t h e n u m b e r of v er t e c e s i s s m all a s 1 0 . F o r

a n e d u c ati o n al p u r p o s e
,

w e w a n t t o cl e a rif y t h e s t r u ct u r e s of D G
'

s a t l e a st w it h t h e si z e ≦ 10 0
,
t h e n w e

m u s t r es t r ct o u r s el v e s t o s m all g r o u p s of D G
'

s s u ch a s ele m e n t a r y d y n a m ic al g r a p h a s( E D G ) .

§2 . . 1 S hi 托s a n f E x t e n sio n

L et V - Z k fo r s o m e k > O a n d G - a(I) b e a D G o n V .

F o r a n y b ∈ Z , d e fi n e t h e b ij e cti o n p : V - V d e fi n e d b y p(i) - i 7 3 . If p f - f p , t h e n t h e p
- t r a n s fe r

o p e r a ti o n g i v e s a n a u t o m o r p his m of t h e D G a - a (f) ,
w h ic h w e c all t h e b - s hijt a n d d e n o t e b y T b . N o t e

7lo is t h e id e n tit y m a p p i n g . T h e n if G
′

is a D S G of G
,
t h e n Tb G

′

is a D S G of G . A n d if G
′
is a c o n n e c t e d

c o m p o n e n t o r a c y cl e of G , t h e n T b G
'

is als o a c o n n e c t e d c o m p o n e n t o r a c y cl e r e s p e cti v ely ･

F o r a n i n t e g e r b > 0
,
d e fi n e t h e i nj e cti o n p : Ik - I b k d e fi n ed b y p(i) - 戻, th e n w e d e n o t e t h e p

-t r a n s fe r

p * a o n t h e s u b s et てbi i i ∈ I k) o f Zb k b y E
C
G

,
w h ich w e c all t h e ti m e s b - e x t e n si o n o r si m p l y b - e x t e n si o n

of G .

§2 ‥ 2 E l e m e n t a r y D G

L et P ∈ Z[x] b e a p o ly n o m i al w it h i n t eg r al c o e 氏ci e n t s
,
t h e n d e fi n e a m a p p in g P k : I k - Z k aS

p k(i) - 両 ,

a n d t h e c o r r e s p o n d i n g d y n a m i c al g r a p h a ( P k) is als o d e n o t ed b y G k( P) . S u c h d y n a m ic al g r a p h s a r e c all ed

ele m e n t a r y .

N o t e t h at P k
- Q k m a y h a p p e n e v e n if P ≠ Q ∈ Z[x] ･ I n g e n e r al

,
t h e r e a r e n u m b e r s h > h

′

( > 0)
s u ch t h at ( x

h
) A

- ( x
h

′

) k ･ F o r e x a m p le , ( x
2
) 2

- ( I) 2 , ( x
3
) 3

- ( I )3 , ( x
4
) 4

- ( x
2
) 4 , ( x

5
) 5

- ( I) 5 , ( x
3
) 6

-

( I) 6 , ( x
7
) 7

- ( I) 7 , ( x
5
) 8

- ( x
3
) 8 , ( x

8
) 9

- ( x
2
) 9 , ( x

5
) 1ム - ( I) 10 .

I n t h is n o t e
,

w e w ill t r e at t h e f ollo w i n g t h r e e g r o u p s of ele m e n t a r y D G
)

s o n Ik ･ L et a b e a n i n t e g e r ･

T h e C o n s t a n t G r a p h K
k
a

St a n d s fo r G k( P) , w h er e P( I) - a ･ K
k

a

is a p s e u d o -t r e e of h ei gh t 1
,

a is t h e

r o o t o f d e g r e e k
,

a n d S( K T) - k k ,
P( K l

a

) - k l , D( K
k

a

) - ( k - 1) k o + k k ･

T h e A d diti o n G r a p h A a

k S t a n d s f o r G k( P) ,
w h e r e P( I) - I + a ･ O b v i o u sly ,

A芸
+ k

- A芸 a n d t h e m a p p i n g

P k is b ij e cti v e
,

s o A芸is of c y cl e t y p e ･ I n p a r tic ul a r
,
S( A去) - IP( A去) - k k ,

D ( A去) - k k l ･ I n p a rti c u l a r
,

S( K
I
O
) - p( K

I
O
) - ID)( K

I
O
) - l

l
- k l .

T h e M ulti pli c a ti o n G r a p h M
k

a

St a n d s fo r G k( P) , w h er e P( I) - a x ･ O b v io u sl y ,
M

k

a + k
- M

k
a

a n d t h e

m a p p l n g P k is n o t b ij e c ti v e i n g e n e r al ･ M
k

a

is o f c y cl e t y p e
,
if a n d o n ly if a a n d k a r e c o p r l m e

,
t h a t is

,

( a , k) - 1 .

A
O
k

- M k
l

- k K P is t h e id e n tit y g r a p h w .r .t . t h e p oi n t w is e p r o d u ct in D k .

§3 . F a c t s f r o m E l e m e n t a r y N u m b e r T h e o r y

I n t h i s s e c ti o n
, w e s u m m a ri z e t h e f a c t s fr o m el e m e n t a r y n u m b e r t h e o r y w hic h w ill b e u s e d b el o w . F o r

r ef e r e n c e s , s e e [1] o r [1 0] fo r e x a m pl e .

§3 ‥ 1 T h e G r o u p o f R e d u c e d R e sid u e C l a s s e s

F o r a n i n t e g e r k > 0 , d e n o t e t h e ri n g of r e sid u e cl a s s e s m o d ul o k b y 芝/ k Z . F o r a n ele m e n t I ∈ A/k Z
,

d e fi n e t h e o rd e r o k( x) o f x a s t h e m i ni m al p o siti v e i n t eg e r n s u c h t h at n x ≡ 0 ( m o d k) ,
t h at is

,
而烹 - 0 .

- 6
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( H e r e
,
t h e s a m e st at e m e n t h o ld s

,
e v e n if こr is a n i n t e g e r . S o w e s o m e ti m e s u s e t h e n o t ati o n x f o r 雷i n t h e s e t

Z/ k 芝 o f c o n g r u e n c e cl a s s e s m o d u lo k ･) I t i s w ellk n o w n t h a t o k( I) - k/ d , w h e r e d is t h e g r e a t es t c o m m o n

d i v i s o r d - ( I , k) o f x a n d k
, a n d (i x E O ≦i < k) - (i x I O ≦i < k/ d) . I n p a rti c u l a r , if ( x

,
k) - 1

,
t h e n

(i x l O ≦i < k) - Z k . T h e a d di ti v e s u b g r o u p ( I) g e n e r at e d b y I c o n cid e s w i t h t h e s e t (i
-
I l O ≦ < k/ d) ･

I n t his n o t e
,

w e w ill u s e t h e n o t a tio n K k f o r t h e s et ( 雷 H x , k) - 1
, 0 < I < k) . K k i s a m ulti p lic a tiv e

g r o u p ,
u s u all y d e n o t e d b y ( Z/ k Z)

X

a n d c all e d t h e g r o u p of r e d u c e d r e sid u e cl a ss e s m o d u l o k . T h e s et K k

i s als o o b t ai n e d a s t h e s e t of u n it s(i n v e rti bl e ele m e n t s) o f t h e ri n g 2Z/ k 21 . F o r a n ele m e n t a ∈ K k ,
d e fi n e t h e

m ulti p li c a ti v e o rd e r o k( a) of a a s t h e m i n i m al p o siti v e i n t e g e r n s u c h t h a t a
n

I 1 ( m o d k) . I n o t h e r w o r d s
,

o k( a) - #( a) a s m u lti p lic a ti v e s u b g r o u p s . If K k
- ( a) ,

t h e n a is a g e n e r a t o r a n d is c alle d a p r i m iti v e r o o t

m od u lo k .

D e fi n e t h e E ul e r
'

s f u n c ti o n p(k) b y p(k) - # K k . B y L a g r a n g e
'

s t h e o r e m
,

o k( a) is a d i v i s o r of p(k) .

T h e n

T h e o r e m 1 ( 1) L e t p b e a p ri m e n u m b e r
,

th e n p(p) -

p - 1 a n d p(p
n

) -

p
n - 1

( p - 1) . I n p a rti c u la r
,

p(2
n

) - 2
n ~1

(2) L et p b e a n od d p ri m e
,
t h e n ( Z/ p

e

Z)
×

竺 Z
p

e - 1( p - 1 )
空 Z

p
e - 1 0 Z

p - 1 ･ H e r e c o n si d e r a m u lti p li c a ti o n

g r o u p O n th e lejt h a n d si d e , a n d a n a d d iti v e g r o u p O n th e ri g h t h a n d si d e .

(3) ( Z/ 2
e Z

z)
×

竺i
Z 2 e- 1 ( e - 1

,
2)

2:2 0 Z 2 e - 2 ( e ≧3)

(4) If (k
,
n) - 1

,
t h e n p( k) p( n) -

p( k n) .

(5) ( E ul e r
'

s T h e o r e m) If ( a
,
n) - 1 ( t h a t i s , 百 ∈( Z / n Z)

×) , t h e n a
P ( n )

≡ 1 ( m o d n) .

(6) ( C h i n e s e R e m ai n d e r T h e o r e m ) A s s u m e ( m
,
n) - 1 . T h e n

(i) Z/ m Z o 2V n 2: 空 Z / m n Z
, a ① b - a b .

( ii) ( Z/ m Z)
×

×( Z/ n Z)
×

竺 ( Z/rT m Z)
×

.

( 7) L e t k -

p㌣
･

p昌
2

-

p 語 b e th e p ri m e f a ct o ri z ati o n of k
,
t h e n

( Z/ k Z)
×

竺( Z/ p;
1 Z)

×

×( Z/ p昌
2 2:)

×

× ･ . ･ ×( Z/ pL
m Z)

×

,

a n d s o

p(k) -

,
@ 1

P( p
,

F 31
, -

,
9 1

P
,

r
l

(p j - 1) -

雛( 1 一三) - k

,
@ 1
( 1 一三) ･

R e m a rk . Z / p
- 1 Z i s d e c o m p o s e d a c c o r di n g t o t h e p ri m e f a c t o ri z at i o n of p - 1

,
w h e r e o t h e r p ri m e f a ct o r s

q
'

s o r f a c t o r s of q - 1 m a y o c c u r . I n p a r ti c u l a r
,
if t h e r e a r e t w o o d d p ri m e s

,
t h e n t h e f a c t o r 2 a c t u all y

o c c u r s i n d iff e r e n t q
- 1

'

s .

H e n c e b y T h e o r e m 1 (6 1i) , ( A/ k 21)
×

c a n b e w rit t e n a s ( Z / p
e 1 2:) o

- ①( Z/ p
e

x Z) 令( Z/ q
f l Z) ㊨

･ ･ ･ ㊤

( z/ q
f y z) o ･ -

･ T h e n , t h e n u m b e r p
e

q
f -

,
w h e r e e - m a x( e l ,

…
,
e

T) , f - m a x(f l ,
…

, f y) ,

･ ･ ･ is t h e

m a x i m al o rd e r o k( a) o f ele m e n t s a E ( Z/ k Z)
X

,
a n d t h e r e a r e el e m e n t s w it h t h e m a x i m al o r d e r

,
w h ic h w ill

b e d e n ot e b y m o b i n t his n o t e . M o r e o v e r
,
t h e r e e x is t el e m e n t s w it h o r d e r s w hi c h a r e f a ct o r s of m o b .

I n p a rti c ul a r , a s s u m e t h a t k -

p i s o d d p ri m e . T h e n
,
t h r e r e a r e p( p - 1) g e n e r a t o r s b of t h e m u lti p lic a ti o n

g r o u p ( Z/ p Z)
×

,
a n d a n y ele m e n t a ∈( Z/ p Z)

×
c a n b e u n i q u ely e x p r e s s e d a s a - b t

(0 ≦i < p - 1) .

F o r t - 0
,

a
- b

O
- 1 a n d o( a) - 1

,
a n d s o M

p

l 空
p C l ･ L e t t > 0 ･ If d - ( i

, p - 1) ,
t h e n o

p( a) - (p - 1)/ d

a n d M
p

a
竺 C I U d C

( p - 1)/ d ･ I n p a r ti c ul a r
,
if t a n d p - 1 -

p( p) is c o p ri m e
,
t h e n a is al s o a g e n e r a t o r

,

o( a) -

p - 1 a n d ( a) - ( Z/ p Z)
X

･

- 7 -
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§3 ‥ 2 Q u a d r a ti c R e si d u e s

L e t n ∈ N a n d a ∈ Z , W e c all a a q u a d r ati c r e sid u e m od u lo n , if t h e e q u a ti o n x
2

≡ a ( m o d n) h a s a

s ol u tio n . A n d c all a is a q u a d r a ti c n o n - r e si d u e m o d u lo n , if t h e e q u a tio n x
2

≡ a ( m o d n) h a s n o s o l u ti o n s ･

T h e o r e m 2 a i s a q u a d r a ti c re si d u e m o d u l o n , if a n d o n ly if th e f oll o w i n g t w o c o n diti o n s a r e s ati sji ed ･

(1) a i s a q u a d r a ti c r e sid u e m od u l o p f o r a n y od d p ri m e f a ct o r s p of n .

(2) a ≡ 1 ( m o d 4)i n t h e c a s e w h e r ℃ n -

- 0 ( m o d 4) , a n d a ≡ 1 ( m o d 8) i n th e c a s e w h e re n ≡ 0

( m o d 8) .

I n t r o d u c e t h e L e9 e n d r e s y m b ol fo r a n o d d p ri m e p a n d a n i n t eg er a w it h p X a
,
d e fi n e d b y

(言) -(l l

th e n t h e fbll o w l n g t h e o r e m h old s .

T h e o r e m 3 ( 1) If a = b ( m o d p) ,
th e n

･2,(;)(i) -(i) .

(3) ( E tlle r
'

c rit e rio n) 十‥

a is a q u a d r a ti c r e sid u e m o d ul o p

a is a q u a d r a ti c n o n r e sid u e m o d u lo p

(;) -(i) ･

= a
( p - 1)/ 2

( m o d p) .

(4) (l a w o f q u a d r at ic r e ci p r o cit y)(i)(i) - (
- 1)( p~l)( q- 1)/ 2

f o r o d d p ri m e s p , q(p ≠q) .

(5) (fi r st a n d s e c o n d c o m p le m e n t a r y l a w s)

(チ) - ( - 1,' p- 1'' 2
, (言) - ( -

1, ( p
2

- 1)/ 8

f o r a n o d d p ri m e p .

§4 ･ A d d iti o n G r a p h A芸

I n th is s e c ti o n
,

w e c o n sid e r a d diti o n g r a p h s A芸･ T h e y a r e of c y cl e t y p e
,

a n d t h e in v er s e g r a p h ( A芸)
~ 1

of

A芸is n o t hi n
g b u t A

k

k - a

･ A s f o r i s o m o r p h is m cl as s e s , it is n e c e s s a r
y t o c o n sid e r A芸 w ith a (1 ≦a ≦

si n c e A芸
+ k

- A芸a n d A O
k

- k K P . M o r e p r e cis ely ,

[i]) ,

T h e o r e m 4 L e t k > 0 ･ F o r a n y a (0 ≦a < k) ,
A芸i s of c y c le ty p e

, a n d S( A完) - IP( A a

k) a n d ID)( A芸) - 1
k

-

k k l ･ I n p a rti c u la r , th e r e a re n o l e a v e s : i:1( A芸) - 0 ･

(1) If ( a , k) - 1
,
t h e n A芸i s a c y cle of p e ri o d k ･ A貰竺 C k ,

『( A芸) - k k ･

(2) If ( a
,
k) - d > 1 , th e n A芸 エ リf =

-

.

1
T i( E d( A芸′)) 竺 d E d( A貰′) 竺 d C d ′

, W h e r e k
′

- k/ d ･ IP( A芸) - d k k
′

･

T h e r,e a r e di s ti n ct 6 n o n -i s o m o r p hi c D G
'

s a m o n g a d diti o n D G
'

s A芸, w h e re 6 - 6( k) is th e n u m b e r of

d i vis o r s of k .

(3) D y n a m i c al g ra p h s a w it h h o m og e n e o u s P e ri o di c c h a rt a c t e ri sti c , t h a t i s P( G) - c u p f o r s o m e c
, p > 0

,

c a n b e r e ali z ed a s a n a d di ti o n D G
, f o r e x a m p le ,

IP( A…
p
) - c k

p
･

P r o of ･ ( 1) B y el e m e n t a r y n u m b e r t h e o r y , # ( 詣l O ≦i < k) - k ･

(2) Si n c e ( a
,
k

′

) - 1
,

A a

k ′ is a c y cle o f p eri o d k
′

,
b y ( 1) ･ It s d - e x t e n sio n G

′
- E d( A芸′) i s a D S G of

A芸･ F o r a n y b ∈ Z
,
t h e b - s hift T b( G

′

) is als o a c y cl e a n d D S G of A a

k
･ T h e n w e c a n c h e c k e a sily t h at

- 8
-
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T b( G
′

) - T b ′( G
′

) if a n d o n l y if b ≡ b
′

( m o d d) ･ H e n c e T b( G
′

) ( 0 ≦b < d) a r e m u t u all y d isj oi n t . T h u s w e

g e t A芸 エ リf =

-
.

1
T i( E d( A芸′)) 空 d C k ′ .

E x a m p le ･ k - 1 2
,

a - 8 , d - ( a , k) - 4
, d

′
- k/ d - 3 .

0 → 2

A S ′
- AS' - A書) ‥

1

T / , A苧2
- ∪? - O

Ti' E 4( A喜)) ‥

0 --一十 8

E 4' AS' :

4

T /

T 2( E 4( A§)) ‥

2 ----一十 1 0

6

T /

T 1( E 4( A…)) ‥

T 3( E 4( A喜)) :

1
ー 9

5

T /

3 ----一ー
1 1

7

T /

q ed .

§5 ･ M u lti p li c a ti o n G r a p h M
k
a

F i x a n i n t e g e r k > 0 ･ I n t h is s e c ti o n , w e c o n sid e r m u lti p i c a ti o n g r a p h s M
k

a

･ T h e y a r e n o t of c y cle t y p e i n

g e n e r al
,
b u t t h e y h a v e r a t h e r si m p l e st r u c t u r e s ･ F o r e x a m p l e

, (0) is a c y cl e of p e ri o d 1
,

a n d t h e c o n n e ct e d

c o m p o n e n t I (0) is eit h e r a c y cle o r a p s e u d o -t r e e . R e m e m b e r t h a t t h e s et I: 刀( G) i s t h e s u b g r a p h c () n sis ti n g

of all 1i m it J C y cl e s f o r a n y D G G ･ D e n o t e b y C ( G) - I: 00 ( G ) th is D G of c y cl e t y p e . M ai n r e s u lt L is t h a t it ･

i s s u 丘ici e n t. t o st u d y t h e s t r u c t u r es o f t h e p s e u d o - t r e e T a n d a ( M k
a

) . I n f a c t ,

T h e o r e m 5 L e t k > 0 b e a n i n t eg e r .

( 1) M
k

a
- M

k

a ' k
, f o r a n y i n t e

.g e r a .

(2) If ( a
,
k) - 1

,
th e n M

k

a

is of c y cl e t y p e ･ S( M
k
a

) - IP( M
k
a

) ,
D( M

k
a

) - k k l ･

I n t h e f o ll o w i n g ,
a s s u m e th a t( a

,
k) - d > 1 ･ P u t k

'
- k/ d .

(3) M
k? i s n o t of c y cl e ty p e

,

～

a n d th e th e c o n n e ct ed c o m p o n e n 灯(0) i s a p s e u d o - t re e T of a p o s iti v e h e ig h t

h ･ M k
a

i s i s o m o r p h i c t o a - C ( M
k

a

) a tt a ch e d a t all v e rt e c e s b y T :

M
k

a
竺 6 ( M

k

a

) >
v ∈e

T ･

I n p a rti c ul a r
,
th e w i dt h a n d w eig h t of all v e rt e c e s v of C a r e g i v e n a s

w ( v) - w (0) - d - 1
,

w t( v) - w t(0) .

(4) F o r e v e ry v e rt e x c ∈ 6 , th e o u t e r p a s t 0 -( v) i s o bt a i n ed f r o m T a s

O -( v) - ( w + f
* n

( v) I w ∈ T
,

n - h t( w)) ,

w h e γ℃ r
n

( v) i s th e n - th c y cli c p a s t of v .

(5) T h e d e 9 柁 e β Of all v e rt e c e s v 蛋i: 1( M
k
a

) a r e t h e s a m e : °e g(0) - d . M o r e o v e r
,
D d

- k
′

･

(6) T h e s et i: 1( M k
a

) of all le a v e s is ( w ∈ I k l a X w ) ,
a n d s o i t s c a rdi n alit y i s k - k

′

･ H e n c e I)( M
k?.) -

( k - k
′

) k o + k
′

k d .

P r o of ･ (1) a n d (2) is o b v i o u s ･ (4) i m p lie s i m ed ia t ely (3) ･ ( 3) Si n c e n - h t( w) , f
n

( w ) - a
n

w I 0 ( m o d k)
a n d v - f

n

( r
n

( v)) - a
n

r
n

( v) ,
t h e r e r fo r f

n

( w + ′
水 n

( v)) - a
n

( w + J
* n

( v)) ≡ 0 + て, - i, ( m o d k) . S i n c e

f( w) ∈ T a n d h t(I( w)) - n
-

1 , w + f
* n

( 1,) - I( w ) + J
*( n l l)( v) ∈ o ~( v) .

- 9 -
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(5) i m pli e s ( 6) . (5) v - 0 ⇔ a v ≡ 0 ( m o d k) ⇔ d v ≡ 0 ( m o d k) ,
si n c e a - a

′

d
, ( a

′

,
k) - 1 ･ P u t

k
′

- k/ a . F o r e v e r y i(0 ≦i < d - 1) ,
0 ≦i k

′

< k a n d i k
′

- ㌫蔚 - 訂扇面 - 訂請 - o ･ H e n c e d e g(0) ≧d ･

T a k e a v e rt e x v w i t h d e g( v) > 0 . T h e n t h e r e e x is t s a v e rt e x w s u ch t h a t w - v ･ S o w + w
'

- v fo r a n y

w

′
- 0 ,

h e n c e d e g v ≧d .

o n t h e o t h e r h a n d
, †v ∈ I k L °e g( v) > 1) ⊃ ( & E O ≦i < k

′

) - 挿 l O ≦i < k
'

) I Si n c e d k
′

- k ,

# l v ∈ I k I °e g( v) > 1) - k
′

a n d d e g(0) - d ･ q e d ･

N o w w e w ill s h o w t h e s p e ci al c a s e s o f M D G .

p r o p o siti o n 2 ( 1) M k
k

- M
k
O

- K
k
O

: c o n st a n t G r a p h ･

p s e u o - t r e e of h ei9 h t l . P - k l , D - (k - 1) k o + k k

( 2) T w o s p e ci al c a s e s of c y cli c ty p e :

( 2 1 1) M
k
l

- k K
I
O 空 k C l :C o C I C2

･2 - 2) M
k

k- 1
‥Co

k

T
_

1

i k

T
_

2

1
2

M 吉1 1
竺∫

c l U ㌔土c 2

2 C I U(i - 1) c 2

T
i

1
.

k -

i

肝( M
k

k - 1

) -i

Co -

I

;:
k - 1

『 = 1
人.

( k : e v e n)

k l +
旦去k 2 (k : o d d)

2 k l +(喜一 1) k 2 (k : e t･ e n)

(3) L e t k - c
n

･

( 3 - 1) If c - a , th e n d - a
,
k

′
- a

n - 1

,
M

a

a

n
i s a p s e u d o

- t re e of h ei 9 ht n ,
a n d M

a

a

n
竺 L o V o ( a - 1)( L I V I

B
a

n - 1
) . D( M

a? n) - a
n - 1

( a
- 1) k o + a

n - 1 k
a

･

i:i( M
a? n) -i

(i ∈ Z
a

n l a d-
1
li ,

a j Xi) (1 ≦j ≦ n)

( 0) (i - ∞)

(3 -2) If cl a
,

th a t is a - b c f o r s o m e b > 0
,

th e n M
e

a

n
i s a p s e u o d o - t r e e w h o s e h e ig h t is a t m o st n ･

M o rle O V e r , if (b , c) - 1 , t h e n M
c

a

n
竺 M

c

c

n
･

( 4) F o r a n y a ∈ Z
k

X

, M
k

a

i s of c y cle t y p e ･ T h e c o n n e c t e d c o m p o n e n t I (1 ; M
k

a

) i s n o thi n g b ut th e s u bg r o u p

( a) . It s p e ri od i s th e o rd e r of a a n d i s a di vi s o r of p(k) .

M o re o v e r If k i s p ri m e
,

t h e n Z
p

x
- Z ＼( 0) a n d p( p) -

p
- 1 ･ T h e c o s et d e c o m p o siti o n b y ( a) gi v e s a

c o n n e ct e d c o m p o n e n t d e c o m p o siti o n of th e M D G M
p

a
.

(5) If a ∈ Z
k

X

,
th e n t h e r e e xi s t s b ∈ Z

k

X

s u c h th a t a b ≡ 1 ( m o d k) ,
a n d ( M

k

a

)-
1

- M
k

b
･

(6) If 7 (1; M
k
a

) - V +
( 1) ,

t h e n it i s a c y cle a n d a ∈ 2:
k

X

･ A n d 7 (1 ; M
k
a

) - ( a) i s a s u b g ro u p of Z
k

X

･ T h e

p e r i o d of th is c y cle is t h e o r d e r of a

.
,

a n d a d i vis o r of p( k) - l Z
k

X

E ･

p r o of . ( 3 - 2) a
n

y ≡ 0 ( m o d c
e
) fo r a n y v ∈ I k ･

A s s u m e (b
,
c) - 1 . C o n si d e r t h e r e d u c tio n s c h e m e :

M
c

a

n
- ⇒ M

c? n - 1
- ⇒

- - ⇒ M
c

a

2
- ⇒ M

c

a
- M

c

O
- K

c

O

- 1 0 -
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M
c

a

, is o b t ai n e d fr o m E
c( M

c

O
) b y a tt a c hi n g K

c

O
a t e a ch le a v es of E c( M

c?) . I n f a c t
,(b

,
c) - 1

,
h e n c e b ∈ 2:

c

X

a n d t h e r e e x i st i n t e g e r s I
, y s u c h t h a t x b + y c - 1 ･ T h e n i n t r o d u c e t h e n u m b e r w (0 < w < c) b y w ≡ x v

( m o d c) ･ F o r e v e r y l e af c v (1 ≦ v < c) o f E c( M
c

O
) , t a k e v e r t e c e s ( w + ci I O ≦i < c) ,

t h e n

w + ci - a( w + ci) ≡ b c( x v + ci) - c v b x + ( cb) ci - c v( 1 -

y c) + c

2
bi

-
c v + c

2
(bi - y v) ≡ c v ( m o d c

2

) ,

a n d t h e n u m b e r o f t h e s e n e w v e r t e c e s is ( c - 1) c - c
2
I C , S O n O O t h e r v e r t e c e s r e m ai n i n M

c

a

2 1

B y i n d u c ti o n o n n
,

w e w ill sh o w M
c

c

n
空 L o v o ( c

-

1)( L I V I B
e

n - 1
) ･ As s u m e M

e

a

n - 1
空 L o v o ( c - 1)( L I V I

B
c

n ~2
) ･ As fo r t h e c a s e n - 2

,
i:1( E

c( M
e

a

n _ 1)) - ( c v l 1 ≦ v < c†. C o n si d e r t h e s e t ( w + c i I O ≦i < c) ,

w h e r e w (0 < w < c) is d efi n e d b y w … x v ( m o d c) ,
t h e n c( w + ci) ≡ c v ( m o d c

2
) . H o w e v e r , c ≦ c v < c

2
,

h e n c e c u d et e ri m i n e d als o a s m o d u l o c
n

･

q e d ･

E x a m pl e s f o r (3 1 2) ･ (1) M 1
6
6 ,

C - 2
,
n - 4

,
a - 6 ,( c

n

, a) - c . D( M 1
6
6) - 8 k . + 8 k 2 , i:1 - D o -

( v l ( v , 2) - 1) ,
i:2 - ( v l 2l v

,
4 X v) ,

i:3 - ( v F 4l v
,
8 X v) ,

i: 4
- ( v l 8f v , 1 6 X v) - ( 8) , i: 00

- ( 0) .

0 ー 8
/

4

＼

{:;4;
5

?3

/
3

I1 2
イ ト ~ 2

＼1 ｡ .｣
1

＼
1 5

( 2) M
3
1
6
2

,
c - 6

,
n - 2

,
a - 1 2 ,( c

n

, a) - a - 2 c ･ D( M 3
1
6
2
) - 3 3 k . + 3 k 1 2 ,

i:1 - D ｡
- I3 6＼£ ∞ , L ∞

- (0) ,

D 1 2
- (0

,
1 2

,
2 4) ･

W (0) - (3 v I l ≦ v < 12) ⊂ E 3( M I
O
2) , 0 -(1 2) - ( 3 v + 1 l O ≦v < 1 2) - 1 + E 3( M

I
O
2) , 0 ~( 2 4) -

( 3 v + 2 l O ≦ v < 1 2) - 2 + E 3( M I
O
2) .

R e m a r k l ･ B y T h e o r e m 5 (6) , if (k , a) - (k ,
b) ,

t h e n t h e d e g r e e ch a r a ct e ri sic c o in cid e : D( M
k
a

) - D( M
k
b
) ,

b u t t h e y a r e n o t n e c e ss a rily is o m o r p h ic w i t h e a ch o t h e r ･ F o r e x a m p le ,
M

1
9
2 # M

1
3
2 , Si n c e IP( M

1
3
2) -

2 k l + k 2 ,
P( M

1
9
2) - 4 k

l
.

･
1
3
2

:C o(: C 6(;.

･
1

9

2
:C o( 8; C 3(;1

＼ /
=

/

3
-

9

＼

C6(;.

R e m a r k 2 ･ It is v e r y d i 缶c u lt p r o b le m t h a t t o d et e r m i n e t h e o r d e r o k( a) e x p licit ely . F o r e x a m p l e , i t i s

n o t y et k n o w n w h et h e r fo r in fi n it e n u m b er of p ri m e s p ,
t h e n u m b e r 2 i s a a

.

e n e r a t o r o f ( Z/ F
e

z)
X

f o r s o m e

- l l -
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e > 0 . T his is a p a rti al f o r m o f A rti n
'

s c o nj e ct u r e o n p ri m iti v e r o o t s ･

R e m a r k 3 ･ If a is a g e n e r a t o r of t h e g r o u p ( Z/ k Z)
X

of r ed u c e d r e sid u e cl a s s e s m o d u lo k , t h is g r o u p is a

c y cle of p e rio d p(k) .

R e m a rk 4 1 L e t k -

p b e p ri m e ･ T h e n IP( M
p

a

) - k o + k p - 1 is e q ui v ale n t w it h t h a t a is a g e n er a t o r of

( Z/ p Z)
x

･

R e m a rk 5 ･ L et k -

p
e

( e > 0) b e a p o w e r of a p ri m e p ･ T h e n t h e g r o u p ( Z /k Z)
×

is g e n e r a t ed b y a si n gl e

ele m e n t .

R e m a rk 6 ･ If k is n o t p ri m e , t h e n t h e s e t s (0) a n d ( Z/ k Z)
× d o e s n o t c o v e r t h e w h ol e Z/ k Z ･

If a ∈( Z/ k Z)
×

,
t h e n t h e s u b g r o u p ( a) of ( Z/ k Z)

× is a c y cle of M
k
a

,
a n d ( Z/ k Z)

× is a s u m of c y cl e s

of p e rio d o k( a) ･ ( Z/ k Z)＼( Z/ k Z)
× is als o a s u m of c y cle s

,
b u t it is d ifE c u lt i n g e n e r al t o d e t e r m in e t h eir

p e ri o d s ･ T h e p e ri o d ic st r u c t u r e c a n b e d e t e c t e d t h r o u gh r e d u cti o n s M
k
a

i M
k

a

/ a
f o r all d i vis o r s d of k ･

If a ≠( Z/ k 2:)
×

,
t h e n t h e c o n n e ct e d c o m p o n e n t F (0 ; M

k
a

) is a p s e u d o -t r e e ･ T h e p e rio di c s t r u c t u r e c a n

b e d et e c t e d t h r o u g h a r e d u c tio n M
k
a

⇒ M
k

a

/ a ,
W h e r e d - ( a

,
k) ･

R e m a rk 7 ･ A s s u m e t h a t t h e r e a r e 2 c y cl e s C
′

a n d C
′′
i n M

k
a

･ P u t s -
p( C

′

) a n d i -
p( C

′′

) ,
th e n 荊 - 否

a n d a
t
w - 面 fo r a n y v ∈ C

′

a n d w ∈ C
′′

. T h e n 吉元巧 - 面 a n d a
n e

w - 面 f o r a n y p o sitiv e i n t e g e r n .

T h e r e fo r e 0 +
( 訂 両 ) b e c o m e s a c y cl e w h o s e p e rio d is t h e l e a st c o m m o n m u lti pl e o f s a n d i . D e n o t e t hi s

c y cle b y C
′

①
( v

,
w )

C
′′

,
a n d c all it th e a m alg a m a ti o n of C

′

a n d C
′′

a t ( v
,
w ) ･ N o t e t h a t C

′

㊤( v
,

･

u ,) C
′′

m a y

n o t b e id e n ti c al w it h C
′

e
( I ,

′

p ) C
′′

fo r di ff e r e n t p airs ( v
,
w ) n a d ( v

′

,
w

′

) ･

F o r e x a m p l e
,

c o n sid e r M
1
2
5 ,

a n d t h e r ed u c ti o n s c h e m e

M
1
2
5

= ⇒ M
5

2

.

↓ ↓

M
3
2

- ⇒ M
1
2

- M
I
O

- c l

M 1
2
5 i s of c y cl e t y p e . I (0) c o m e s fr o m M 1

2
a s E 15( M

1

2
) ･ f ( 3) c o m e s f r o m M 5

2
a s E 3( I ( 1; M 5

2
)) a n d F ( 5)

c o m e s fr o m M 3
2

a s E 5( I (1 ; M 3
2
)) ･ A n d o t h e r c y cle s a r e o b t ain ed b y a m alg a m a ti o n : 7 (1) - 7 (3) o ( 3

,
5) f ( 5)

a n d F ( ll) - I ( 3) ㊨(3
,
1 0) 7 ( 5) ･

3 ー 6
▲

▼

9 ｣ ト ー 1 2

7 ー 1 4
▲

▼

1 1 ー - 13

†1
10

R e m a r* 8 ･ F o r g e n e r al k > 1 , t h e p s e u d o -t r e e st r u ct u r e of t h e c o n n e c t ed c o m p o n e n t 7 ( 0; M k
a

) a n d

p e ri o d ic s t r u c t u r e s of M
k? c a n b e d et e c t ed t h r o u g h t h e r ed u c ti o n s c h e m e

M
k

a

i M
k

a

/ a
S ･ ･ ･ i M

k

a

l

S M
k

a

l/ d l
i

･ ･
･ S M

k

a

e

w h e r e d - ( k , a) ,
m - m a x( n > O f d n

Jk) ,
k l

- k/ d m

,
d l

- ( k l ,
a) ,

m l
- m a x( n > O I d引k l) , k 2

- k l/ d㍗
1

,

-

,
k e

- k e- 1/ d
e

n

l
e

l
l l

, ( ke ,
a) - 1 ･ T h e p s e u d o -t r e e st r u c t u r e of f (0; M

k
a

) is t h e s a m e a s F (0 ; M
k

a

/ k e
) ･ T h e

r ed u c tio n s ch e m e is p a r allel t o t h e a b o v e :

M k? / k e

i M
k

a

/ b e d
S ･ ･ ･ i M k? 1/ k e

i M k
a

l/ k e d l
i ･ ･ ･ i M

l

a
- M

1

0

a n d t h e p e ri o d i c s t r u ct u r e M k
a

is s a m e a s M k
a

e

･
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E x a m p le ･ k - 4 2 0 , a
- 6 , d - (k , a) - 6 , k l - 70

,
d l - ( k l , a) - 2

,
k 2 - 3 5 , e - 2

,
d/ d e - 1 2 .

M 4

6

2 0 S M 7
6
o s M 3

6
5 , M 1

6
2 S M 2

6
s M 1

6
- M I

O

7 (0 ; M 4
6
2 .) : ･

1
6
2

:C og 8

Z

.

6g享1

T h e p e ri o di c st r u ct u r e s o f 嶋 c a n b e d e t e c t ed t h r o u g h t h e r ed u ct io n s ch e m e ‥

M
3
6
5

= ⇒ M
5

6
- M

5

1

≠ ≠

M
7
6

- ⇒ M
1
6

- M
I
O

- c I

F iv e C l
'

s a ris e a s E 7( M 5
6
) I O n e C l

- I (0; M 3
6
5) c o m e s als o a s E 7( F (0 ; M 5

6
)) - E 5( I (0; M 7

6
)) . T h r e e C 2

'

s

a ris e a s E 5( M 7
6
＼( o)) ･ o t h er 1 2 C 2

'

s a r e o b t ain ed b y a m alg a m a ti o n o f C 2 a n d C l b e sid e s ( 0) . S e e §7 . . 5

i n d et ail .

I n t ･h e fo ll o w i n g , w e w ill c o n sid e r p s e u d o - t r e e st r u c t u r e s o f t h e c o n n e c t e d c o m p o n e n t s F (0) a n d p e ri o d ic

st r u c t u r e s i n t h e i n d i v id u al c a s e s .

§5 . . 1 C a s e o f k -

p : p ri m e

L et･ k -

p b e a p ri m e n u m b er ･ M
p

O
is t h e c o n s t a n t g r a p h K

p

O
空 B去( p

-

n a r y p s e u d o - t r e e of h eig h t 1) I F o r

a ∈( Z / p Z)
×

, M
p

a

is o f c y cle t y p e ･ F r o m t h e r e m a r k aft e r T h e o r e m 1
,

･
p

a
竺! p

c

K

f
o

l

u tc s

( α - 0)

( α - 1)

( a > 1
,
s - o

p( a) ,
i - ( p - 1)/ a)

T h e v alu es of s( a) m a y r u n t h r o u g h t th e s e t of all d i v is o r s o f p - 1 -

p( p) - ∫( Z/ p Z)
×

ト H e n c e t h e n u m b e r

m ( p) of th e is o m o r p h is m cl a s s es a m o n g M
p

a

is 1 + 6(p
- 1) , w h e r e 6(p - 1) is t h e n u m b e r of d i v is o r s o f p

- l l

I n p a rti c u l a r , if t a n d p l l -

p( p) is c o p ri m e
,
t h e n a is als o a g e n e r a t o r , o( a) -

p - 1 a n d ( a) - ( Z/ p Z)
×

.

H e r e w e li st di v is o r s s of p - 1 a n d m ( p) fo r p ri m e n u m b e r s p ≦1 31 . F o r a n y s i n t h e c ol u m n of p ,
t h e r e

e x is t s a n i n t e g e r a ∈( Z/ p Z)
×

w ith o
p( a) - s ･ T h e n ( a) is a s u b g r o u p of ( Z/ p Z)

×
of o rd e r s ,

a n d t h e

c o s et d e c o m p o siti o n o f t h e m u ltip li c a ti v e g r o u p ( Z / p Z)
×

gi v e s t h e all c o n n e c t ed c o m p o n e n t s of M
p

a
･ M o r e

p r e cis ely , I (0) - (0) , 7 (1) - 7 ( a) - ( a) 望 C
s

a n d M
p

a
空 C I U d C

s
･

P 2 3 5 7 l l 1 3 1 7 1 9 2 3 2 9

p
- 1 1 2 4 6 1 0 1 2 1 6 1 8 2 2 2 8

E] 1 E) 1
,
2

,
1

,
2

, 1 , 2 , 1
,

2
,

3
,

1 , 2
,

4 , 1
,

2
,

3
,

1
,

l l
,

1
,
2

,
4

,
7

,

2 4 3 , 6 5 ,1 0 4 , 6 , 1 2 8 , 1 6 6 , 9 , 1 8 2 2 1 4
,
2 8

m (p) 2 3 4 5 5 7 6 7 4 7
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P 3 1 3 7 4 1 4 3 4 7 5 3 5 9

p - 1 3 0 3 6 4 0 4 2 4 6 5 2 5 8

E] 1 , 2 , 3 , 5 , 1 , 2 , 3 , 1 , 2 , 4 , 5 , 1
,
2

,
3

,
6

,
1

,
2

,
1 , 2 , 4 , 1 ,

2
,

6 , 1 0 , 1 5 , 4 , 6 , 9 , 8 , 1 0
,
20

,
7 , 1 4 , 2 1

,
2 3

,
1 3 , 2 8 , 2 9 , 5 8

3 0 1 2 ,1 8 , 3 6 4 0 4 2 4 6 5 2

m ( p) 9 1 0 9 9 5 7 5

P 6 1 6 7 7 1 7 3 7 9 8 3 8 9

p
- 1 6 0 6 6 7 0 7 2 7 8 8 2 8 8

E] 1 ,2 ,3 , 1 , 2 , 3 , 1 , 2 ,5 , 1 ,2 ,3 , 4 , 6 , 1 , 2
,

3
,

1
,
2

,
1 ,2 ,

5 ,6 ,
1 0 , 6 ,l l , 2 2 , 7

,
1 0

,
8 , 9

,
1 2

,
6 , 1 3

,
4 1

,
4

,
8

,

1 5
,

2 0 , 3 3
,
6 6 1 4

,
3 5

,
1 8

,
3 6

,
72 26

,
3 9

,
8 2 l l ,2 2 ,

3 0 , 6 0 7 0 78 4 4 ,8 8

m ( p) EEI 9 9 1 2 9 5 9

P 9 7 1 01 1 0 3 1 0 7 1 0 9 1 1 3 1 2 7 1 3 1

p - 1 9 6 1 0 0 1 0 2 1 0 6 10 8 1 1 2 1 2 6 1 3 0

E] 1 ,2 ,3 , 1 , 2 ,4 , 1
,
2 ,3 ,

1 ,2 , 1
,
2 ,3 ,

1 ,2 , 4 ,
1 ,2 , 3 , 1 ,2 ,5 ,

4 ,6 ,8 , 5 , 1 0 , 6
,
1 7 , 5 3 , 4

,
6 ,9 ,

7
,
8

,
6 , 7 , 9 , 1 0 ,1 3 ,

1 2
,

1 6 , 2 0 , 2 5 ,
3 4 , 1 0 6 1 2 , 1 8 ,

1 4
,
1 6 , 1 4 , 1 8 ,

2 6
,
7 5

2 4 , 3 2 , 5 0 , 5 1 , 2 7 ,3 6 , 2 8 ,5 6 , 2 1 , 4 2 ,

4 8 , 9 6 1 0 0 10 2 5 4
,
1 0 8 1 1 2 6 3 ,1 2 6

m ( p) 13 1 0 9 5 1 3 l l 1 3 8

P r o p o siti o n 3 ( 1) T h e n u m b e r of c y cle o
.I of o dd d eg re e i s e v e n ･

( 2) F o r a n y s ≧1
,

th e re e x i st m ulti p li c ati v e d y r w m i c a 1 9 r u P h s w ith c y cl e s of p e ri o d s ･

P r o of . (1) I n f a c t
,

M
2

1
- 2 C l fo r p

- 2 . A n o d d p ri m e p c a n b e w ri t t e n a s p
- 4 n 士 1

,
t h e r efo r e

p l l - 4 n
,
4 n - 2 - 2(2 n - 1) is e v e n .

(2) T h e f a m o u s D i ri c hl et
'

s t h e o r e m st a t e s t h at if ( a
, q) - 1

,
t h e r e e x i st a n i n fi n it e n u m b er o f p ri m e s of

t h e f o r m a + n q ( n ≧1) . H e n c e t h e r e e x it s a n u m b e r n ≧1 s u c h t h at n s + 1 is p ri m e ･ T h e n p( n s + 1) - n s
,

a n d t h er e is a n u m b e r a ∈( Z /( n s + 1) Z)
×

w it h o rd e r s - o
n s + 1( a) . q e d ･

H e r e w e lis t t h e s m al l es t p ri m e s p( s) - n s + 1 ( n ≧1) f o r s ≦1 00 .

E] 2 3 4 5 6 7 8 9 1 0 EEI 1 2 1 3 1 4 15 1 6 1 7 1 8

p( s) 3 7 5 1 0 1 3 2 9 1 7 1 9 l l 2 3 1 3 5 3 2 9 3 1 1 7 1 0 3 1 9

E] 1 9 20 2 1 2 2 2 3 24 2 5 2 6 2 7 2 8 2 9 3 0 31 3 2 3 3

p( s) 1 9 1 41 4 3 2 3 4 7 9 7 10 1 7 9 1 0 9 2 9 5 9 3 1 3 1 1 9 7 6 7

E] 3 4 3 5 3 6 3 7 3 8 3 9 4 0 4 1 4 2 4 3 4 4 4 5 4 6 4 7 4 8

p( s) 10 3 7 1 7 3 1 4 9 19 1 7 9 4 1 8 3 4 3 1 7 3 8 9 1 8 1 4 7 2 8 3 9 7

E] 4 9 5 0 5 1 5 2 5 3 5 4 5 5 5 6 5 7 5 8 5 9 60 6 1

p( s) 19 7 1 0 1 1 0 3 5 3 10 6 10 9 3 3 1 1 1 3 2 2 9 5 9 70 9 6 1 3 6 7

-
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E] 6 2 6 3 6 4 6 5 6 6 6 7 6 8 6 9 7 0 71 7 2 7 3 7 4

p( s) 3 1 1 12 7 19 3 1 3 1 6 7 2 6 9 1 3 7 1 3 9 7 1 5 6 9 7 3 2 9 3 1 4 9

E] 7 5 7 6 7 7 7 8 7 9 8 0 8 1 8 2 8 3 8 4 8 5 86 8 7

p( s) 1 5 1 4 5 7 4 6 3 7 9 3 1 7 2 4 1 1 6 3 8 3 1 6 7 3 3 7 1 0 2 1 1 7 3 3 4 9

E] 8 8 8 9 9 0 91 9 2 9 3 9 4 9 5 9 6 9 7 9 8 9 9 10 0

p( s) 8 9 1 79 9 1 5 4 7 2 7 7 3 7 3 8 3 6 5 9 9 7 3 8 9 1 9 7 19 9 10 1

§5 ･ ･ 2 C a s e o f k - 2 m

( m > 0)

F o r m > 0 , p u t K m
- ( Z/ 2

m

玄)
×

,
t h e n r K

m f -

p(2
m

) - 2
m - 1

. R e c all T h e o r e m 1 (3) .

L e t 0 ≦ a < 2
m

･ T h e m u lti p li c a tiv e d y n a m i c al g r a p h M 2
a
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a p s e u d o - t r e e o t h e r w is e( α ≡ 0 ( m o d 2)) .

A ss u m e ( a
,
2 m

) - 2 q
> 1 ･ L e t m - n q + r ( n ≧ 1

, 0 ≦ r < q) ,
t h e n t h e r e d u cti o n s ch e m e is

M 2
a

-
= ⇒ M

2

a
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- ⇒ M

2

a

- - n q
- M

2

a
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2

0
r

空 K
2

0
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a n d M
2
a
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i s a p s e u d o - t r e e ･ I n t h is c a s e , w e g et

M
2

a

n q . ,
空〈三.

o

vT .

o (2 q -

I)( L I V I B
2

n

q

- 1
) ( , - o)

((2 q
- 2

r

)( L I V I B
2

n

q

- 1
) ∪(2

r

- 1)( L I V I B ,
n

q)) ( r > 0)

P r o of ･ F a c t o r a a s a - 2 q b
･

w h er e (b ,
2) - 1 ･ T h e n l ≦b < 2

n
q

･ C o n si d e r t h e r e d u c ti o n M
2

a

q . ,
- ⇒ M

2
0

r

a n d t h e s u b g r a p h G
′

- E 2 q( M 2
0

r ) of M
2

a

q . r
･ W e g et t h e s e t V ( G

′

) - ( 2 q i I 0 ≦i ≦ 2
r

- 1) o f v e rt e c e s o f

G
′

,
t h e s et I:( G

′

,

･

1) - (2 q i I 1 ≦i ≦ 2 r

- 1) o f le a v e s of G
′

a n d t h e li m i t c y cl e L:( G
′

; ∞ ) - †0) .

L e t a - b ( m o d 2 q

) , t h e n 1 ≦6 < 2 q
,
b -

-
b + 2 qβ a n d (a ,

2) - 1 ･ H e n c e t h e r e a r e c , d ∈ Z s a ti sfy i n g

b c + 2 q d - 1 ･ H e r e w e m a y a s s u m e 1 ≦ c < 2 q
･ F o r i w it h 1 ≦ i ≦ 2

r

- 1
,
1 e t j - 2 q - r

ci ( m o d 2 q

) , t h e n

3
- 2 q- r

c i + 2 q α a n d

a j - 2
r

bj - 2
r

b(2 q- r

ci + 2 q
α) - 2 q b ci + 2

r + q
α

≡ 2 q

(石+ 2
q

β) ci - 2 qb ci ≡ 2 q

(1 - 2 q d)i … 2
q
i ( m o d 2 q + r

) .

T h u s j - 2 q
i a n d als o j + 2

r

h ( m o d 2 q + r

) - ) 2 q
i . Si n c e

f(i + 2
r

h ( m o d 2 q ' r

) l h ≧0)i - i(i + 2
r

h ( m o d 2 q ' r

) ? 0 ≦h ≦2
q
1 1)I - 2 q

,

t h e p s e u d o -t r e e 2 q L l( - B
2
l

q
: 2 q - n a r y p s e u d o - t r e e o f h ei gh t 1) i s at t a c h e d a t e v e r y v e rt e x 2 q i( 1 ≦i

_
< 2

r

I 1) .

C o n si d e r t h e g a t e W (0) t o t h e fi Ⅹ e d p oi n t ( Oi ･ ( 2
r

k I l ≦k ≦2 q
I 1) - 0 , si n c e 2

r

b ･ 2
r

k - 2 q + r b k ≡ 0

( m o d 2 q + r

) ･ H o w e v e r ( 2 q k
'

l l ≦k
′

) ⊂ I:( G
′

; 1) . L e t 2
r

k - 2 q k
′

, t h e n k - 2 q - r

k
′

≦ 2 q - 1
,

s ｡ k
′

≦
1

2 r
一

面 丁 ･ th at i s k
′

≦ 2
r

I 1 ･ T h u s (2 q - 2
r

) L l is a t t a c h e d n e w l y t o (0†, h e n c e

M
2

a

q . r
空 L o v o ((2 q

1 2
r

)( L l) ∪(2
r

1 1)( L I V I B
2

1
q)) ,

a n d fL:( M
2

a

q . , ; 1)I - (2
r

- 1) 2 q
+ (2 q

- 2
r

) - 2 q + r

- 2
r

.

N e x t
,

c o n sid e r t gh e r e d u c ti o n M
2

a

2 q . r
- ⇒ M

2
a

q 十 ,
a n d t h e s u b g r a p h G

′′
- E 2 q( M

2

a

q + ,) ,
t h e n

L:( a
′′

; 1) - (2 q

(i + 2
r

h) I l ≦j ≦ 2
r

- 1 , 0 ≦ h ≦ 2 q
- 1)

∪((2 q ' r

k l l ≦ k ≦ 2 q
- 1)＼( 2

2 q k
′

F l ≦ k
′

≦ 2
r

- 1))

i s t h e s e t of l e a v e s o f C
//
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F o r e v e r y p oi n t v ∈ I:( a
′′

; 1) ,
t h e r e is a v e r t e x w ∈ M

,
a

2 q . ,
S u ch t h a t v - 百両 - 妬 ( w - v) ,

a n d a s

b e fo r e w + 2 r

h - v , v v v 2 q L I C M
2

a

2 q + r
･ H e n c e w e g et

M 2
a

2 q ･ r
空 L o v o ((2 q

- 2
r

)( L I V I B 2
l

q) ∪(2
r

- 1)( L I V I B
2

2
q)) .

I t is si m il a rl y p r o v ed fo r hi gh e r m .

q e d .

F o r a ∈( A/ 2 m Z)
×

, d e fi n e t h e s e q u e n c e a( a) - ( a m
- a , a , n - 1 ,

…

,
a l) b y a i

- a ( m o d 2 i
) ∈( z/ 2

i
z)

×

a n d le t si
- 0 2 t( a l

l

) ,
S( a) - ( s m ,

S
m - 1 ,

. . .

,
S l) , t h e n

･
2

a

-
望 C I U

%91
宕c

s i
･

H e r e s i is a p o w er of 2
,
si n c e p(2 i

) - 2 i - 1
･ p e rio d s of a n y c y cl es i n M

2
a

m
a r e O f t h e fo r m 2

n

(0 ≦ n ≦ m - 1) .

N o t e t h e s e q u e n c e of o rd e r s s a tisf y t h e c o n diti o n s i - S il l 0 r 2 s i_ 1 .

E x a m p le ･ m - 4 ･ W e lis t all M D G M
2

a

4 0f c y cl e t y p e :

α a( α) s( α) M
l
a

6

1 (1
,
1

,
1

,
1) (1

,
1

,
1

,
1) 1 6 C 1

3 (3
, 3 , 3 , 1) (4 , 2 , 2 , 1) 2 C I U 3 C 2 U 2 C 4

5 (5 , 5 ,
1

,
1) (4

,
2

,
1

,
1) 4 C 1 ∪ 2 C 2 ∪ 2 C 4

7 (7
,
7

,
3

,
1) (2

,
2

,
2

,
1) 2 C 1 ∪ 7 C 2

9 ( 9
,
1 , 1 , 1) (2

,
2

,
2

,
1) 2 C 1 ∪ 7 C 2

l l ( ll
,
3

,
3

,
1) (4

,
2

,
2

,
1) 2 C 1 ∪ 3 C 2 ∪ 2 C 4

1 3 (1 3 , 5 , 1 , 1) (4
,
2

,
1

,
1) 4 C 1 ∪ 2 C 2 ∪ 2 C 4

1 5 (1 5 , 7 , 3 ,
1) (2

,
2

,
2

,
1) 2 C 1 ∪7 C 2

M
1
3
6

: ( 0 , 8) a r e fi x e d p oi n t s . 1
ー 3

1
5

T
ー 1

1
5

T
2

1 T
4

1 T
1 4

1
1 1

( 9 7 + 1 3 6 1 2 1 0

M
1

5

6
: (0

,
4

,
8

,
1 2) a r e fi x ed p oi n t s .

M
1
8
6

: ( 0) is a fi x e d p o in t .

2

†
ー 5

1
3

T
ー 1

1
5

T
2

1 T
6

1
1 3 イ ト -

9 7 ｣ ト ー

1 1 1 0 1 4

1

1

1

6

4

z
,
i - 8
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守
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§5 . . 3 C a s e o f k -

p
2 ( p : o d d p r i m e)

L et K - (2:/ p
2
z)

×

a n d jf - ( A/ p z)
×

. T h e n t h e o r d e r of K i s I K E -

p(p
2
) -

p
2
- p

-

p( p - 1) ,
a n d it s

d i v is o r is a di v is o r s of p - 1 o r i t s p m ulti p l e p s
,

si n c e p i s p ri m e .

F o r a ∈ K
, p u t 虎 - a ( m o d p) ,

t h e n 豆 ∈ K . p u t s～ - o j( ,
t h e n s - o K ( a) - SA o r p s1 .

I n f a c t , if a
s

≡ 1 ( m o d p
2
) ,

t h e n t h e r e e x i st p o is ti v e in t e g e r s q ,
r a n d 虎 ∈ K s u c h t h at ･ a

s

- 1 -

q p
2

a n d

a - a + r p . H e n c e

o ≡
q p

2
- ( 戻 + , p)

s

- 1 ≡ 虎
S

- 1 ( m o d p) ,

t h u s s - s- f o r t h e c a s e s < p .

L et p ≦ s , t h e n sI -
s/ p d e v i d e s p - 1 ･ I n f a c t

,
虎P1 1

≡ 1 ( m o d p) b y th e li t tle t h e o r e m o f F e r m at( T h e o r e m

1 (5)) . S o

房
S

- 1 - 丘
P S-

- 1 - ( a
P

)
S1
- 1 … 房

S-
- 1 … 0 ( m o d p) .

T h u s

M
p
? 2 空

K
p

O
2

L o v o ( p - 1) Bg

p
2
c I

P C I U (p - 1) C
p

C I U t C s

C I U t C
s/ p

u t C s

( α
- 0)

( pla)

( α - 1)

( a ∈ Z
p

X

2 a n d o( a) -

p)

( a ∈ Z
p

X

2 a n d s -
o( a) < p ,

i - ( p
2
- 1)/ s)

( a ∈ Z
p

X

2 a n d s - o( a) > p ,
i -

p(p - 1)/ s)

Le t a - k p + 1 (0 < k < p) , t h e n o( a) > 1 a n d pl o( a) , a n d t h u s o( a) -

p . I n f a c t･ ,

a
p

- ( k p + 1)
P

=
p
C l

･ k p +
p
C o

･ 1 = 1 ( m o d p
2
) .

L e tJ a -

P
2
- 1 , t h e n o( a) - 2 a n d

M
p

a

2
- C I U P { c 2 ∪

室
ヂc 2

- C I U
P妄L c 2 ･

M
p

a

2
- C I U

P
f c 2 ∪ 室

デc 2
- C

I
U 空 士 c 2 ･

2

A n y d iv i s o r s o f p( p
2
) -

p( p - 1) c a n b e p e ri o d s of c y cl es of s o m e M
p

a

2(0 < a < p
2
) ･ T h e n u m b e r m (p

2
)

of t h e i s o m o r p h i s m cl a s s e s a m o n g M
p

a

2 i s 1 + 1 + 6(p( p - 1)) - 2( 1 + 6( p 1 1)) - 2 m ( p) , w h e r e 6(d) is t h e

n u m b e r of di v is o r s of d .

N o w
,

w e li s t m a x i m al p e ri o d s a n d m ( p
2
) of M

p

a

2(0 < a < p
2
) :

P 2 3 5 7 l l 1 3 1 7 19 2 3 2 9 3 1 3 7 4 1 4 3

p( p
2
) 2 6 2 0 4 2 1 1 0 1 5 6 2 7 2 3 4 2 5 0 6 8 1 2 9 3 0 1 3 3 2 1 6 4 9 1 8 0 6

m ( p
2
) 4 6 8 1 0 10 1 4 12 1 4 8 1 4 1 8 2 0 1 8 1 8

F r o m t h is li s t
,

w e k n o w t h e c a s e w h e r e t h e v al u e s k fo r w hi ch c y cl e s o f p e ri o d s a p p e a r i n M D G M
k
? a ･r e

l o w e r t h a n p( s) i n t h e s u b s e c ti o n §7 ･ ･1 ･ F o r e x a m p le ,
a c y cle o f p ei r o d 6 , 2 0 o r 5 5 a p p e a r s i n M 9

2
,

M 2
2
5 0 r

M
1

2

2 1
r e S P e Cti v ely ･

･
9
2

:Coきニコ
>

3
一 ト _

6
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ー 0 2 -- → 04 ー 0 8 ー
1 6 ー

1

･
2
2
5

:C o

lミニ:i: 2

l l

I

0 7

1
1 4

l
0 3

l
0 6

1
1 2

1
1 8 ･ ( 0 9 ( 1 7 ( 2 1 + 2 3 + 2 4

§5 . . 4 C a s e o f k -

p
m

( m > 0
, p

: p ri m e)

L e t p b e a n o d d p ri m e a n d K
m

- (2:/ p
m

Z)
×

fo r m > 1
,

t h e n [ K m l -

p( p
m

) -

p
m ~1

( p
-

1) ･ L et ･

0 ≦ a < p
t a

,
t h e n t h e m ulti pli c ati v e d y n a m i c al g r a p h M

p

a

- is of c y cl e t y p e i n t h e c a s e a ≠0 ( m o d p) ,
is a

p s e u d o - t r e e o th e r w is e( a I 0 ( m o d p)) I

As s u m e ( a
, p

m

) -

p
q > 1 . L et m - n q + r ( n ≧ 1

,
0 <

_

r < q) ,
t h e n t h e r ed u c tio n s c h e m e i s

M;
1

-
- ⇒ M

p

d

- - q
- ⇒ - - ⇒ M

p

a

- - n q
- M

p

a

r
- M

p

O
r

空 K
p

O
r

,

a n d M
p
?

m
i s a p s e u o d o - t r e e ･ I n t h is c a s e

･
w e g et

M
p

a

n q + ,
窒〈三:::

'

(?;qT
1)( L I V I B

p

n

q

- 1

) ( r - o)

･ 2
r

)( L I V I B
p

n

q

l l

) u (2
r

- 1)( L I V I B
p

n

q)) ( r > 0)

P r o of ･ F a c t o r a a s a -

p
q b

,
w h e r e (b

, p) - l l T h e n 1 < a < p
n q

･ C o n sid e r t h e r e d u c tio n M
p

a

q . r

- ⇒ M
p

O
r

a n d t h e s u b g r a p h G
′

- E
p q( M

p

O
r) of M

p

a

q 十r
･ W e g e t t h e s et V( G

′

) - ( p
q i l 0 ≦ i ≦ p

r
- 1) ,

t h e s e t

I:( G
′

; 1) - i p
qi [ 1 ≦i ≦ p

r
- 1) o f le a v e s of G

′

a n d t h e li m it c y cl e i:( G
′

; ∞) - ‡0) I

L et a - b ( m o d p
q) ,

t h e n 1 ≦ 6 < p
q

,
b - 6 + p

q @ , (6 , p) - 1 . H e n c e t h e r e a r e c
,
d ∈ 2: s atisf y in g

石c + p
q d - 1 . H e r e w e m a y a s s u m e 1 ≦ c < p

q
. F o r i w it h 1 ≦i ≦ p

r
- 1

,
1e t j -

p
q

- r

ci ( m o d p
q) ,

t h e n

)
-

p
q~r

ci + p
q α a n d

,

aj -
p

r

bj -
p

r

b(p
q~r

ci + p
q
a) -

p
q b ci + p

r + q
α

≡ p
q

(石+ p
q
β) ci -

p
q6 ci ≡ p

q

(1 -

p
q d)i ≡ p

qi ( m o d p
q + r

) .

T h u s j -
p

q i a n d als o j + p
r

h ( m o d p
q + r

) -
p

qi . Si n c e

I(i + p
r

h ( m o d p
q + r

) l h ≧0)l - I(i + p
r

h ( m o d p
q + r

) I O ≦h ≦p
q
1 1)I -

p
q

,

t h e p s e u d o - t r e e p
q L l ( - B去q

‥ p
q

- m a r y p s e u d o - t r e e) is a tt a c h e d at e v e r y v e r t e x p
q i( 1 ≦i ≦ p

r
- 1) ･

C o n si d e r t h e g at e W (( 0)) of th e fi Ⅹe d p o i n t ( 0) . W (( 0)) c o n t ai n s ( p
r

k E l ≦k ≦p
q - 1) ,

si n c e p
r

b ･

p
r

k -

p
q + r

b k ≡ 0 ( m o d p
q + '

'

) ,
t h a t i s

, p
r k - 0 . Ii o w e v e r ( p

q k
′

I l ≦k
′

) ⊂ I:( G
′

;1) ･ L et p
7

-

k -
p
q k

'

,
t h e n

- 1 8 -
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1
k =

p
q~r

k
′

≦p
q - 1 , s o k

′

≦ p
r

一

面丁 , th a t is , k
′

≦p
r

- 1 ･ T h u s (p
q -

p
r

) L l is n e w ly a tt a c h ed a t (0) ,

h e n c e

M
p

a

q . r
空 L o v o ((p

q -

p
r

)( L l) u ( p
r

- 1)( L I V I B去q)) ,

a n d IL:( M
p

a

q . r ; 1)l - ( p
r

I 1) 2q + (p
q -

p
r

) -
p
q ' r

-

p
r

･

N e x t c o n sid er t h e r e d u cti o n M
p

a

2 q ' r
i M

p

a

q . r
a n d t h e s u b g r a p h a

"
- E

p q( M
p

a

q . r) , t h e n

L:( G
′′

; 1) - ( p
q
(i + 2

r

h) f l ≦j ≦ p
r

- 1
, 0 ≦ h ≦ p

q - 1)

∪(( p
q + r

k l l ≦ k ≦ p
q - 1)＼( p

2 q k
'

I l ≦ k
′

≦ p
r

- 1))
I

is t h e s et of l e a v e s of (プ
//

.

F o r e v e r y p o in t v ∈ i:( G
′′

; 1) , t h e r e is a v e r t e x w ∈ M
p

a

2 q . r
S u c h t h a t v - 面 - 両 ( w - v) ,

a n d a s

b efo r e w + p
r

h - v , v v v p
q L I C M

p

a

2 q + r
. H e n c e w e g e t

M
p

a

2 q ' r
望 L o v o (( p

q -

p
r

)( L I V I B去q) ∪( p
r

- 1)( L I V I B
p

2
q)) ･

I t is si m il a rly p r o v e d fo r h ig h e r m . q e d .

P r o p o sit io n 4 L e t m ≧ 2 . F o r a ∈( Z/ p
m

Z)
×

,
d eji n e th e s e q u e n c e a( a) - ( a m

- a , a m - 1 , ･ ･ ･
,
a l) a s

a i
- a ( m o d p

i
) ∈( 2:/ p

i
z)

×
.

( 1) s i
-

P S i _ 1 0 r Si_ 1 f o r i ≧ 2 .

(2) L e t i ≦ m
-

1 ･ If s 2･ -

P S i _ 1 , th e n si + I
-

P S i ･

P r o of ･ (1) F o r a ∈( Z/ p
i
z)

×

, p u t a - a ( m o d p
i~1

) a n d s - o
p

t - I( a) , t h e n t h e r e a r e e
,∫ ∈ Z s u c h t h at

a
s

- 1 + e ･

p
i- 1

,
a - ∂1 + f ･

p
i - 1

,
h e n c e

a
p s

- (( a + f ･

p
i- 1

)
p
)

s

≡ (虎
P
)

S
- ( 虎

S

)
P

≡ (1 + e ･

p
L

'

-l l
)

p
≡ I ( m () d p

i
)

a n d s ≦s i - O
p

t( a) ≦p s , S il p s ･ T h e r ef o r e s i - S O r P S , Si n c e p is p ri m e ･

(2) I t is s u 缶cie n t t o s h o w a言i l ≠1 ( m o d p
i + 1

) ･ w e u s e n o t a tio n s a - a i ,
a - a i- 1 a S i n t h e p r o o f o f(1) ,

t h e n a P S

≡ 1
,

a
s

≠1 ( m o d p
i
) a n d 丘

S

≡ 1 ( m o d p
i~1

) H e n c e a
s

- (戻 + f ･

p
i - 1

)
s

≡ 虎
S

+ f s p
i - 1

≡ 1 + h p
i - 1

( m o d p
i
) . H e r e h - h

′

+ f s a n d ( h
, p) - 1 . I n f a ct

,
if (h , p) > 1

,
t h e n (h . p) -

p a n d a
.i

-

≡ 1 ( m o d p
i

) .

T h us a
s

- 1 + ん
//

p
i

+ h p
i - 1

,
w h e r e h

/ /

is a n i n t eg e r .

w rit e a i ･ 1 a S

?
i ･ 1 - a + h

'

p
i

,
t h e n 略 1

- ( a + h
'

p
i
)

s p
- (( a + h

'

p
i
) p)

s
≡ ( a p)

s
- ( a

s

)
p - ( 1 + h

"

p
i

+

h p
i~1

) p
≡ 1 + h p

t

≠1 ( m o d p
i + 1

) とな る . q e d .

F o r a ∈( Z/ p
m

Z)
×

,
t a k e s e q u e n c e s a( a) a n d s( a) - ( s

m ,
s

m l l ,
･ ･ ･

,
S l) a s P r o p o siti o n 5 , t h e n

m

I P
i - 1

( p
- 1)

M
p

a

-
窒 C I U U

匹戸 →il
S i

C
s i

･

As fo r s l ,
a n y d i v is o rs of p

- 1 a c t u all y a p e a r , b u t fr o m t h e p r o p o siti o n a b o v e
,
t h e o r d e r s e q u e n c e s s( a)

of a m a y o c c u r i n t h e v e r y r e s t ric t ed fo r m , s u c h a s ( p
m

~ i
s , -

, P S
I
S

,
･

.

･ ･ , a) , W h er e s i s a di v i s o r o f p
- 1 ･

T h u s t h e n um b e r o f is o m o r p his m cl a s s e s o f M D G M ;
1

- of c y cle t y p e lS m 6(p - 1) ,
w h e r e 6( p

- 1) is t h e

n u m b er o f di v is o r s of p
- l .

E x a m p le l ･ k - 2 7
, p

- 3
,

m - 3 ･ W e li st h e r e all M 2
a

7 0 f c y cl e t y p e ･

- 1 9 -
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α a( α) s( α) M 2
a

7

1 ( 1 , 1 , 1) ( 1 , 1 , 1) 2 7 C 1

2 (2
,
2

,
2) (1 8

,
6

,
2) C I U C 2 U C 6 U C 18

4 ( 4
,
4

,
1) (9 , 3 ,

1) 3 C 1 ∪ 2 C 3 ∪ 2 C 9

5 (5
,
5 , 2) (18

,
6

,
2) C 1 ∪(ブ2 ∪ C

■

6 ∪ C 18

7 ( 7
,
7

,
1) (9

,
3

,
1) 3 C I U 2 C 3 U 2 C 9

8 (8 , 8 , 2) (6 , 2 , 2) C 1 ∪ 4 C 2 ∪3 C 6

1 0 (1 0
,
1

,
1) (3

,
1

,
1) 9 C 1 ∪ 6 C 3

l l ( l l
,
2

,
2) ( 18 , 6 , 2) C 1 ∪ C 2 ∪ C 6 ∪ C 18

1 3 ( 1 3
,
4

,
1) (9

,
3

,
1) 3 C I U 2 C 3 U 2 C 9

1 4 (1 4
, 5 ,

2) (1 8 , 6 , 2) C 1 ∪ C 2 ∪ C 6 ∪ C 1 8

1 6 ( 1 6
,
7

,
1) (9

,
3

,
1) 3 C I U 2 C 3 U 2 C 9

1 7 ( 1 7
, 8 ,

2) (6 ,
2

,
2) C I U 4 C 2 U 3 C 6

l 1 9 l (1 9 , 1 , 1) l
′り 1 1 ヽ

しJ ? ⊥
)

⊥ノ l 9 C 1 ∪ 9 C 2 l
l

1 9
■

(1 9 , 1 , 1)
l ′り 1 1 ヽ

しJ ? ⊥
)

⊥ノ
-

9 C 1 ∪ 9 C 2
-

2 0 (2 0
,
2

,
2) ( 18

,
6

,
2) C 1 ∪ C 2 ∪ C 6 ∪ C 1 8

2 2 (2 2 , 4 , 1) ( 9 , 3 , 1) 3 C I U 2 C 3 U 2 C 9

2 3 (2 3
,
5

,
2) ( 18

,
6

,
2) C 1 ∪ C 2 ∪ C 6 ∪ C 1 8

2 5 (2 5
,
7

,
1) (9

,
3

,
1) 3 C 1 ∪ 2 C 3 ∪ 2 C 9

2 6 (2 6 , 8 ,
2) (2

,
2

,
2) C I U 1 3 C 2

T h u s t h e r e a r e 6 p o s si bl e s e q u n c e s of o r d e r s s u c h a s (1 ,
1

,
1) .(3

,
1

,
1) ,( 9

, 3 .
1) , (2

,
2

,
2) ,(6 ,

2
,
2) ,(1 8

,
6 ,

2) ,

a n d t h e 6 p o s si bl e p e ri o d ch a r a t e ris tic a s 2 7 k l ,
9 k l + 6 k 3 , 3 k l + 2 k 3 + 3 k 9 ,

k l + 1 3 k 2 ,
k l + 4 k 2 +

3 k 6 , k l + k 2 + k 6 + k 1 8 r e s p e c ti v ely .

E m m p le 2 ･ k - 8 1
, p

- 3
,

m - 4 ･ W e li s t h e r e all M
8
a

l
Of c y cle t y p e ･ T h er e a r e 8 p o s si bl e s e q u n c e s

of o r d e r s s u c h a s (1
,
1

,
1

,
1) ,(3

,
1

,
1

,
1) ,(9

,
3

,
1

,
1) , (2 7

, 9 , 3 ,
1) , (2

,

'

2
,

'

2
,
2) ,( 6 ,

2
,
2

,
2) ,( 18 , 6 ,

1

2
,
2) ,( 5 4

,
1 8 , 6 ,

2) ,

a n d t h e 8 p o s sibl e p e ri o d c h a r a t e risti c a s 8 1 k l ,
2 7 k l + 1 8 k 3 , 9 k

l + 6 k 3 + 6 k 9 , 3 k l + 2 k 3 + 2 k 9 +

2 k 2 7 , k l + 4 0 k 2 ,
k l + 1 3 k 2 + 9 k 6 ,

k l + 4 k 2 + 3 k 6 + 3 k 1 8 , k l + k 2 + k 6 + k 18 + k 5 4 r e S p e Ct iv ely ･

T h e s e t s or α w it h β( α) a r e gi v e n a s

( a ∈ I 8 1 I s( a) - (1
,
1

,
1

,
1)) - (1) , ( a ∈ I8 1 F s( a) - (2 , 2 , 2 , 2)) - (8 0) ,

( a ∈ I 8 1 I s( a) - (3
,
1

,
1

,
1)) - (2 8

,
5 5) ,

( α ∈ J 8 1 l β( α) - (6
,
2

,
2

,
2)) - (2 6 , 5 3) ,

( a ∈ I8 1 I s( a) - ( 9
, 3 ,

1
,
1)) - (1 0 , 1 9 , 3 7 , 4 6 , 6 4 , 7 3) ,

( a ∈ I8 1 I s( a) - ( 1 8
,
6

,
2

, 2)) - ( 8 , 1 7 , 3 5 ,
4 4

,
6 2

,
7 1) ,

( a ∈ I8 1 I s( a) - ( 2 7
,
9

, 3 ,
1)) - ( 4 , 7 , 1 3 , 1 6 , 2 2 , 2 5 , 3 1 , 3 4 , 4 0 ,

4 3 , 4 9 , 5 2
,
5 8

,
6 1

,
6 7

,
7 0 , 7 6 ,

7 9) ,

( a ∈ I8 1 I s( a) - ( 5 4 ,
1 8 , 6 ,

2)) - ( 2
,
5

,
l l

,
1 4

,
2 0 , 2 3 , 29 ,

3 2
,
3 8

,
41 , 4 4 ,

4 7
,
5 0

,
5 6

,
5 9

,
6 5

,
6 8

1
7 4

,
7 7) ,

W e o b s e r v e t h a t

( a ∈ I8 1 I s( a) - (1
,
1

, 1 , 1)) ニ ー( a ∈ I 8 1 l s( a) - (2
,
2

,
2

,
2)) ,

( a ∈ I8 1 E s( a) - (3 , 1 , 1 ,
1)) - - ( a ∈ I 8 1 I s( a) - (6

,
2

,
2

,
2)) ,

†a ∈ I8 1 I s( a) - (9
,
3

,
1

,
1)) ニ

ー ( a ∈ I 8 1 E s( a) - ( 18
,
6

,
2

,
2)) ,

( a ∈ I 8 1 i s( a) - (2 7
,
9

,
3

,
1)) ニ

ー

( a ∈ I 8 1 i s( a) - (5 4
,
1 8

,
6

,
2)) ,

a n d t h e r e h old si m il a r r ela ti o n s als o E x a m p le 1 .
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§5 - 5 C a s e o f C o m p o sit e N u m b e r s k

T h e c a s e w h e r e k i s a c () m p o si t e n u m b e r
,
i s v e r y c o m li c at e t o d e s c ri b e t h e s t r u ct u r e s o f m u lti pli c a t i o n

D G M k?
'

s ･ If ( k
,
a) > 1 , t h e n b y R e m a r k 8 aft e r P r o p o si ti o n 3 , t h e p s e u d o- t r e e s t r u c t u r e of M

k
? c a n b e

d e t e ct e d t h r o u g h t h e r e d u ct i o n s c h e m e

M g ⇒ ･ ･ ･

⇒ M L
L

, ､

w h e r e ( k
′

,
a ) - 1 , a n d t h e p e ri o di c s t r u c t u r e s o f M

k
a

a n d M k? ′ a r e S a m e : IP( M
k

a

) - P( 凡作′) .

H e n c e f o r t h e p u r p o s e t o i n v e stig a t e p e ri o di c st r u ct u r e s of M D G
'

s , w e m a y a ss u m e t h a t (k , a) - 1 .

D e c o m p o s e k a s k -

p q ,
t h e c o m p o si ti o n of m u t u ally p ri l n e n u m b e r s p , q ･ C o n si d e r t h e r ed u c ti o n s c h e Il l e

M
p

a

q

= ⇒ M
p

a

↓

･
1 J:

i

'

T h e n M
p

a

a n d M
q

a

a r e als o o f c y c li c t y pe ,
si n c e ( p , a) - ( q ,

a) - 1 ･ If w e k n o w t h ei r p e ri o d i c s t m c t u r e s
,

t h e n t h e c y cl e s of M ;
1

q
a r e o b t ai n e d a s t h e e x t e n si o n s E

q( M
p

a

) a n d E
p( M

q

a

) ,
a n d t h ei r a m alg a m ti o n s ･

G i v e n k e x p li ci t ely ,
o n e m a y c a r r y o u t t h e s e p r o c e d u r es i n d u c ti v ely o n t h e si z e k of M D G

'

s .

I n t hi s s u b s e cti o n
,

w e t r e a t t h e c a s e w h e r e t h e s e f a c t o r s p a n d q a r e p r l m e t h e m s el v e s ･ L et O ≦ a < p q ･

C a s e l ･ a - 0 ･ M
p

O

q

竺 K
p

O

q
i s t h e c o n s t a n t g r a p h ･

C a s e 2 ･ ( a
, p q) -

p ･ D e c o m p o s e a a s a - b p ( 1 ≦ b < q) ,
t h e n b y E u clid

'

s A lg o rit h m
,
t h e r e a r e c

,
α w it h

c
l

α ∈ Z , 1 ≦ c < q , s at i s fy i n g b c - 1 + α q ･

C o n sid e r t h e r e d u c ti o n M ;
l

q

- M
p

b

q

p
- ⇒ M

q

b p
,
t h e I I M

q

b p
i s o f c y (

Al e t y p e , si n c e (b p , q) - 1 ･ T h e s t ･r u c t u r e

o f M
q

b p i s d et e r m i n e(1 in §7 ･ ･1
,

a n d t h e e x t e n si o n E
p( M

q

bT '

) i s als o of c y c li c t y p e w it rh t ･h e s a m e t ' e ri o d i c

c h a r a c t e ri s ti c : P ( M
p

b

q

p) - p( E
p( M

q

b p

) ･ It s v e r t e x s e t i s V ( E
p( M

q

b p

)) - (i p r 0 ≦i < q) ･

T h e ll d e fi n e t h e n u m b e r s j w i t h l ≦i < q a s j ≡ c i ( m o d q) , t h e n j - i p i n M
p

a

q
･ I n f a c t

,
t h e r e i s a n

i n t e g e r β ∈ Z s a ti sfy i n g i - c i + /3 q a n d

aj - b pj - b p( c i + O q) ≡ b c p i
- ( 1 + ( 1 q) pi … i p ( m o d p q) .

M o r e o v e r
,
it is o b v i o us t h at (i + P q I 1 ≦e < p) - i p , a n d w e k n o w t h e g a t e t o t h e v e r t ,e x i p ,

h e n c e w e

g et

q - 1

M
p

a

q

- E
p( M

q

b p

) V ( v 7:
p
K

p

O

) ,

i = O

a n d

P( M
p

a

q
) - IP( M

q

a

) ,
Ⅴ( M

p

a

q
) -

PIP( M
q

a

) ,
D - ( p - 1)q k o + q k

T
, I

C a s e 3 ･ ( a , p q) -

q . S i m il a rly a s i n t h e c a s e 2 .

C a s e 4 ･ ( a , p q) - 1 ･ T h e n a ∈ Z言 - Z
p q

竺 Z
p- 1 ① Z

q- 1 ,
a n d M

p

a

q
i s of c y cle t y p e ･ P u t s

-
o k( a) ,

t h e n

M
p

a

q

- E
p( M

q

a

) u E
q( M

p

a

) u
(p l l)( q - I)

C
Lq ＼C l .

H e r e t h e r e a s o n w h y w e d el e t e o n e C l ,
i s t h a t C l

- (0) i s i n cl u d e d b o t h i n E
p( M

q

a

) a n d E
q( M

p

a

) ･

N o t e t h a t w e m a y t a k e s a s a n y d i v i s o rs o f p( p q) - ( p - 1)( q - 1) ･ P u t 虎
p

- a ( m o d p) a ll d a
q

- a

( m o d q) .

C a s e 4
- 1 ･ sl( p - 1) ,

s I(q - 1) .

M
p

a
p

- C I U P i J I
q

a
q

-

q C l ,
M

p

a

q

-

q C I U
S

- 2 1 -

q( p - 1)
C

.5
･ .
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C a s e 4
- 2 . s I(p - 1) , sl(q - 1) ･

M
q

a
q

- C I U 生 土
,

M
p

a
p

-

p C l ,
M

p

a

q

-

P C I U
S

C a s e 4 - 3 . sE( p - 1) ,
sl( q - 1) ･

M
p
? p

- C I U P - 1

β

q - 1

p( q - 1)

1
M

q

a
q

- C I リー三 --
二

, M
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a

q

- C I U
ニュ

ー
S S
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1
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§5 . . 6 M i s c e ll a n e o u s C a s e s

H e r e w e lis t m i s c ell a n e o u s c a s e s( k ≦10 0) , w hi c h m a y s e r v e g o o d e x e r cis e s .

C a s e 1 : k - 2
m

q ･ O n e m a y t ak e k - 1 2 , 2 0 , 24 ,
2 8

,
4 0

,
4 4

.
4 8 , 5 2 , 5 6 , 6 8 . 7 6

,
8 0 , 8 8 , 9 2 ･

C a s e 2 : k -

p
2
q , p : o d d p ri m e ･ O n e m a y t a k e k - 1 8

,
4 5

,
5 0

,
6 3

,
7 5

,
9 9 .

C a s e 3 : k -

p
2
q
2

, p , q :p r i m e . k - 弧 10 0 .

W e lis t o rd e r s o l O O( a) fb r a ∈2Z
I

X

. 0
.

α 1 3 7 9 l l 1 3 1 7 1 9 2 1 2 3 2 7 2 9 3 1 3 3

o( α) 1 2 0 4 1 0 1 0 2 0 2 0 10 5 2 0 2 0 1 0 10 20

α 3 7 3 9 4 1 4 3 4 7 4 9 5 1 5 3 5 7 5 9 6 1 6 3 6 7

o( α) 2 0 1 0 5 4 2 0 2 2 2 0 4 1 0 5 2 0 2 0

α 6 9 7 1 7 3 7 7 7 9 8 1 8 3 8 7 8 9 9 1 9 3 9 7 9 9

o( α) 10 10 2 0 2 0 1 0 5 2 0 2 0 1 0 1 0 4 2 0 2

Z
I

X

. .
竺 Z

4

X

x z 芸 空 2: 2 ㊤ Z 4 e 2:5 a n d a n y di v i s o r s of 2 0 - 4 ･ 5 m a y o c c u r a s o r d e r s .

C a s e 4 :k - p a r
, p , q .

r : p r i m e . O n e m a v t a k e k - 3 0
.
4 2

,
6 6

1
7 0

,
7 8 .
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