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実直線上の自己アフィンフラクタルと次元集合
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Dimension Set of Self-Affine Fractals on the Real Line 

Masakazu TAMASHIRO, Megumi HATTORI 

要 旨

Sがコンパクト距離空間 X 上で定義された縮小写像の族のとき， Sの有限部分族 Aに対して，

極限集合 It... (アトラクターあるいは IFSフラクタルともよばれる）が定義できる. HD(JA)で極

限集合のハウスドルフ次元を表すとき，ハウスドルフ次元の集合 {HD(JA):AこS}を次元集合と

よぶことにする．次元集合は，閉区間 [O,HD(Js)]の部分集合である．極限集合の次元と測度に

ついては， MauldinとUrbanskiによる詳細な研究結果 [5]があるが，我々は，次元集合が閉区間

[O, HD(Js)]で積密になるのは Sがどのような条件をみたす場合か，あるいはどのような場合に

疎になるか， という問題に興味を持っている．このような問題は，文献 [3]において Kessebohmer

とZhuによって初めて議論された．特に「単純正則連分数に展開したとき，指定された有限個の項

だけを持つ無理数の集合のハウスドルフ次元は，単位区間に槻密に存在する」という彼らの結果は

非常に輿味深い．本稿では， Xが区間であり更に SがX上のアフィン変換 (1次関数）族の場合

に限って，この問題を議論する．関数をアフィン変換に限ることで，この問題に対する明確な判定

条件を与えることができた本稿の結果は， X が区間でなくとも， d次元ユークリッド空間の連結

なコンパクト集合であればそのまま成り立つと思われるが，その検証はこれからの研究課題である．

Abstract. Let X be a non-empty compact connected subset of d-dimensional euclidean 

space and S a conformal iterated function system on X. For A~S, we denote the limit 

set with respect to A by JA and the Hausdorff dimension of it by HD(JA), The dimen-

sional and measure-theoretical properties for the limit set were studied in details by Mauldin 

and Urbanski [5]. We are interested in the problem of deciding whether the dimension set 

{HD(JA) : A こSfinite} is dense or nowhere dense in the interval [O, HD(Js) ]. Such 

problem was studied by Kessebohmer and Zhu [3] for the first time. In this paper we shall 

discuss the problem in the case where X is a closed interval and S a collection of affine 

transformations on X. Then the clear sufficient conditions of this problem will be obtained. 

1 Introduction 

Let (X, p) be a non-empty compact metric space and S = { c/>i : i E N} a collection of injective maps 

from X to X. We assume that there exists a constant O < r < 1 such that we have 

p伍（ぉ），</>i(Y)):=;rp(x,y) for any iEN and for any x,yEX, 
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then Sis called a uniformly contractive iterated function system (IFS). 

For each i = {叫 EN= and n E N, we set虹＝仇叫0・・・ 0叫.Then the set n心 (X)is a singleton, 

because {¢ilJX)} is a non-increasing sequence of compact subsets of X and we have p(外 (x),虹 (y)):s 
戸p(x,y) for any x, y E X. Let AこNbe a non-empty set, then the limit set J A with respect to the 

restricted IFS {¢i E S : i E A} is defined by 

00 

JA= u n外 (X).
iEA00 n=l 

Obviously, we have JA = UiEA c/>i(JA)-Especially if A is finite set then JA is compact. 

The dimensional and measure-theoretical properties for the limit set were studied in details by Mauldin 

and Urbanski [5] in the case where S is a conformal iterated function system. We are going to introduce 

and use some of their results below. 

We are interested in the problem of deciding whether the restricted dimension set : 

{ HD(JA) : Ac  N finite} 

is dense or nowhere dense in the interval [O, HD(JN) ]. Such problem was discussed for the first time by 

Kessebohmer and Zhu [3]. For example, as an application of their arguments, they proved the following. Let 

釘， a2,... are positive integers and J[a1, a2, ... ] a space of irrationals in [O, 1] with entries in the continued 

fraction expansion restricted to a1, aか・.• • Then the dimension set 

{ HD(J[a1, aか．．．，叫）： a1,aか・・・,an EN} 

is dense in [ 0, 1], especially we have { HD(J[a1, a2, ... ]) : a1, aか...E N} = [ 0, 1]. 

In this paper, we assume that X is a closed interval and that the IFS S satisfies the following : 

(1.1) S satisfies open set condition with U = Int(X), that is UっUiENc/Ji(U) with the union disjoint, 

(1.2) c/Ji are affinities and凶>0 for every i EN, where I外Imeans the norm of the derivative. 

In this case, the limit set will be called an self-affine fractal. Mauldin and Urba丘ski[5] proved that the 

Hausdorff dimension of the self-affine fractal is given by 

HD(JA) = inf{s > 0 : L 圏1s:S 1 } . 
kEA 

In particular, it is well known [2, 6] that if A is finite then 

HD(JA) is the unique numbers satisfying LI¢ 仰=1. 
kEA 

Using these two characterizations of the dimensions, we are going to prove the following. 

Theorem A. Suppose there exists an O < s0 < HD(JN) such that we have 

こ圏1s02: I心I8°for any m E N . 
k>m 

Then the restricted dimension set { HD(J A) : A C N finite} is dense in the interval [O, so]. In particular, 

we have {HD(JA): Ac  N} = [O, s0]. 

An IFS S is said to be absolutely regular system if I:kEAゆ忙 =lh邸 aunique solution for any A~N. 
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Theorem B. Let S be an absolutely regular system and assume 1¢~I 2: 位らI2: I外I2: .... 

(i) Suppose there exists an m EN such that 

区圏IHD(Jp,2,.,rn}) < lc/J~IHD(Jp,2, ... ,rn}). 

k>m 

Then there exists an interval (a, /3)こ[O,HD(ふ）] with { HD(JA) : AこN}n (a, /3) = 0. 

(ii) Suppose there exists an m > 2 such that 

L l</J~IHD(J{l,2, ... ,rn-1}) < l</J~ ー lIHD(Jp,2, ... ,rn-1}). 

k>m 

Then there exists an interval (a, /3)こ[O,HD(JN¥{m})] with { HD(JA) : AこN,m (j A} n (a, /3) = 0 

Theorem C. Let S be an absolutely regular system. Suppose there exists an O < so < HD(JN) such that 

こ属180< 1¢~180 for any m EN. 

k>m 

Then the dimension set { HD (J J¥) : A C N } is nowhere dense in [so, HD (JN) ] . 

In the next section we discuss some elementary properties of the Hausdorff dimensions of the self-affine 

fractal and prove Theorem A. In Section 3 we consider a regular system and prove Theorem B and Theorem 

C. As an application, we prove in Section 4 that in the c邸 ewhere 1¢'1 = canst. r-k, r > 1, a dense interval 

narrows邸 rgrows and a nowhere dense interval extends. A part of the discussions in this article are 

completely elementary and may be already known. We give a full discussion, however, in order to make 

the paper readable and self-contained. 

2 Properties of the Dimensions of Self-Affine Fractals 

From now on, we set ak = lc/>~I- Then we obtain江 ak:S 1 and ak > 0 for all k from (1.1) and (1.2). 

Let A C N be a non-empty set and define, for each s 2:: 0, 

μA(s) = L外．
kEA 

EvidentlyμA(s) is non-increasing ins. It also has the following properties[5]. Denote 

0 J¥ = inf { s > 0 : μJ¥ (s) < oo} 

and 
(0A, oo), 

F(A) = {囮，～），
ifμA(OA) = 00, 

ifμA(OA) < 00. 

ThenμA is strictly decreasing, convex and continuous on F(A). In particular, if A is finite thenμA(s) is 

convex, strictly decreasing and continuous in s. 

Recall that the Hausdorff dimension of the limit set is given by 

(2.1) HD (J A) = inf { s > 0 : μA (s)さ1}. 

Since Lk ak :::; 1 we haveμA(l) :::; 1, hence HD(JA)さ1for any A~N. 
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Proposition 2.1 Let A, A'こN

(i) Suppose HD(JA) > 0 and there exists an s0 > 0 such thatμA(s) :SμN(s) for all so < s < HD(JA)-

Then HD(Jり:SHD(JN). 

(ii) Suppose there exists an so > HD(JN) such thatμA(s) :SμN(s) for all HD(JN) < s < so. Then 

HD(JA) :S HD(JN). 

PROOF. (i) Choose an s such that s0 < s < HD(JA), thenμA(s) > 1 by (2.1) Thus th e assumption 

impliesμN(s) > 1, which proves HD(JN) 2:: s by (2.1) again. So we have HD(JA) :S HD(JN). Similarly 

we may prove (ii). ロ

Proposition 2.2 If AこA'thenHD(JA) :S HD(JN). Moreover if A is finite, A -/ A'then HD(JA) < 

HD(JN)-

PROOF. Let AこA'こNthenμA :SμN, thus the assertion is proved by Proposition 2.1. Next we 

suppose A is finite. Since HD(JA) is the unique numbers satisfyingμA(s) = 1 and since A-/ A', we have 

HD(JA) < HD(JN). ロ

Proposition 2.3 Suppose that {ふ} • d is a non-ecreasing sequence of sets of positive integers. Then we 

have HD(JunAJ = supn HD(JAJ, As a result, {HD(JA): AC N finite} is dense in {HD(JA) : AC  N }. 

PROOF. Since it holdsμunAn = supnμAn, the assertion is concluded by (2.1). 口

Proposition 2.4 {HD(JA) : AC  N finite} has no isolated point. 

PROOF. Let AC  N be a finite set and set r n =AU {max A+ n}. Then we haveμA(s) = infnμrn (s), 

hence the assertion is observed by (2.1). ロ

Denote for each m E N 

Am = { 1, 2, ... , m} and 瓜=N¥{m}. 

For convenience sake we put A。=0, n。=N andμ0 = 0. Then the following follows from Proposition 2.2. 

Lemma 2.5 We have HD(JA。)< HD(Jい<HD(Jい<HD(Jい<・・・.

Lemma 2.6 Let I'~N and k Er, l EN. If ak 2:: az then we have HD(JrnoJ :S HD(Jrno,). 

PROOF. If ak 2:: az, k E r, l E N then we haveμrnok (s) :Sμrno1 (s) for any O :S s :S 1. Hence the 

assertion follows from Proposition 2.1. 

Proposition 2.7 Suppose there exists an O < s < HD(JN) such that 

La% 2:'. a:ri for any m EN. 
k>m 

Then there exists a non-decreasing sequence of finite sets of positive integers {几}such that 

supHD(Jい） = s. 
n 

口

PROOF. First we shall construct a non-decreasing sequence of finite sets of positive integers {r n} and a 

strictly increasing sequence {叫}such that 

(*)µrn(s)~1 <μrnu{叫}(s) for all n. 

Since s < HD(JN) we haveμN(s) > 1 by (2.1), hence 

叫 =min{ m 2: 2 : μ{1,2, …，m}(s) > 1} 
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is well defined. Set f 1 = {1, 2, ... , m1 -1 }. Suppose f n and mn are given, then by hypothesis 

μい｛叫+l,mn+2,…}(s) =μrれ (s)+L ak2:μrn(s)+心=μい {mn}(s) > 1. 
k>mn 

Thus the following is well defined: 

叫 +1= m叫 m2: 叫+1 : μ い｛叫+1,叫 +2,... ,rn}(s) > 1}. 

We denote 
I'n, 

r n+l = {几u{叫 +1, 叫+2, ... , ffin+J -1 } , 

if叫 +1=叫+1, 

if mn+l >叫 +l.

Then {f n} and { mn} satisfy (*). Observing O ::; 1 -μr n (s) ::::; a:nn→ 0, we have sup叶Lrn(s)=l.

Next we shall prove supn HD(JrJ = s. Sinceμrn (s) :=::; 1 for any n, supn HD(JrJ :=::;sis trivial by (2.1). 

Assume supn HD (Jい） < s and set r = Unf n, then HD(Jr) = supn HD(Jr』 byProposition 2.3. Since 

μr is strictly decreasing on F(f) and since HD(Jr) < s, we haveμr(s) < 1. On the other hand, we have 

μい(s)<μr (s) < 1 for all n, which contradicts to the fact supnμ い(s)= 1. Thus supn HD(Jr』=s. ロ

Proof of Theorem A. Suppose Lk>m 1¢~1s0 2 1¢ 伝ド0for any m E N. Then we have Lk>m ak 2 a:n 

for any O < s :::; s0 and for any m E N, thus the restricted dimension set is dense in [O, s0] by Proposition 

2.7. The second邸 sertionfollows from Proposition 2.3. 

3 Dimension Set of Absolutely Regular System 

In this section we assume S = {ゆk: k E N} is absolutely regular. Thus for any A~N, we have 

HD(JA) = s if and only ifμA(s) = 1 

Then, for example, it has the following property. 

Lemma 3.1 Let AこN,a> 0 and assumeμA(a) < 1 then HD(JA) < a. 

Proposition 3.2 Let rこN.Suppose there exists an l Er such that a1 = min{ak: k Er n A1} and 

区砂D(JrnA1)< a門D(JrnA1). 

k>l, kEr 

Then {HD(JA): Aこr}n (HD(Jrno1), HD(JrnA1)) = 0. 

PROOF. First we shall prove HD(Jrn叫<HD(JrnA1). By the assumption we have 

HD(JrnAz) 
μrnoz(HD(JrnAz)) =μA1-1nr(HD(JrnA1)) + L ak 

k>l,kEf' 

<μA1_1nr(HD(JrnA1)) + a~D(JrnAz) =μrnA1(HD(JrnA1)) = l. 

So Lemma 3.1 implies HD(JrnoJ < HD(JrnA1). 

Next we shall prove HD (Jりrf_(HD(JrnoJ, HD(JrnA1)) for any Aこr.

Let Aこr.If (r n Az]こAthen HD(JA) 2: HD(JrnA1), hence HD(JA) rf_ (HD(Jrno1), HD(JrnA1)). 

Assume [r n Az] CZ, A, then there exists j E r n A1 such that Aこ(rn f°2J]- Then we have HD(Jりこ

HD(Jrnoj). On the other hand the hypothesis and Lemma 2.6 implies HD(Jrnoj) s; HD(JrnoJ, so 
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HD(JA) r/-(HD(Jrnn1), HD(JrnA1)), which complete the proof. 

Proof of Theorem B. 

(i) Chooser= N and l =min Proposition 3.2 then we have the conclusion. 

(ii) Similarly choose r = N¥ { m} and l = m -1 in Proposition 3.2 then we obtain the assertion. 

Proposition 3.3 Suppose there exists a finite set A。 ~N and m。EN such that m。::;max A。and

L a:D(JA。)<aばD(JA。) for any m EA。,and for any m 2:: mo. 

k>rn 

Then there exits two sequences { an} and {f3n} such that f3n+l < anく f3n,infn an = HD(JA。)and 

{ HD (J A) : A~A。。r min [A¥A。];:::: mo} n (an, f3n) = 0. 

for any n. 

PROOF. Set n0 = max A。andfor each n = 1, 2, ... 

I'n = A。U{n。+n}, r~= A。U{no+ n + 1, no+ n + 2, ... }, f3n = HD(Jrふ叫=HD(JrJ-

ロ

First we shall prove f3n+ 1く叫くん andinfn an = HD(J A。). Since r n+l C r~, f3n+lく叫 istrivial. 

Since HD(Jr』>HD(Jr。)， thehypothesis implies 

HD(Jrn) 
叩 (HD(ふ）） =μA。(HD(ふ）） + L ak 

k>no+n 

<µA。 (HD(ふ））＋碍~J~丘）＝叫(HD(ふ）） = 1, 

thus O'n = HD(J旦)< HD(ふ） = f3n by Lemma 3.1. We also have infn O'n = HD(JA。)since infサ叩 =μr。・

Now we shall prove the last assertion. If AこA。thenwe have HD (Jりt/(O'n, 凡） for any n, since 

O'n > HD(JA。). So we need to prove HD(JA) (/ (an, f3n) for any n and for any AこNwith mi叫A\A0]~m。•

Fix any n and fix such A. 

IfrnこAthen we observe HD(JA) (/ (an, ふ） • Otherwise put j = min { k E r n U A : k (/ r n or k (/ A}, 

then we have f n nAj-l = An Aj-1・Since maxr n = no +n and f n g A, we have j::; no +n. If j =no+ n 

then since n0 + n (/ A, HD(JrJ > HD(JA) and by the hypothesis we have 

μA(HD(JrJ) =μAnA叩 +n-1(HD(JrJ) +μAn{n0+n+l,n0+n+2, …}(HD(JrJ) 

HD(Jrい
<μrnnAno+n-1 (HD(如）） + L ak 

k>no+n 

=µA。 (HD(Jr~)) + L HD(Jr1) ak n =µr~(HD(JrJ) = 1, 
k>no+n 

hence HD(JA) < HD(JrJ = On-If j < n0 + n and j (/4 A then j EA。andsimilarly 

μA(HD(JA。)） =μAnAj-i (HD(JA。)） +μAn{j+1,j+2, ... }(HD(JA。)）

<μA。nAj-i(HD(JA。)） + a7D(h。)~ μA。(HD(JA。)） = 1. 

hence HD(JA) < HD(JA。)< On. Finally邸 sumej < n0 + n and j E A then j (/4 A。,j?:: m。and
μrn (HD(JA)) =μrnnAj-1 (HD(JA)) +μrnn{j+l,j+2, …}(HD(JA)) 

<μAnA1_1 (HD(JA)) + aJD(J心~ μA(HD(JA)) = 1, 
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hence HD(JA) > HD(Jい） = f3n, which complete the proof. 口

Proof of Theorem C. Assume there exists a A~N such that HD(JりE(so, HD(ふ）） • By Proposition 

2.3 we observe HD(JA。)E (so, HD(Jiり） for some finite set A。こ A.Thus the assumption implies 

区砂D(h。)<a閃D(h。) for any m EN. 

k>m 

According to Proposition 3.3 there exist two sequences { an} and {/3n} such that f3n+l < O'.nくん， infn O'.n = 

HD(JA。)and 

{HD(Jり： Ac N} n (an, ふ） = 0. 

for any n, hence the dimension set { HD(JA) : AC N} is nowhere dense in [s0, HD(Jw)]. 口

4 Example 

Consider a collection of affine transformations S = {仇(x)= a戸+bk : k E N} on the unit interval邸

follows : let r > 1 and set 

{ ak~(r -1) r―k for k = 1, 2,... and 

b1 = 0, bk=釘＋ 的 +・・・+ak-1 for k=2,3, .... 

Then for any O < s < 1 we have 

正 =(r -1)8 Lr―sk = (r -l)s rs~1' 
k>l k>l 

hence S is absolutely regular and HD (Jp,i) = 1 since江 ak= l. Similarly we have for any O < s < 1 

r -sm I: ak = (r -1)8 
1 s = a 

戸 ー 1 戸ー 1 m. 
k>m 

Claim 1. If 1 < rさ2then {HD(JA) : AこNfinite} is dense in [O, l]. . 

proof. If 1 < r~2 then we have Ek>m似=(r -1) ; □ ~2'.: am for any m. Thus the assumptions of 

Theorem A are satisfied for s0 = 1, hence {HD(JA) : AこNfinite} is dense in [O, 1]. 

Claim 2. Suppose r > 2 then {HD(J刈： AこNfinite} is dense in [O, log r 2], and nowhere dense in 

[log r 2, 1 ]. 

proof. Assume r > 2. Since Ek>m a~og r 2 = a闊記2for any m EN, applying Theorem A we conclude that 

{HD(Jり： AこNfinite} is dense in [O, log r 2]. 

On the other hand, we have Ek>m外 <aぶforany m E N and any s E (logr 2, 1), hence {HD(JA) : 

AこNfinite} is nowhere dense in [logr 2, 1] by Theorem C. 

Claim 3. If 1 < r~ 宍亙 then{HD(JA) : AこNfinite, m~A} is still dense in [O, HD(JN¥{m})] for 

any m EN. 

proof. Let 1 < r~ 宍 thenit satisfies 1 +r-r2 2 0. Fix any m E N and we shall prove Ek>l,k和mak 2 az 

for any l =/ m, then the claim follows from Theorem A. If l > m then the inequality follows from the similar 

arguments to claim 1. If l = m -1 then we need to show Ek>m ak 2 am-1・In fact, we have 

- m  

L ak = (r -1) = (r -l)r―(m-1) 
r-1 r-1― 

> (r -l)r―(m-l) = am-1・

k>m 
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Now we suppose l < m -l. Then we need to show Lk>m似＋区亡］い ak2:: az. Actually we have 

m-1 -m  m-1 

こ四+I:四 =(r 1) 
r -—+ (r -1) L r―k 2 (r -l)r-Cz+2) + (r -l)r―(l+l) 2 aぃ
r-1 

k>m k=l+l k=l+l 

hence {HD(Jり： AこNfinite, m ff_ A} is dense in [O, 1]. 

Claim 4. Suppose 1+嘉 < r :S 2. Then, for any m E N, {HD(Jり： A こN finite, m ff_ A} is 

dense in [O, logrデ]• On the other hand, for large enough m E N, there exists an interval Iこ

[logr 1+; 四 HD(Jw¥{m})]such that {HD(JA) : AこN,mf/_A}nl=0

proof. Suppose轡<r :S 2 and put so = logr守.Then we have l+r80 -r280 = 0 and l+r8 -凸＞〇

if and only if O < s < s0. 

By the similar arguments to claim 3, we may prove that {HD(Jり： A~N finite, m ff_ A} is dense in 

[O, s0] for any m E N. 

Next, choose m0 so that HD (Jに） > s0 for any m 2:: m。andfix such m. Then we have 

L a:D(JArn) < a~D(JArn)' 

k>m+l 

hence the second assertion follows from Theorem B (ii). 

By a similar discussion, we conclude the following : 

Claim 5. Let n be a positive integer and rn a real number such that閃(rn-1) = 1, 1 < rnく 2.

If 1 < r~rn then {HD(JA) : AこNfinite, m1, ... , mn rf_ A} is dense in [O, HD(JN¥{mぃ..,mn})] for any 

叫，．．．，叫 EN.

Suppose rn < r~2. Then, for any m1 <・ ・ ・< mn E N, {HD(JA) : A~N finite, m1, ... , mn rf_ 

A} is dense in [O, logr r n]. On the other hand, for large enough m E N, there exists an interval Iこ

[logrrn, HD(JN¥{m, ... ,m+n-1})] such that {HD(JA) : Aこ飩 m,... , m + n -1 rf_ A} n I= 0. 
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