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a characterψ，eψis define to be 0 or 1 ac∞rding asψis even or odd. We define the 
v叫ueof the charac旬rs剖 non-int巴gralidealsωbe O. The conductor of a character 
ψis denoもedby fψ・Foran integral id田 19Jt，冗(9Jt，ψ)deno古田もheset of all the 
produc旬。fprimes divisors s.p of 9Jt coprim巴ωfψW1也 multiplicityone or zero. We 
no七ethat冗(9Jt，ψ)ヂ日 bec乱useOK is always in i七.IfψεCふ，もhenwe denoもeby 

!R'Jl，ψ， the minimal divisor of 1)1 satisちring( !R'Jl， .t， fψ) = OK・Wedeno旬 by!R'Jl，.t， 
its radical， which is in匁(1)1，ψ).The primiti刊 characterassocia旬dwi也 ψεC悦

is denoted by ψ. For乱nyintegral ideal勿twe defineψ'!lJt :=ψ1!lJt・ Thenψ切 =ψ
for an in七egralideal 9Jt wiもh9Jtlfψ3阻 dψ坑 =ψ.
ForaεK，α(1)，・・1日(g)denoもesthe ∞njuga七esofαin a fixed order. We denote 
by N and tr，出巴 normmap a且d也etrace map of K over Q respectively， namely 

N(α)=I1f=1α(i)阻 dtr(白)= Ef=1α(i). For ψεC;， LK(s，ψ) denoもesthe Hecke 
L-function， that is， 

ゃ ψ(匁)
LK(S，ψ)・=): trN(匁)，

where m runs over the set of all the integral ideal. Let が denotethe product of 9 
copiωof the upper half planeあ={zεC  I C;Sz > O}， C;Sz being the imaginary part of 
z. For ')'， 0εKandfor3=(zl，'・・ ，Zg)ε乃， N(1'Ho)日tandsfor IU=1 (')'(むけがi))， 
阻 dfor vεK， tr(v3)前田dsfor Ef=1 v(i)ゐ・ Let
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Then we put A3 = (北端ι，説ポZ)
Let 1)1， 1)1' be two fixed in色egralideals of K. Let o b巴岨integralideal of K阻 d
let k be乱 naturalnumber. Let ')'0ξ抑云¥00ε1)1-1抑云1We define 

Ek，!l!(3， ')'0， 00; 1)1， 1)1') := N(匁)k( ど N(，)，3+ 0)-kIN(1'3 + oW') I同
γ=γ0(IJ1'!2t1l_K1) 
8三'o(刷云')
，d)jEm.m/ 

where ')'三 ')'0(l)1'oilIi) impliesもhat')'三 ')'0mod叫.0l)1'milIi and where E' implies 
that the term corresponding to (1'，0) = (0，0)旭omittedin七hesummation. For a 
set S， s(x， S) is define to be 1 or 0 according as xεS or not. For zεC， we put 
e(z) =巴2吋ヨZ Then we have the Fourier expansion 

Ek，!l!(3， ')'0， 00; 1)1， 1)1') 

=s('Y，川'milIi)N(匁)k( 乞 N(μ)-kIN(μW')I吋
μ=60 (!ll"TK1) 
μ;e..田'

+(守口竺yD~PN(匁)ト1 ~二 乞耐(00μ))
。ー-<VElIi<l"'1μ三マO('.lt'!lltl_Kl)

x sgn(N(μ))N(μ)k-1e(tr(η)) 
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where there is the additional term 

(同)9DiP( 乞 明 (N(μ))IN(μWS)ls=日
μ三マo(IJt/21~I/)
μ/Emm' 

when k = 1，組dwhere there is the additional term一空手 whe吋 =landk=2
LetψεCみ，ψ'EC;，bee刊 nor odd cl即日.cterssoもhatkεN  andψψ， have 
the same parity. Weωsume that 

(m， m' f;t，1!R;tら，)=(h・ (2)

」

r刷

同
川

4
i

↓k
官

zrv 

日

'
a
ψ
1
 

4
W
R
 

一R
匂

一ψzh 
a
 

~
川
刊K
 

T
 m

 
m
 

cb o
 

F
U
 

一
KD
 

一LE附

)
叩
一
h

d

一戸

;

町

山

k
一
払

凶

'
i
A
1
一一

n
u且
」

枇

V
1
m

一，，目、

r'-τA
〆
t
k

W

一一-

面(ゐm-11lK)ψ肘ofψ品ザ，1t，m'-l匁 11lK)Ek，!l((3，'}'0，dO;m，m') (3) 

柏田 TKdeno岡山eGauss sum defined in (5)，乱ndwhere we assume that ei七her
ψチ1morψ， OF 1m' when 9 = 1阻 dk = 2. Further let 
IL(3)=μK(九，ψ)高(九t，1t)N(九川)一1N(尻町lb〉)-k

×乞(II (1-N(宿)))高(加)XL畑一1畑 1(3)・ (4) 
rotl筑'Jt，.p '.Jllrot 

We determine the叫醐 atcusps equivalent toゾ二I∞， of this Hilbert-Eisenstein 
series (4)剖 wellas也.eFourier expansion叫 thecuspA∞

2. GAUSS SUMS 

Let ψbe a primitive charac旬rof岨 idealclass group of K. The Gauss sum of 
ψis defined by 

TK(ψ):=ψ(pf1tllK) 乞 ψ(C')e(叫pC')) (5) 

with pεK， )--0， (pfψllK， fψ) = C'JK • The value TK(ψ) is determined up to the 
choices of p. 

Lemma 1. Let ~ be a即時zerointegral ideal. LetψεC品，四hichis not necessarily 
primitive. 
(i) Letμε Ql-1. Then 

L 'It(dom一11lK)e(む(仰))
ðO :s.n- 1耳~K'/耳b1/，>-0 

_I¥ "'"伊K(沢).7 =sgn(N(μ))匂 TK(ψ) ):μK(沢)ψ(沢)ψ!ll(μm-1匁fw!R). (6) 
mfvK(fm)ψ  
1!ll'Jt，ψ 

In the summation of the門ghthand side，αt most one term survives. If the問問
!Rε冗(m，ψ)sαtisfying (μ匁m-1，C'JK) = f;T1!R-1， then the term associαted with !R 
survwes. 
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(ii) Letμε2l-1!J1一1 Then 

乞 ψ(60f.ψ仇川 12l-1ilK)e(t市。μ))
Soff伝記ψ況耳D1//沢軍司云1，>-0

~ゃ 'PK(!R¥l1，ψ)~~  
=sgn(N(μ))川 'K(耐久 μK(!R) ψ(町内(μ潮時同)・ (7) 

筑FdψK(!R)ψ
l!1h，ψ 

In the summation of the right hand side， at most one te門ηsu問初出. If the問 ~s

mε冗(!J1，ψ)satisfying (Jl2liRm~"，!J1， OK) = !R-1， then仇eterm as蹴 iated四 th!R 
sU1'Vwes 

Proof (i) At五rstwe prove the followingj ifψis primitive，もhen

工面(抑一1ilK)e(時 μ))= sgn(N(μ))切(刈ψ)TK(事) (8) 
ξトO

ξ忽@云'11ψ刷 itl

for με 2l-1f;t1， ~ O. Let白 ε抑云1，>-0 with (α2l-1ilK，明ψilK)= OK・Then
E _~，..oψ(~2l-1 il K )e( tr(釦)) =乞t>-.o ψ(0:~2l-1îlK)e(tr(α印))ー
と:刷'K"/1ψ!2I.bi.L C，"'JITψ 

矛(白2l-1îlK) 乞 ~.O 'Iþ (~)e(tr(と(0:μ))) where the summation of the extreme right 
r;.;'_' I Tψ 

hand side is equal to sgn(N(μ))句 ψ(αμfψilK)TK(ψ)by [4] Theorem 13. This shows 
the equality (8). 
Let us take αε !J1-1， >-0 such that臼!J1C OK and (日!J1，!J1)= OK. Let 
aμ=μ1+μ2 where all the prime factors of the denominator ofμ1 (re略向)紅巴
divisors of fψ(r田p.!R¥l1，，，，). Then 

乞事(60~-lîlK)e(叫60μ))
60:¥l1-'!I(D'K' /f1f.D'K' ，>-0 

2二 面(α60~-lîlK)e(む(60αμ))
60・f1f.D'K'/¥l1f1f.D'K' ，>-0 

=ψ(α!J1) 2二 面(602l-1ilK )e(tr( 60μ1))e(tr(60μ2))， 
60・21'OI//m2ltlI/ ，>ー0

which is 0 u曲目目的 ε匁ー151andμ2ε 匁-1!Rfor some !Rε沢坑，ψ・Insuch c邸e
the above is equalも0

者錦戸(訓) L 面(602l-1ilK)e(七r(60μ1))e(tr(60μ2))
60・m云'/1ψ民軍司iK1F〉O

=μK(筑)者協戸(訓) L 事(60刻一1ilK )e( tr( 60μ1)) 
60:壇。'K'/1ψ2l:0K

1
，>-日

=μK(沢)設誤丙(訓)sgn(N(μ1))吋 (μ12lf"，)TK(事) (句 (8))

=μK(筑)諸説)sgn(N(μ))吋(沢)高(μ2l!J1-1f"，!R)TK(手)

The f:叫 or内 (μ!J1-12lfψ筑)appearing in陶均hthand side of (6) is equal to 

:;t(μ刻呪 1fψ!R)if (μ2l!J1-1， OK) = f;t1!R-1 wi也!Rε冗(!J1，ψ)，and i七is0 if other-
wise. This shows (6). 
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(ii) It is enough in the left hand side of (7)， to take the summation over the 
representatives 150 so that (oofψ!Jl'.l1，ψlJ1-1!!-1I)K' lJ1) = OK. Such 150 are writtenω 

productsゐ=151152 where 151紅 ethe represent叫iv'田 off;;/ lJlmI) i/ mod叫omld
with (oofψ悦ー1匁ー1I)K，沢)= OK， andゐarethe四 presentativesof灸ゐ mod叫O
OK with (p2!Jl'.l1，1t，OK) = OK. We c渇ntake 151 (r回p.ゐ)so七ha七they紅 eωtally

positive and七ha七七h巴differenc巴sof 151 's (resp. O2'S) are in !R'.l1，ψlJlmI)i/ (resp. fψ) . 
We writeμin the for皿 μ=μ1+μ2wi出向 ε!!-1!Jl'.l1，1tlJ1-1andμ2εQt-1fψlJ1-1 
Then the left hand side of (7) is equal to 

乞ψ(O1O2fψ九川一切ー1I)K)e(廿(151152μl))e(位(151152μ2))
(h，d2 

Since e(tr(o1o2向))is independent of 151， this is equal to 

さ{~1þ(Ó1仙川 1Qt-1 Î)K )e(もrωο)}e(仰山))
=Ls伊 (N(μ1))吋 (μぬ!ψlJlm)TK(高)e(位(15仰 2)) (by (8)) 

=sgn(N(μ))吋(丸刈(μ湖 )TK(高)乞伽(15仰 2))'
O2 

T加h加el刷部副ts叩umm刷a剖副，ti蜘i

冗(lJ1抗仇仰，1t訓ψ判)0町r明凶叫袖.en叫凶哨七叫均l砂yi首f(似μ州匁灸h示〉抑悦，βんC臼削K叫)=9筑!Jl-ヤ一1ヘ，筑ε ?冗(_(問悦仇仰，1t訓ψ利).Thus for this !Jl， 
the lef七handside of (7) is equal tω 0 

向削川川(問閃筑列)令勉dιT)sgn叩酔州
The similar argument of七he1副 partof the proof of (i) shows our assertion. 口

Let X be some function on也.ese七ofideals. We define Ak (lJ1，ψ) for ψε C~ 
and for kεNby 

Ak(坑，ψ)X:=μK(弘，ψ)手(丸刈)N(弘同)一1N(町長1h〉)-k

×乞(II (1-N(匁)))伽)X(伽ー1). (9) 
!Dl1!R!l't，ψ 'll1!Dl 

Proposition 1. Let lJ1 be an integml ideal and let ψεCあ.Let Qt be αn int句ml
ideal50 that (Qt， lJ1) = OK. Let X，μ(肌)= L:oo・rut-l2ldI(-l/2LdI(l，トotim(60mg-1BK)×
e(tr(ooμ)) forμε 匁ー1and for an integml ideal !lJt containing fψ・Then

A(lJ1， 1t )X，μ= N(lJ1f;;/ iR;i~1þ )-k+1TK(高)sgn(N(μ))eψψ(川 1afAmA)， (10)

ω'he間切enote thαt an ideal claS5 chamcter is define to be 0 at non-integml id回 ls.

PTOof. Unless (μfψlJ1-1，f.ψ) = OK， then the both sides of (10)釘 e0， and the equal-
ity holds. W.巴鉛sumethat (μfψlJ1-l，fψ) = OK・ Let!lJt1!Jl'.l1，ψ阻 dput !Jl = 

布1(川切，OK)一1 Then by (6)， X(卿ー1)=山(判官高知(N(同)匂

X.;t(!Jl減(川 l!JJN(f1t!Jl)TK(.;t).L巴げ(捌 1)=μK(!Jl)回公課三事(!Jlm，1t!lJt-1)・
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'I'K(!n明ー1、 ~ 
Then X(mv:n-1) i8 equal to the product of一面示可並-8酔 (N(μ))e吋(μ91ー1!R!n，ψ明ψ)
XTK(ψ)阻 .dy(mv:n-1)， where theおrmeris the constant on!JJt. We mU8t ∞mp叫e
Ak(91，ψ)Y. We no旬 that!R=μ-1!R，況，ψ加ー1n ()K. Then 

Ak(91，ψ)Y 

=μK(九，ψ)手(九，ψ)N(品川)一1N(町長1iR;i弘)-kL II (1 -N(匁))
m1!7t""" ~1!D1 

×高(加)μK(μ1内川 1n ()K)向 (β223二1jOK)言(mqMm1)
=μK(九，ψ)N(仇，ψ)-lN(町長1h!ψ)-k L II (1 -N(甲))

μ-l!R!It，ψ負占!ψnOKI!D11尻町郁1!D1

(尻 ψ奴')
×μK(μ一1!R!n，ψ朋ー1n ()K)ψK(μ-l!Rm，1t!VドnOK)

=μK(!R!n，1t)N(九 ，1t)-1 N(91f;;;IiR;i~，ψ)-k II Z(曾)，
~1 !7t明，ψ

where 

Z(宿)= 2二 II (1-N(匁)). JtK('+!m阻{吋(μ'!7t"，ψ)-i，O})
包=max{v'll (μ' !7t""，，)ー 1 ，O}~I~'

x 旬'K(~t.1穆(!Rm ，ψ)-')
ψK(~皿ax{v移 {μ 1.!RIJt，1þ )-i ， O})

If V~(μ一1 !R!n，1þ)三 0，七h巴n

v'll (!7t""ψ) 

Z(積)=乞
i=O 

II (1-N(積))・内(午削!7t""")ー包)
q日I~'

nu --
ψ
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If ~(μ一1 !R!n，1þ) = 1， then 

v'll (!7t""ψ) 

Z(匁)=芝 日(1-N(甲))ρK(甲山{1一例)官官ご25)
i=O 弔I~i

一 、 旬智(!7t""ψ)
一ψkm;mFW1+ (1-N(甲))乞内(伊(!7t"".，)-i)

i=l 

=-N(市)Vp(筑前，ψ)

If 吻 (μ一1!R!n，ψ)> 1，七hen

Z(司J)

V.，(尻町ψ)

= (1-N(匁)) デ μK('+!m皿同(μ1!7t"，岬)-i，O}) ，_:，K(~V'll(川)-')
ム-" . --， . ， 'I'K(~皿田{Vll(μ- 1.!Rm ，ψ )-i ， O})

i=v'll(μ1尻町，ψ)-1
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= (1-N(匁)){
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Thus 

h川 Yド={~(Dlア例附伽筑向悦仰ψ布品h鮎蜘仰〉ν仰)川州附N阿(

Then 

Ak(')1，ψ)X，μ 
'PK(!n冊一1、 '7， otVI--lt'W'¥. l'Vt' ¥ 11' 'P示可並~sgn(N(μ))eψψ(μ')1-1Dl悦，tþ !2lfψ)TK(ψ)

x{叫 hL)N町鮎)-k 川吋均ψ)ー 1for '+lIDl!n，tt) 
o (oth巴rwise)

=N(町長lh!ψ)-k+1TK(事)sgn(N(μ))eψψ(川一l!2lftt!R仰)

(世帯(μ)=吻(Dl!n，tt)-1 for '+ll~，ψ) 

( otherwise) 

口

3. CONSTANT TERMS OF HILBERT EISENSTEIN SERIES 

Let A be回 in(1). If f(3) is乱Hilbertmodular form of weight k for some congru-
en四日ubgroup，then the value of f(3) at a cuspαh is given by lim3→、/ヨ。oN("(H
8)-k f(A3). For fix巴d0<， "(， WI巴 C阻 t乱keβ，8so that (β，沢')1')= (8，沢')1')= OK. 
Then the仕組sforma'もionformula of N("f3+8)-k Ek，!l((A3， "(0， 80; ')1， ')1') is readily ob-
凶 n巴d and it sho昭七ha七 theconst副首七巴rmof出eFourier expiation of 

Ek刈(3，"(0， 80; ')1， ')1') atαhis 

N(匁)k 2二 fl(α"(0+"((80+8')， ')1'!2(i)I/) 2二 N(μ)-kIN(μW'I.=o 

d':2("OI/lm'現Dit1 μ三βγ'0+δ(6"0+δ')(1)1'忽1l'i(1)
μ/ t:'JtIJt' 

where there is the additional term 

(-7rH)9 DjPN(匁)N(州)一1 L L sgn(N(μ))IN(μW81.=日
d':llId;:;"/坑'giDitlμ三 αマ'0+γ(dO+d')(町Im"tl:;:/)

μIE担割'

when k = 1. Since >..tムダt(3)is a linear combination of Ek，!l((3， "(0， 80; ')1， ')1')'s by 
(3)， we obtain the following; 

Lemma 2. Let A be as in (1)・ Theconstant term of N ("f3 + 8)一句ん，!n(A3)日
equal to C，α/γ(')1， k，ψ%ψ') with 

Cα/γ(')1， k，ψ抗，ψ')

:=(d告示)9D~1/2[ゐK : t'!n!n' r1TK(高)-1L ε 
現:Grrtrrtl勾円引'干 1軍 1 .'"百三1 ，明'1盟百三l_~n
れれ 'U. --，ψ， --'.ll' ，ψ， ---.K. I κ F 

oO:')1:-1m:tlI/ /犠@it12トO

リ (80')1!2(-1i)K)ψ'("(，伽九1，1t1m'-1貌 1i)K)N(貌)k L 
d'・耳'01//m'!XbK

1 



ShigeakiTSUYUMINE

―8―

s(α-Yo + -y(t5o + 15')， SJt'ml)云1) 2二 N(μ)-kIN(μ)1-81.=0 

μ=βマO十8(80+6')(田'制i/)
μ;e..田'

四here四henk = 1， the陀 isthe additional term C!/γ(SJt， k，内 ，1t')凶th

C!/γ(SJt， k，ψ!l'l，ψ') 

:=2-9[EoK : E!l'l!l'l，]-lTK(高)一1N(SJtγ1L: L: 

X 

軍 0_....，仰向附If-1r頁-1 '"百三11m/甥百三1~n 
~.~. 'Uψ--I.)l'，ψ"‘'長

d"O:IJl-l刷云1/!ll~Kl ，同

面(t5om-1l)K)ψ'('Y，川 1f.ψ，弘，パ ll)K) 乞

L: 
μ三αマ'0+マ(d'O+d')(IJl:'言誕百1/)

μ;e杭w

ð'・耳~K' /!l'l'!ll~K' 

sgn(N(μ))IN(μW'I.=o・

For -yεOK，W巴put

脱y:=91'uh!，ψ，('Y，1Jt')-1.

By the assumptωn (2)， !))t~ is c叩rimeto SJt if抗isintegral. The purpω巴ofthis 
section isωprove the following; 

Theorem 1. Put C.α/γ(SJt!))t-1) := C，α/γ(qm-I，k，内!D't-1， 1t') fOTαdi慨 OT!))t 
of fJ{坑，ψ・LetAk(SJt，ψ) be山肌 (9). lf there臼 nodivisor・!))tof fJ{悦，ψ 酬 th
('Y， SJt!))t-1SJt') = SJt!))t-1 SJt'f;;}~~川FI， then AK(川 )C，α/γ=O. Suppose川町ー
切ise.Then 

Ak(SJt，ψ)C，α/γ 

=sgn(N(α))eψ矛(α)sgn(N(--y))"""μK((fJ{!l'l，ψ，!mIJt') )ψ( !))t!))t~ )ψ((筑坑，ψ，!mIJt')) 

xψ'( _-ySJt-1踊坑，ψ(九，ψ，馴)一1SJt，-lf1t，!R批判例)N(!))t-1(九，ψ，!))tSJt') M~~')ト1

x N(!JJl''Y)-kN(加)-1(II (1-N(宿)))N(怖いな(め一1な(長)
~1 !D't 

円 ψψ'(匁)
x LK(l-k， (ψψ)長官.>T(恥，ψ，!D't!l'l')-1) 11 (1 扇面戸

~I !l'l' ，~ff;þ>þ， 

(11) 

切here!))t denotes the 1抑制伽I刷物ng('Y， SJt!))t明)= SJt!))t-1f;Þ}~μ，BRF191'-

Several prep紅前ionsare neωss乱巧， to give the proof 

Step 1. Unless ('Y，況SJt') =沢qrfL16tJ，ψ，!))t~-1 fOT an integml !))t~， then 
Cα/γ(SJt， k，ψ悦，ψ')vanish田• Suppose the equality. Then C，α/ハγ(9'悦t，k，ψ坑，ψ')句uαお

2-9η[E，ゐOK:ε白坑m坑川，4l17可'K(~石めb)-lS略gn(仰N(o<糾α吋)γ)eψ矛耐(0<α吋)sg酔n(仰N(ト一7竹))戸e"，ψ

x ~乞二 N阿(匁判が)戸k一1切制N阿((問仇吋fU長d}負h示!μ'岬ψmマf1，C白K叫)η) ~玄二
盟Cmffi， μ":91- 1耳~K'/(抗fJfdtJA，mtC1，OK)-1耳bK¥>-O

面(μ"m-1l)K)ψ'(--yμ"SJt'-lf1t' !R!l'l'パ ll)K)
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× L e(tr(μ乍))s酔 (N(μ))kIN(μ)lk-1IN(μ)1-818=0・

μ (mf~i)m;! ，1/1' 001; ，0 K)耳-1/t:呪W

Proof. Since (日，，) = (lolJt'-lfψ，長!l'l'，1t'，lJt') = (OolJt， lJt) = OK in the equation of 
Cα/γ(lJt，k，ψ!l'l，ψ') in Lemma 2， it is possible七hatfl(α，0 +，(00 + 0')， lJt'!li)云1)i' 0 
only when (1， lJtlJt') = lJtlJt'f;j}勾，ψ，!JJt~-1 for !JJt~ integ凶.This蜘 wsthe畳間七
assertion of出.eS七ep1. In particular if C，α/γ(lJt， k，ψ%ψ')手0，then，εlJt阻d
(α，lJt)=OK・When(1， lJtlJt') = lJtlJt'f;j}勾，ψ，mp，Cα/γ(lJt，k，ψ'Jl， 'lt') is equal 
to 

2-Y[ゐK : t''Jl'Jl' r 17X (高)-lN((町長，lhlψ，!JJt~-l ， OK)) 乞
!l!:C.出町'

2二 面(00湖一1i)K)ψ'(1，川一1f.ψ，九，パー1i)K)N(匁)kー1
ヴOR'GJEZ孟i，ψ，'"云1/1J1:'1.1t1l云1同
dO:I)l-l刷 1//刷 ith同

X L fl(臼，0+ ，(00十0')，lJt'抑云1)
ð' 型~K'/(坑fJfdtJ，ψ，9Jt~-1，OK )-1耳1)1/

× 2二 e(tr((β，0 + 0(00 +グ))μ))
μ・(qIfJJdtJA，mtL-1，OK)耳 '/t:町W

x sgn(N(μ))kIN(μ)lk-1IN(μW818=0・

S伽i加nc山巴ethe巴m却山叫of( 坑釘m町F守布f克UJ
¥lJt悦一→1怨抑B云1.//パ(lJt町f布JJ?筑示J試!{'ψmt「1，OK)-1抑云1

叫叫叫U均i凶向削叫凶叫叫ti山0

if a組ndo佃nl砂yi証f"初0三一，(伊s"初'0+0κ(0.ゐ0+0'的，う))(mo吋dlJ釘t'勺g匁li)云'K1)，wheres，0紅e色仕也healgebraic 
i泊nt旬eg欝er凶sgiven乱“t七he悶ebeginning of this呂e閃ctio叩n.We have 

Cαh川γ')'(lJ沢t，k，ψ'Jl，ψ') 

=TY[らK : t'!l'l'Jl' r1TK(手)-lN((沢fJhf，ψ，!JJt~-l ， OK)) 乞

2二
/..，-1一-1 _1-1 ーし 100，-1 

"Yo:lJ't'fψt 9'tmÎ.ψ' 冊守男nK~1町Q(OK~' ト0

d'o:m-1!l誕百it1/zaait1，ト0

現:C"，町'

記(00lJt!l-1i)K )N(!l)k-1 2二
δ'刷云'/(町長fBZJ，ψ，冊ら-1，OK11刷云1

ヴ0=0 (mod 1Jt'!2I.'ZI_Kl) 

sgn(N( -，( 00 +グ)))匂'ψ'(-，(00 +グ)lJt'-lfψ，灸!l'l'，1t' !l-1i) K ) 
× EJ'e(tr((60+グ)μ))sgn(N(μ))kIN(μ)lk-1IN(μ)1-818=0，
μーcm:f;lm;}，'It，VJt;-l，OK)!2l-1 /E')t'.)tl 

h巴rer巴placing00 + 0' by totally positive μ11 which is congruent to 00 + 0' modulo 

(町長?勾川r，。K)一1!li)'K1，
=TY[おK : t'!l'l'Jl' r1TK(高)一lsgn(N(日))吋(日)sgn(N( -，))句 L N(羽)kー1

!l!:C.町田'
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x N((')1f;;/!Rm~川C19K)) 2二
μ川悦 1盟~K'/(坑f476tJ，ψ，rut;-l，OK )-12('01(1，トO

面(μ"畑一1ilK)ψ'(ーザ明一1fAwfDK) 2ご
μ，(祝日fstJ，ψ，VJt;-l，OK)軍一'/t:"，，，，， 

x e(位(μ"μ))sgn(N(μ))kIN(μ)1ト 11N(μ)1-818=0

口

Step 2. U:肋'nl加白悶s(作"(，σ卿悶蹴t-1切制釘')1')= ~卿即t- 1切9悦釘m町1γη句Fサ万f応U長♂?灸仇勾勾示J試}hμ，岬ψ，!m町「1 h伽r!m肌L4仰耐n叫t句帆m叫a
Cιαl川守孔〔湖Iド一41\'ムk，、 ψ慨棚1一 h寸ψ，いい')a~肌:nish加も回闘ε白s. Suppose the 句叫均・ Then it 叩 als

TY[&OK : &'Jl'Jl' j-1TK(事)-lsgn(N(α))eψ面(α)sgn(N( -"( w'"面(!ln'̂()
x 'lt' (_"(')1-1!JJl')1'-lf1t'九，， 1t，!ln'̂() 乞 N(Qt)k-1 N( ('J1!)Jt

-1町内JFFへの))
理，C"，田'

× 2二 z 
μ・(qImt1fJ76tJA，mtF1，OK)現 '/t:田""μ仏'Jl-1!m耳02/(9ImI1fJJdtJ，ψ，rot;-l，OK)-121'OK

1 ，>-0 

(陥面内引畑m炉 1岬イ判ψV約，ワ')(J.t' 

Pro即of.Substituting沢!1Jt-1for ')1 in七heequation in S七巴p1， we have 

Cα/γ(')1!1Jt-¥ k，ψ抗rot-1，ψ')

=TY[ゐK : &'Jl'Jl' r 1 TK (高)-lsgn(N(a))eゆ(白)sgn(N(_"())e"，乞 N(匁)k-1
現:CIJ'tIJ't'

x N(仰 t-
1f;;/勾川71，OK)) 2二

μH:qt-1mgat/(qtm-1fJfat-hwmz-1，OK)-1gBt，〉O

雨明奴 1(μ吋問t-1~-lîlK)ψ'(-"(μ"')1'-lfψ品悦γ 匁 1ilK)

x ~ご e(七r(μHμ))sgn(N(μ))kIN(μ)lk-1IN(μW8 18=0 ・
μ:(qmt-1fJ76tJA，mz→，oK)!l(-l/t:筑""

It is readily checked that this is equal to the one given in Step 2. 口

Le色肌 bethe largest ideal dividing !Rm，ψwi出("(， 'J1!)Jt-1 ')1') = ~四Iーl')1'f;þ}
x長石川，mF1. IfMis皿 integralid回 1dividing向，ψwith!1Jt f !1Jt'， then 

Cα/γ(沢m'I，k，ψmrut，-l，ψ')= 0 by Step 2. Then 

Ak(')1，ψ)C，α/γ 

=μK(長悦，ψ)高(反抗，ψ)N(反抗，ψ)一1N(')1f~頃記ψ)一句(加)(II (1-N(午)))
'lll!m 

× 2二 ( II (1-N(曾)))高(加1)
!m' 1'Jl"'!IJl-1，，，'(甥明)=OKzlz 
xc.α/マ(91m-lmtF-I，k，ψ悦郷 1!Dt'-1，ψ'). 

N oticing that (棚 l!1Jt'一1fJ，1勾川~-l， OK)=(棚 1fdhhV9r， OK)for
!1Jt' with (!1Jt'， ')1') =印刷七hatN('J1!)Jt-1f~，1勾川~-l， OK) = N(肌)-1
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x N (!lJt'-y )一1 L μK(町内((坑m:ti;苅'九，が))
尻E冗((=-l!!Jl，-lnfψ，m')1:/，ψ，)，1jψ') 

x f 1 (μ沢 1棚'!lJt~ø， O山三1 ，F)1 - \.r~ _.  --._-. --- 1ψψ  

lO (0山町i吋

by using Lemma 1 (i). Then 

D(μ) 

=日酔(N(μ))kTK( 1/n(;') (ψず)(μm-1mmILgf仰，)N(!lJt;)-lX Z 

X L 
VK((m!!Jl-1筑 1l，ψ.""nfψ，ii¥""，.，o'))

μK(筑)"-" ;:i恥，!R)
!RE冗((坑mt-1m-Lt1，ψ，!Jt'円fψ，失m'，1t' )必ず)

[1 Cμ!J1-1!lJt筑償却t- 1 ーで1t'!lJt~ø，OK) = G_~.，!R-1) 
x ~ 
- ，，---_. ---- "J~aI~ 

-，''I'，-J，"' --"，‘i坤
lO (othe阿国)

where Z i目前 1抗enas the product Z = II Z(市)with 
弔問!!Jl九司3ffψm'

旬司，(!R町田一1ψ)

L: (1-N(午))min{l，i} 
i=vqt(μ'!R筑間 "ψ)ー1

Z(窃)=< xμK( {!R}<;p)何(mJZJh2 (市川)， 
旬曾(!R"，四一1....，;)T 芝‘，，，，

μK({!R}甲)'t'K(!?TJJtJM2(市|加)
i=vqt(μ 'D竜悦冊 "ψ)ー1

qJi being associated wi出{!lJt'}<;p.A simple c乱lculationleads t白色hefollowing; 

(i) The case that qJ f!lJt and 吻 (μ1筑悦奴 '，'It)> 1 : Z(情)= O. 

(ii) The cωe that qJ f!lJt and V<;p(μ1!R悦奴 '，'It)= 1 : Z(匁)= -N(匁)吋(坑!!Jl
-1)

(iii) The c錨 ethat qJ f!lJt and 吻 (p;
-1~!!Jl-1 ， 'It)三o: Z(情)= O. 

(iv) The case that qJl加担d吻 (μ-1!R引m1，ψ)> 1 : Z(領)= 0， 
(v) The c蹴 thatqJl加担d吻 (μ-1!R引!!Jl-1，'It)= 1 : Z(領)= 0， 
(vi) The c蹴 thatqJl加岨dtゅ(μ-1!R引m1，ψ)三o: Z(領)= N(匁)吻(m!!Jl

-1)

From this our assertion follows 口

Proof of Theorem 1. By Step 2 and 仇ep3， Ak(!J1，ψ)C，α/γis equalω 

2-9[t'OK  : t'mm，]-lsgn(N(α))e
ψ語(α)sgn(N(-"())匂 TK(手)-lTK (仰')~(!m!m;)

×ψ'( -"(況ーl!m!J1'-lfψ，弘'，'It，!lJt;)N(肌)一1LμK(九，ψ)高(九，ψ)N(九，ψ)一1
!l!:C!Jt坑'

x N(!J1f;;;頃ゐ)-k(rr (1-N(匁)))N(匁)kー1N((棚一切ー1f;;;成品"OK))
<;p 1!!Jl 

× 2二 IN(μ)lk
-1IN(μ)1-818=日

μ !!Jl~-1(抗m-1m'-1fJdtJA，，OK)a-1/E筑""
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X 'PK((蜘 1叫 -1，?t，!Tl'n f.ψ，品川，)) 2二 μK(D't) 
筑E匁(1ψfψ，筑m'，1t"ψψ')

X (1t?t')ぺ亡命諸問)-1!R)N(IJWJt-1杭(九，ψ，!m'.J1')筑 15;，)K1
X LK(I-k， (ψず)長O't，，，(長O't，ψ，!m況つ-1!R)

=sgn(N(日))eψ柄。)sgn(N( -')'))匂，7"K (:;t) -lTK ('Iþ'ψ')μK((長悦，ψ，加が))高(!lJtVJt~)

×高((灸侃zψ，9mt'))ψ'(-"/沢一1!lw.R!Tl，ψ(長悦，ψ，!m'.J1')一lSJt'-lf.ψ，!R!Tl'，?þ， m~) 

x N(肌)-kN(加叶九，ψ，!m'.J1')f.ψf品，)吋(町頃記ψ)-lN(~!m-1，附)

x N(勾ψ(1JWJt-1f;þ}!R;ï~，?þ" OK)) ( II 明 )(N(甲)ーn-1)
~1 !Tl' ，桝r，，;，，'

'PK((!Tl!m-19竜1wnfψ，mlJt/，ψ，))I TT  
x . _. " 1)1:!Dt7:晶、(日(1-N(午)))

制m

x LK(I-k， (ψず)扇町市ψ，!m!Tl')-1) II (1 閥幹)，
~1 !Tl'，~司r，，;，，'

which is equalωthe le氏ha且d討deof (11). 

4. THE CASE OF WEIGHT 1 

口

We compute the additional term which appe紅白whenk = 1. If ~ is叩 ideal叩 d
if e is a some group in eOK of fi凶teindex， then there holds也efunctional equation 

2二 日酔(N(μ))IN(μW8
μ=μo(街).μヲ'0
μ;， 

=(ゾヨπー1)gD~1/2N(怨)-1 L 
μ:!ll-10云'/1':，μ，<0

e(tr(向μ))N(μ)一11N(μW8

by Hecke [2]. By applying this to the equation in Lemma 2 (ii)， C!Iγ(SJt， k，ψ%が)
is shown to七obe equal七0

Tg[白 K : e!Tl!Tl' r1TK(高)一1N(ダ)一1( 千日一l)gD~P L N(沢明)一1
現 C!.1lIJt'

× z ψ， ('ì'o SJt'-lfψ，長悦，，ψ，匁 l~K) 2二 z 
γo qvfJfst孟i，ψ，!lIO云'/!Tl'現@云1，>-0 8':!llO云'/!Tl'型Bit1μ:(!Tl'盟)-111':"，""

工面(ðoSJtlX一l~K)e(叫7仰))e(む((臼"/0+ザ)μ))N(μ)一11N(μ)1-81.=0
80:!Tl-1!110云1j21DKI，>-日

From this we obtain， by substituting 1)'閉t-1for SJt， 

Cよ/γ(SJtm-1，k，ψ抗!Dt-1，ψ')

=2-g[ゐK 伽 r1TK(:;t)-lN(ダ)-1(一両π l)gD~P L N(倒 )-1
壇。C'"筑'
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× 2二 ψ'('yom'-1f.ψ，長w，ψ，2(-1I)K) 2二
')'0 坑'fJfstJ ，ψ，!l(~云1 /!l'l'!l(~云1 ， >-0 6' ・盟~;:;"/!l'l'壇'0 1/

三二 L 引do>JIDJt一12(-1I)K )e(tr('ydoμ)) 
μ・(!l'l'耳)-1/t:"，'1t'60 ・ !l'l-'!JJl!l(~;:;" /耳'OK!，>-O

x e(tr((白')'0十')'d')μ))N(μ)一11N(μ)1-818=0・

Wepu古

!R.m/，ψ'，!l'l・= 日 '+1. 
事1!)l'1t'，.，' ，!jJjm 

The purpose of this section isωprove the following; 

Theorem 2. Let C!h(>JIDJt-1) denote C!/γ('J四I-I，k，ψ坑!JJl-1，1//)・ Put!1Jtγ-

')'m-1fψ!Jl¥l'l，ψm'-1!Jl¥l'l'酌，c')'・=('ym'-1!Jl¥l'l'，.;..' n OK'~'，.;..，(!Jl\l'l".;.."m)-1). Then 
A1(m，ψ)C，よ/γispossibly not zero only叫 enthe開旬 thedivisoT!Jl of ~γ such 
that the numeratoT of!1Jtγ!Jl-1 is copTirr回 tom and the denominatoT is copTirr回

to fψ，!Jl. Let iR.Y be the divisOT of (m，九l'，';"') sat幼 zng吻(加γiR;y1)= 0 fOTαny 
p門medivisoT'+I of (m，!Jl侃γ).Then 

A1(m，ψ)C!/γ 

=sgn(N(α))何事'(臼)sgn(N(_')'))eψN(f.;..， )N(f仰，)-17X(ず)-1TK(仰')μK(え)

×ψK(九，，ψ，iR;y1'c;y1 )N(m'-1 (1'm-1九九1，ψ，qIFhJ，ψ，丸山γ)

×ψ(加点ー1nOK)耐え)す長((加γ長一130K)一1)LK(O，(仰')ム)
'γ'  

X 
H 仰'(匁) ψず(指)
1ー)II (1ー
N(匁)N(q3)

!jJ1尻町川Mfψ' qF|fψ，!jJffψ事'

Proof. By (10)， we ha-刊

A1(m，ψ)C，よ/γ
=2-9[Eo

K 
: E¥l'l¥l'l，r1N(釘)一1(両 7r-1)9DiPL N(問)一1

!l!:C.明杭'

X ε ψ'(1'om'-lfψ，長引".;..，2(-lI)K) 2二
70:qt'fJJSKJ，v軍司云'/¥l'l'耳ot，〉日 6':到。;:;.'/¥l'l'盟3云1

× 2二 sgn(N('yμ))eψψ(1'μ沢一12(fψ灸民ψ)e(tr((日')'0+ ')'d')μ)) 
μ: (¥l'l'!l!)-1 /t:"，'1t' 

(12) 

x N(μ)一l1N(μW818=0.

Then 

A1(m，ψ)C!/γ 

=2-9[ゐK 品川 1(-H7r-1)9 Dipsgn(N(1'))"ψ 乞 N(倒 )-1 L' 

ψ(1'μm-1f.ψ!Jl民ψ2() z 
')'0 ・qvfJJdt孟:，ψ，盟~;:;.'/¥l'l'現。云1，〉O

現:CIJlIJlI μ。(坑'!l()-1 / t:"'ffI/ 

ψ'(1'om'-lfψ，v:tm/，ψ'匁一1I)K)
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x e(tr(α1'0μ))sgn(N(μ))向 N(μ)一11N(μ)1-818=0

=2-9[eoK :品川 1(ーゾヲπ1)9DiPs胆 (N(白))~'V(白)sgn(N("Y))句TK(;t')

刈 K(長批判附)-1lz 空協PF Z' 
I!R由ヘψ， :CRR'μ(!Jl'耳)-1/&田町'

ψ("Yμ')1-1f.ψ!R!Jl，ψ匁)'It'!R(μ')1'羽dkJ，ψ，!R)N(μ.m)-lIN(μ匁)1-81.=0，

where仕1elast equality follows from Lemma 1 (ii). The eleme凶 με(沢明)-1which 

co附 ibut田 thesummation， is in 1'-1 ')1f;;/~~1þm-1 n (')1'm)べThen

A1 (')1， ψ)C~/γ 

=T9[eoK :品川 1(ーゾヲπ1)gDYB酔(N(臼))匂，'It' (α)sgn(N ("Y))匂TK(;t')ψK(九'，1t')

x N(釘)-1 :E雫PF~玄
自宅""，ψ， aumm'μ:(γ!Jl-1fψ!R""ψ，qI'mih;，ψ，!R)-1!l(-1/&"，明'

ψ("Yμ')1-1f.ψ!R!Jl，ψm)'It'!R (μ9TFgidkJ，ψ，!R)N(μ.m)-lIN(μO)I-818=0. 

For乱畳xed!R， the corresponding term vanishes unless the numerator of 
mγ民 1is coprimeもo')1 and the denominator is coprimeωfψ，!R， namely unless 

(!l1ty!R-1 n Ch， ')1) = ((加γ!R-1，Ch )-1， fψ，!R) = Ch. (13) 

He悶 thevalue of A(')1， 'It )C~/γatα/1' is possibly not zero only when there are !R 

with !R1!R!Jl'，ψ' 目前isfying(13). For such !R， (!R， ')1) is uniquely determined. Then 

凡=(!R， ')1)， 乱nd!R sati自身ing(13) are written as products of民 and divisors of 
m坑九ψ'，!Jl.Then 

A1 (')1， ψ)C~/γ 

=T9[eoK : e!Jl!Jl，r1(ーゾヨ宵 1)9DYS酔(N(α))匂'ず(日)sgn(N("Y))句TK(示)
x 'PK(長批判)N(釘 )-1 ~二 自主総!R)N( ("Y')1-1f.ψ九，ψ，町長JF))

!RI!R l 世，.ψ' 

×ψ(加γ!R-1nOK)房副(00'九!R-1，OK)一1)

x :Eど ψ(μ羽)内(μ貌)N(バ)一11N(州W81.=0
現。CIJtIJlIμ:耳 1/t:'1Jt1Jl' 

=(ゾヲ宵ー1)9DYB酔(N(白))e""ず(白)日酔(N("Y))匂TK(伝)ψK(品川，)N('Jt')一1

x :E血訪問((怖叶ψ九川匂川))ψ(!l1ty!R-1n OK) 
筑|筑間"ψ'

×扉!R((飢γ!R-1，OK)-1)LK(I，ψ'It'!R) 

= (-1)9N(fψず)一1TK(ψ面〉gn(N(α))匂'ず(α)sgn(N("Y))eψTK(宇)ψK(!R!Jl'，1t') 

x N('Jt')一1恒里地型~)LK(O， 'It'lt') n 
'f'K(筑γ) -.n.\~，"'t'"F J _J.~ 

司PI!R""ψ，司1ftψ'

(1一端1) II (1-犠 1)
市Ifψ'¥j:lffψV
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X 2二 些宅関町((怖 1f.ψ九，ψ，ダ勾，ψ，!Jty!)t))ψ(加 γ釘1!)t-1n OK) 
筑|筑間I，'!t' ，m 

州知((rot1'ijt~1!)t-1 ， OK)-1)II (1一端2)
!V1!1t 

= (-1)9N(fψ11" )-lTK(ψず)sgn(N(α))匂'ず(白)s伊 (N(1'))匂TK(;t')'PK(長悦'，'It')

x N(釘)一1雫炉開示) II (1一得)
市|尻町，ψ，司3ftψ'

x II (1一集客2)N(('y')1-lf.ψ品川悦'hJ，ψ，え))ψ(仇片1nOK) 
!Vlfψ，!VffψV 

×九((加γ紅白)-1)ご左右II(1 -1/)1t' (午))， 
情l.cマ

which is equalもothe right hand side of (12). 

5. MAIN THEOREM AND ITS ApPLICATION 

口

Main Theorem. Let ')1，沢，be inte仰 1id帥 lsof K. Let ψεCみψ'εC品，be印叩
or odd chαmcters，ω'hichα陀 notnecessαrily primiti開 .Let f.ψ，fψ， be the co吋 uctors
ofψ，ψ'陀spectively. Let!Rm，ψ(開sp. !)tm' ，'It') be the smallest ideal d伽 ding')1 
(開sp.')1') so thαt (!)tm，ψ，f.ψ) = OK (陀沼'p.(!)tm' ，'It'， f.ψ，)=OK)αnd let !)tm，ψ(陀 sp.

九，，'It') be its mdical. We as附 nEthat (qt，qruhh，)=OK Letqψ(3) be倒

的 (4)ω'he問 kis仇ena如何1number with the same p耐 Uωψψ，Then At:'It (3)お
αHilberl mod叫larform for fO(')1')1')K ofωeight k with chamcterψψ'P四hichhas 
the Fourier expansion 

事'(焔ゐ)ψ'(DK)LK(1-kd)
耐'対岬，)ψ(llK )LK(O， 1/)1t') 
ψ'(llK)LK(O，ψψ') +ψ(llK)LK(O，ψψ') 。
+29 L L 

(k> 1 or ')1 c OK， and ')1' = OK) 
(k = 1，')1= OK，')1' c OK) 
(k = 1， ')1 = ')1' = OK) 
(othe門川e)

ψ(m) 

lIE()I/ ，>-0 OKコ!lIコvm-1fψ筑坑，.，m'-lfψ，iR:m.'，ψ'~K 

×ψ'(v貌 1')1-1 f.ψ!)t悦，ψ')1'-lf'lt，ijt況'，'It，llK)N(忽)k-1e(七r(v3)). (14) 

Let臼，刊 OK叫め(白川)= OK. The叩 lueof可決)at恥 C岬臼his 0 
ザthere師 nointegml地 alsrot， rot~ with釧向，ψ，mLlmdhlv叫ゆng
(1'， ')1VJt-1')1') = SJ悶t-1 ')1'f;þ}ijt;ï~，ψ， rot~-l. Suppose otherw問問dlet rot be the 

laη凶 8叫 id回 1.Then the v仇 eof五ら(3)αtthe c回 pαhis given by 

sgn(N(白))eψ語(白)sgn(N(_')'))e."μK((!)tm，ψ，VJt')1') )ψ(VJIDJt'1' )ψ((!)tm，ψ，VJt')1') ) 

×ψ'(怖 -lrot九，ψ(九，ψ刷')一切ー1f.ん川)N(rot-1(九，ψ，mtqr)fd，)kー1

x N(rot~)-kN(ルド~JT(め 1T (仰')N(蹴)-1n (1-N(積))
Y' - "'1" ψψ .1..1. 

q日間t
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πψψ'(曾)
x LK(l-k， (ψψ)負担.'"(負担，ψ，9Jl'Jl')-') 11 (1 扇面戸)

事I'Jl' '<:Pff;t"" 

PutDJtγ:= 'YS)1-1f.ψ!J't'Jl，ψS)1'-l!J't'Jl'，1t" .cγ:= ('YS)1'-l!J't'Jl' ，1t' nO K， !J't'Jlγ(!J't'Jl' ，1t' ， S)1) -1 ). 
1f k = 1 and if the問 isthe divisor!J't of !J't'Jl' ，ψ， such that the numerator of DJt，γ!J't-1 
白 ωpバmeto s)1 and the denominator isωp付meto f.ψ，!J't， then there is the αddi-

tional term. Let凡 bethe divisor of (S)1， !J't'Jl' ，1t') satお:fyingv!J'.l(加γ町l)=Ofor
any p付medivisor qJ of (S)1， !J't'Jl' ，1t，). Then it is 

sgn(N(臼))句研'(α)s酔 (N(-'Y))eψμK(え)ψ(加γ!R~1n OK)耐え)ずえ((蹴γdtI，OK)一1)

×内(九，，ψ，伝子1 .c~1)N(勾，1t'(加γ人)ム)N(fψ'f~~，)r(ず)一1r(仰')

Hψψ'(匁)
X LK(O， (ψψ')ム) 11 (1ー). 

.l~~. ，- N(甲)
!J'.l 1 'Jl，~附fψV

Proof. The value目前 eachcusps紅 einvestigated in the section 3 and七hesection 4. 
We compute the higher terms. Then 

xt:ψ"，，'Jl(3) 
=c+[ら K : t''Jl'Jl' r1r(め1 L 乞 N(2l)k-1 L 

VE'OJ(l ，>-0 21:CIJl田' ，，-1一-1 nr..-1 Jm-/nu，-l γo坑 fψt!l¥m:I，ψ'貌tIK~ I lJt/~現 tlK~'トO

dn:m-1m.・ 1j2l.tI';} ，)-0 
U'~. -"K '-"K 

x '!t( doS)12l一l(lK)ψ'('YoS)1'-lfψ，長抗'，'ltI2l.一l(lK)

x L e(tr(doμ))sgn(N(μ))N(μ)k-1e(位(η))，
"1μ三マo(1J1:'m.tI 1/) 
μ !2(-l/E

IJtIJl
， 

where C is仕1econstant term. Put X(加)=XI;hmhmt(3)formtwithmIコル Then
Ak(S)1，ψ)X 

=C' +[らK : t''Jl'Jl' r1 N(沢f;;/ iR;i~1þ)一軒 1 ~二 L N(匁)kー1

X 

X 

VElJi<l，>-O軍:CIJ'tIJl'

2二 ψ'( 'YoS)1，-lfψ， v:tQ't"ψ，Q1-1(lK) 

'1'0坑'fJ，1負J，ψ，!l!D云，1'Jl'!l!D云1，>-0

L ψ(μS)1-12lf.ψ反抗，ψ)sgn(N(μ))匂ー1N(μ)ト 1e(む(113))
"1μ三百(')t/!21.'0云')
μ o;-1/ε"'"" 

=C'+29N(町長1iR;i~1þ)-k+ 1 L L N(匁)kー1 三二
vED云1，〉O軍 C')1:')11 '1'0・9I'fJ76tJJ，型D:K'1'Jl'盟'01(.1，>-0

ψ(μS)1-12lfψ!R'Jl，1t )ψ'( (11/μ)S)1'-lfψ，!)'t悦'，1t，2l-1(lK)sgn(N(μ))句+匂，-1

x N(μ)k-1e(七r(η))

=C' + 29N(判長1iR;i~1þ)-k+ 1 L L ψ(加 1f1t!R仰)

lIE'OI/ ，>-0 mf;/長記ψコBコν抗日fψ'扇町'.ψ，DK
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×ψ， (v!B-1!J1'-1f.ψ，!R¥11' ，1{/d K )N(!B)k-1e(tr(η)) 

=C'+29 L L ψ(慾)
νE'OK1 ，>-0 OKコ怒コν¥11-1fψ!5i"".，¥11'-1 fψI !R.l)ll ，ψ'~K 
×ψ， (v!B-1!J1-1f.ψ長引，ψ!J1'-lf.ψ，長批判dK)N(!B)k-1e(七r(v3)).

口

Let也.enotation be as in the theorem. Let N be the minim乱1natural number 
contained in !J1!J1'. Let Xo be the Dirichlet character modulo N obtained by re一

前ricting ψ ψ ， to Z. Then At:1t((z，... ， z)) (z 刊 ) is a:阻n日e均 U恥CII皿凹ω吋0吋叫d小出ul加l
r町0“(仰問N川)of鴨糊19脚h批tg件kwith cha翻.cteぽrχ泊o.The theorem p乱巾叫a市 givesthe叫 ues
ofIL((z， J))叫 allthe cusps of ro(N). Suppose th抗出re紅巴Dirichlet
charactersχ， x' so that 

ψ=χ。N，ψ'-χ，oN. 
Pu色

Aら(z):= At:1t((z，... ， z)) (z E.fj) 

ThenAらisan e仰 icmodular伽 m伽 ro(川 ofweightgk with charac回収χヤ
Letαbe a叩紅efre哩in旬'ger.Let a* denoteα ぽ 4aac∞rdingωα-1 (mod 4)町

田 t.We d巴n瓜eby Xa.， the Legendre-Jacobi-Kronecker symbol. We defineσム，X
bT4L1占(n)= Ldlnχ'(n/d)χ(d)ポ

-1for nεN阻 dd:u(n)=ohrndNU{0}-

If K is real quadratic and if 1(;，ψ
， 
are primitive， then the higher回 mof Ai~，x(z) 抱

∞mp旧tedfrom (14)均七hemethod in [6] as 

4EZ(胞が)(d)L lT~~l ，x (in/仰K-m:)e(nz) 
n=l dln mEZ

、 F

where XK  denoもes七heKronecker-Jacobi-Legendre symbol for DK. 
Asa且 applica七ionofthe m乱jnth巴or巴m，we give some formulas for special values 
of出eDirichleもL-function，which is similar七oExample 1 in the section 6 [6]. Let 
αbe a square-free natural numb巴rwi出 (α，6)= 1. Th巴n

L(O，X抽)=-2 ~二 σお(4α _m2) ， (15) 
mEZ 

L(ーは抽)=ぬ 2~二 σEL18(4α -m2) + 2.3-2乞σZ8(16α_m
2
)・ (16)

mEZ mEZ 

Let us put K = Q(ゾ面).Put ψ-3 :=χ-30N，ψ土8:=χ土80N. Then the conductor 
fψs is equalω3， and七heconductor f.ψ土8is equal to 8 or 4 according剖日三 1
(mod 4) or not. A simple calc叫ationleads to 7X (ψ-3) = -3阻 d7X(ψ土8)= 
士8(品三 1(mod 4))， TK(ψoi8) =土4(α 三 3(mod 4)). Then Ai，;: (z) is an ellip七ic
modular form for ro(3f1t8) of weight 2. The main theorem蜘 .wsthat the value at 
由 cusp 1/九 is 一3-

1切LK(卯0，1(;ψ一3坤ψ拘8ω)叩 d古也陶he羽 luea抗色c叩u目叩p1/β3 is f布J石;LK(仰0，ψ一-3ψ拘8心)
乱副n凶dt出he叫 u醐e白sa批七叩p戸B叩 ival叫le倒rr批i比tneither to 1/f.ψ8 nor 1/3 under ro(3f1t8)'間 O.
Let Um (mεN) be仕1eoper叫oron the elliptic modular forms defined by 
Um(L二。cne(nz))=乞之ocmne(nz). Then日(A5ヰ)isamod叫arform for ro(6) 
if a OJ-1 (mod 4)， and U4(Aiヰ)is a modular form for ro(6) if a -1 (mod 4) ([1]). 
In either 畑町 themodular form tak白色he叫 u巴2ー1LK(0，ψ3向)at the cups 1/3， 
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the value _3-1 LK(O，ψ3向)at the cusps 1/2 and the value 0 at any cusp equivalent 
to nei也er1/3 nor 1/2. The space of modular forms for ro(6) of weight 2 is spanned 
by elliptic Eisenstein series whose values at cusps or Fourier expansionsぽ ee舗 ily

obtained. Comparing with them， we obtain LK(O，ψ-3拘)= -4 I:mEZ (T~，二 (4α­
m2). Sinω LK(O，ψ3ψ8) = L(O， X-24)L(O，χMα) = 2L(O， X-24α)， we obtain the 
identity (15). We note that L(O， X-24) gives the cl醐 numberof the imaginary 
quadr乱.ticfield Q (ゾ弓亙).
The modular form A~. 
×刈LK以(ト一-1，ψ 3叫ψ 8ω) a剖t七蜘hec叩us叩p1ν/品μι一8引， 佃 dOa剖古 組 yc叩凶岬pnoω七eq伊刷u凶lIv叫百叫le副n凶七七ω01ν/fルιψ札一8
Then 砧(件A2之.(μz吟ゆ)η)(μα oj. 1 (mod 4め引)日)0ωru'叫4(件A2之.(μωz吟))( α 三 1 (mod 4め引)η)is 乱 mod-
叫arform for ro(6) which tak，巴呂志hevalue -3-3LK(-1，ψ-3ψ-8)剖 thecusp 1/2， 
and 0前田ycusp no色町uivalentto 1/2. By七hesimilar method剖 aboveshows 

that 3LK(-1，ψ叫 8)= _23 I:mEZ (Tf，之.(4α m2)-22 I:mEZ吃之.(16α m2).
Since LK( -1，ψ-3'1t-8) = -6L( -1，χ-24a)， we obtain出 identity(16). 
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