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The values of Hilbert-Eisenstein series at cusps
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ABSTRACT. The Fourier coefficients, in particular the constant terms, of Hilbert-
Eisenstein series have the number theoretic importance. The value at a cusp
gives the constant terms of the Fourier expansion centered at the cusp. We
give the values at all the cusps equivalent to v/—1oo, of some specific Hilbert-
Eisenstein series whose Fourier coefficients of higher terms are in rather simple
form. The result may be useful to obtain the special values of L-functions or
to investigate the Shimura lifting for elliptic modular forms.

1. INTRODUCTION

Let K be a totally real algebraic number field of degree g over Q, and let Ok be
the ring of algebraic integers. Hilbert-Eisenstein series have essentially the special
values of L-function of K as the values at cusps. Siegel [3] obtained the explicit
arithmetic expressions of the special values of the zeta function of K at negative
integers by exploiting the values of Hilbert-Eisenstein series for SLo(Ok) at the
cusp v/—1oo. This method is generalized in [5], where for an integral ideal 91, the

values of Hilbert-Eisenstein series for T'o(IM) g := {(: ?) € SL2(Ok) | v € N} at

the cusps equivalent to v/—1oo are necessary

In [6],[7], the Shimura lifts of the product of the theta series and Eisenstein series
are investigated. They are given as the restrictions to the diagonal, of Hilbert-
Eisenstein series of real quadratic fields. To make a close investigation of the lifts,
we also need to explicit formula for the values at cusps, of Hilbert-Eisenstein series.
This is the purpose of the present paper.

We denote by 0x and Dy, the different of K and the discriminant respectively.
Let px denote the Mobius function on K and let ¢x denote the Euler function
on K. If B is an prime ideal, then vy denotes the ‘B-adic valuation. If 9N is an
integral ideal, then {90}y denotes the -part of 9, namely, {M}y = PU* PV, Let
I be an integral ideal of K. Then £y denotes the group of units € > 0 congruent
to 1 modulo 91 where € = 0 means that ¢ is totally positive. We denote by Ciy, the
narrow ray class group modulo I, and by Cj,, the group of characters. A character
Y € O is called even (resp. odd) if it satisfies () = 1 (resp. ¥(p) = sgn(N(p))
for p € Ok,# 0 congruent 1 modulo 9. We exclusively work with even or odd
characters in the present paper. The identity element of Cf; is denoted by 1y, for
which 15;(2) is 1 or 0 according as an integral ideal 2 is coprime to 91 or not. For
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a character 1, ey is define to be 0 or 1 according as 1 is even or odd. We define the
value of the characters at non-integral ideals to be 0. The conductor of a character
¥ is denoted by fy. For an integral ideal I, R(9M, ) denotes the set of all the
products of primes divisors ‘B of 9 coprime to fy with multiplicity one or zero. We
note that R{M, ) # 0 because Ox is always in it. If ¢ € C§,, then we denote by
Ry, the minimal divisor of 0 satisfying (R, fy) = Ok. We denote by Rar ,
its radical, which is in R{M, ). The primitive character associated with ¢ € Co
is denoted by 't,b For any integral ideal 9 we define gy := 'l,blgm Then g = 'a,b
for an integral ideal 9t with 2|f,, and ¥y = .

Fora € K, aM, ..., a(®) denotes the conjugates of o in a fixed order. We denote
by N and tr, the norm map and the trace map of K over Q respectively, namely
N(a) = IT{_, o® and tr(a) = 37, o). For ¢ € Cy;, Lx(s,%) denotes the Hecke
L-function, that is,

o )
)= 2 Ny

where 2l runs over the set of all the integral ideal. Let £9 denote the product of g
copies of the upper half plane §) = {z € C | Sz > 0}, Sz being the imaginary part of
z. For+,d € K and for 3 = (21, -+ ,2,) € H, N(y3+6) stands for [TL_, (vPz;+50)),
and for v € K, tr(v3) stands for 3_7_, vz Let

A=(2 §) esa(n) o
) 5, 481 ROV T
Then we put A3 = (7?%1 Tty Wzgﬁi_ggf)

Let 91, 91 be two fixed integral ideals of K. Let 2 be an integral ideal of K and
let k£ be a natural number. Let v € 2[0_,_{1, do € ‘Jt_lﬁlbg—l. We define

7
Era(3,70,00: 9, 9) = N@*( 3 N(vs+8)FIN(v3 +6)|7*) o=

r=vo (ot %o )
s=dp(mo )
(’Yl‘s)/smml

where vy = v (A" ) implies that y = vp modulo WAL and where 3’ implies
that the term corresponding to (,d) = (0,0) is omitted in the summation. For a
set S, A(z, §) is define to be 1 or 0 according as x € S or not. For 2z € C, we put
e(z) = €2™V=12_ Then we have the Fouricr expansion

Er 21(3, 0, 60; M, N')
= ALy, WIMNF( Y N H NG ™) lsmo

p=&y(av )
P/smgtf

HEE o T 8 etwtn)

0<vEdy vin=vo(nt/uah)
I‘:ﬁ_llsmml

x sgn(N(u))N(u)*~le(tr(vs))
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where there is the additional term

(-mv=DD( Y sen(N)ING)I™*) oo
p=vp(OV 2D )
w/Eqmmr
when k = 1, and where there is the additional term —“3—‘/? when g=1and k& = 2.
Let ¢ € C,¢ € C}, be even or odd characters so that £ € N and 41’ have
the same parity. We assume that

(M, ‘Jt’fw, ; w) = Ok. (2)
We put
Xk,’wm,m(é)
. ( (k - 1)' )QD_1/2 £ £ 1 = _1
oy’ UK Eox : Emm] ()™ D > 1

A:Copope -m:f;}ﬁt'_, o™ aaKI/m'mnK -0

sgm—laa /maK 0

P(6oNA 0k )Y (YoFu R 4N ' A0k ) B 1.3, Y0, 505 9, ) (3)

where 7, denotes the Gauss sum defined in (5), and where we assume that either
1 # 1y or ¥’ # 1oy when g = 1 and k = 2. Further let

K?i’,'..;,(a) = MK(ﬁm,¢)a(ﬁm,¢)N(5tm,¢)—1N(mf;1§§a—zl¢)—k
x Y (TTO-NEDBEX, | ma) @)
DR,y PlD

We determine the values at cusps equivalent to v/—1o0, of this Hilbert-Eisenstein
series (4) as well as the Fourier expansion at the cusp v/ —1c0.

2. (GAUSS SUMS

Let 9 be a primitive character of an ideal class group of K. The Gauss sum of
1 is defined by

() = Y(pfydk) D w(E)e(tr(pt)) (5)

£»0
&0 [fy

with p € K, = 0, {pfydx,fy) = Ox. The value 7x(¢) is determined up to the
choices of p.

Lemma 1. Let 2 be a non-zero integral ideal. Let ¢ € Cg, which is not necessarily
primitive.
(i) Let p € A~L. Then
> D(5MNA 0k Je(tr(Sop))

So:M— 120t /Ad L, -0

—sen(N@H k(@) YD ux) S TOm ). (6)
(LI

In the summation of the right hand side, at most one term survives. If there is
R € R(M, ) satisfying (uAN~, Ok) = fu LR—1 then the term associated with R
Survives.
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(i) Let p € AN, Then

> 9 (SofyPRor, M A 0k e(tr(Sop))
do:fy Ryt MAVL /MRADL >0

" P
=sgn(N(u))%«-K(w)mZm¢uK(m)W¢(m)wm(ummm?¢m). ™

In the summation of the right hand side, at most one term survives. If there is
R € R(M, ) satisfying (pmm,;},,,m, Ox) = R, then the term associated with R
SUTvives.

Proof. (i) At first we prove the following; if 4 is primitive, then
Y. d(Ed T ok)e(tr(én)) = sen(N() 9 (uMfy)x ()  (8)

-0
eaolsf A0y

for p € A, # 0. Let o € Ady', > 0 with (o220, Afydk) = Ok. Then
X g W(EAToe(tr(En) = X g (o€ T0k)e(ir(agy)) =

g0 /ooy

(oA 0K) Ee g P(€)e(tr(é(ap))) where the summation of the extreme right
O/t

hand side is equal to sgn(N(u))** ¥ (oufydx )7k (¥) by [4] Theorem 13. This shows
the equality (8).

Let us take « € M1, > 0 such that oM C Ok and (oM, MN) = Ok. Let
ap = p1 + p2 where all the prime factors of the denominator of p; (resp. pg) are
divisors of fy (resp. R p). Then

> P(BoMA ™ 0k )e(tr(Sop))
So: 1Rl /A0, -0
= > P(adoNUA 0k e(tr(Goop))

So: A0t /MA0 L, -0

=P(aM) 3 P(oA ™10k e(tr(dopn ))e(tr(dopuz)),

So:Av g /MAV L -0

1

which is 0 unless 45 € A, and py € AR for some R € Ry y. In such case
the above is equal to

RS ALIRTIB0)) 3 (G0 0k )e(tr(opn ) e(tr(dos2))
So: AV /fRADL >0

=) 250 > A ok)e(tr(Soms))

So: A0y /iAot -0
= i (R) L (aM)sgn (N (121)) 9 (i W ) 7 () (by (8))
= () 250 sgn(N (1)) B(R) P (AN R)7ic (8).

The factor I,bm(u‘ﬁ_lﬂfwm) appearing in the right hand side of (6) is equal to
J(p&l‘)’t_lf,},m) if (AN, 0k) = f;lﬁ_l with R € R(M, ), and it is 0 if other-
wise. This shows (6).
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(ii) It is enough in the left hand side of (7), to take the summation over the
representatives dg so that (5gf¢§%m,¢m_1ﬁ_10 k3 N) = Ok. Such §y are written as
products dg = 6162 where 4, are the representatives of f;l‘)'&m;{l modulo 9’?22[3_,_(1
with (Gofy M 1Ak, M) = Ok, and §> are the representatives of ﬁa_‘t,lzp modulo
Ox with (.025%91,11;, Ox) = Okx. We can take §; (resp. d2) so that they are totally
positive and that the differences of §;’s (resp. d;’s) are in ﬁm,,,,mm;(l (resp. fy).
We write p in the form p = p; + g with g1 € ARy N1 and pp € A 1§,MN 1.
Then the left hand side of (7) is equal to

) (51825 PR o DA 0k e (tr(B152401) Je (b(8152p12))
61,02

Since e{tr(d1ap2)) is independent of 1, this is equal to

> {Z 111(5152f¢5‘{m,¢m_lﬁ_lak)e(tf(fslfszm))} e(tr(0162p2))

b2 &

= 3 sgn(N(un)) B Pl )i (Dt (Br8apia)  (by (8)
P!

= sgn(N())** (P O (W) 7w (9) > e(tr(6162012)).
da

The last summation is equal to g x (R) %‘Q if (u22Afy, 15’%;,},,,%, Og)=R"1Rc

R(9T, %) or equivalently if (uﬂﬁ&?ﬂb’)’t, Ok) =R1,M € R(M, ). Thus for this R,
the left hand side of (7) is equal to

s o
b)) s N e (DB 5, ).
The similar argument of the last part of the proof of (i) shows our assertion. O

Let X be some function on the set of ideals. We define Ax(M, ) for ¢ € C
and for k € N by

Ak, )X = px P,y Y (Fion )N (R, ) N, RS, 7
x > (JIa-NEB))PE)xEm ™). 9)

MR,y PN

Proposition 1. Let N be an integral ideal and let € Cy,. Let A be an integral
- - -1

ideal so that (A, M) = Ok. Let X, (M) = Eéoszlmal—(llma;{l,»() Yo (GoIMA™ 0k ) X
e(tr(dou)) for u € A~ and for an integral ideal I containing fy,. Then

AR, )X, = N RG) ) ™ ric (§)sen(N() 9 (0 Uy Rony),  (10)
where we note that an ideal class character is define to be 0 at non-integral ideals.

Proof. Unless (ufyM1,§,) = Ok, then the both sides of (10) are 0, and the equal-
ity holds. We assume that (ufyM~1,fy) = Ox. Let MRy, and put R =

J— —_— —_ —_— -1 e
5 (W1, O) ™", Then by (6), XM ) = px(R)“5LT oy sen(N(w)

XPOOP (U U] R) 7 (9). Lt Y (D7) = pusc () 22 Dm0 o o).

_5_
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Then X (MIN1) is equal to the product of %sgm(N(n))e\bw(u‘ﬂ 1R; o Afp)

XTK ($) and Y (M9 1), where the former is the constant on 9. We must compute
Ar(9,4)Y. We note that R = g™ 1Ry M1 N Ok. Then

Ar(M, Y)Y
= px (P ) V(R 4 )NRen ) N, RS ) F > [[a—Nepy)
MR,y PN
X IR pge (0™ P M N Oe) 5 EGRITE) (R M)
= p (R )N Rin, ) N, Rl ,) 7 > T @ —Nep))

p 1R gy Ry, MO N[ Ren, oy BN

_ _ Rop, w901
X px (0 R M N Ok) G oy

=ik (Ron g )N P, g) N Ry,) ™ [ 209)

PB|Ra,¢
where
v (Ro,y) . .
Z0p) = 2 [T (1 - NR)) - psc(pmex{om v )ik
i=max{vep (£~ Rm,y)—1,0} P|P*
pxc (BB Tov)
X ‘pK(qsmax{u;p(p_lmm"k)—i,o})'
If vs (' Ror,y) < 0, then
v (Ro,p)
2z = Y, J]Q-N®)-ex(pr@me)
=0 |
vep (Rot,0) .
= pr(FHCRD) L A-NP) Y. ex(PrOme) =0,
i=1
If v {p~Mm ) = 1, then
v‘.[](mﬁ’t,-l‘b) , ( vy (Am -4,)—'2)
20 = Y. I 0-N) - pa (=) e oy
i=0 o
7m0y veg (Ron,w) _
=B Ty L+ (L-N(B) D ex(PrrPne)=)
i=1
= _N(qg)vp(mm,u,).
If v {pp~Mor,p) > 1, then
Z(B)
veg (Ron, ) . (ROt )
max{v R —1i, ’

=(1-N(p)) Z px (P {vp (™ Rm,y) 0}) (px(mﬁ‘i"g”(”_lm"’"‘“_i’o})

i=up (™1 R0,y )1
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s (PR P, p)H1—vm (b Doy )y e vep (Ron, ) —1
— (1 - N~ i T eI} =0
i=vg (™10 m,u)

Thus
AT, 9)Y = {N(D%m,,/,ﬁ,}l}!p)N(mmlﬁ'{g‘hp)—k (vep () = vp(Rm,p) — 1 for PB|Rm ) .
0 (otherwise)
Then
A (‘)'[, ¢’)Xu
_ Pk (mma_tf\a)

= ey BN () B (9 Py A ) ()

g {N(mm,vpﬁ&ip)N(melﬁ&ﬂb)_k (vp (&) = vp(Rim,y) — 1 for PR )
0 (otherwise)

= N, Rl ,) ™ i (§)sgn(N (1)) Y Y (0 Ay Rin ).

3. CONSTANT TERMS OF HILBERT EISENSTEIN SERIES

Let A be as in (1). If f(3) is a Hilbert modular form of weight & for some congru-
ence subgroup, then the value of f(3) at a cusp /7 is given by lim,_, ,—1., N(73+
8)7%f(A3). For fixed a,v, we can take 8,4 so that (5,9%) = (6, M) = Ok.
Then the transformation formula of N(7y3+6) % Ej % (A3, 0, 60; 9%, N') is readily ob-
tained and it shows that the constant term of the Fourier expiation of
Ex (3,70, 60; 91, 97) at /7y is

f
NEF ST Alavot+y(Get+d), AR > N(w) *IN()|~*|s=0
8 AV /M AV =fvg+5(5g+8 ) (M Av )
wfEqemt

where there is the additional term

!
(-mV/-DDPNENOY) T Y > sgn(N()IN()|~*ls=0
8 A /AL m=avoty(So+s ) (Ao h)
s/ Eqmy

when k = 1. Since X;f,’-:,bm,m(ﬁ is a linear combination of Ep (3, vo,d0; 9%, ')’s by
(3), we obtain the following;

Lemma 2. Let A be as in (1). The constant term of N(v3 + 6)_k3\’f:¢m,m(A3) is
equal to Co (M, k, thm, V') with

Ca/y (M, k, thon, ¥')
- 9 - ~Lo ()™
=((%2’:/——i1:ﬁ) DM €0y  Em] (@) Y 2

"
T |
sp:ot—lato /Ao .0

X P(SoMA 0% (vofyr Rov W A0 )N@* Y
& A /AL

: 15—1 —1 -1
A:Coont g5 PRt B /T AR -0
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I
Afaryo + (6o + &), MU0 > N() 7* [N ()| ~*|o=0

p=Bya+8(8g+8) (o mah)
B/ Eqmer

where when k = 1, there is the additional term CL /,Y(m, k, o, ") with
Cé/q(makaw‘ﬁ’w’)
=27%(Eoy : Emo ] k(@) TNOY) T D >

. 151 -1 -1
A:Conopt ’mza‘t’fw mm,,‘p,zaK /oA L0

so:m— 1ot yme !0
DA 0 (0N R A 0K) D
& Ao /o Ad

x > sen(N()) N ()|~ lo—o-

s=ayp+y(Sp+a ) (Ao )
I‘/Emml

For v € Ok, we put

mt:, = ‘ﬁ'f;.lm;}‘}’w, (7, )L,
By the assumption (2), 9., is coprime to 91 if it is integral. The purpose of this
section is to prove the following;
Theorem 1. Put Ca/.,(‘ﬂim_l) = a/.y(m_l,k,'z,bmm-l,'qb’) for a divisor M
of Rm,y. Let Ae(M, ) be as in (9). If there is no divisor M of Ryyy with
(v, ORI = m_lm"f;,;l 5%,;‘},,,,,931’;1, then Ax(M,¢)Cq/y = 0. Suppose other-
wise. Then

Ak(m’w)c’a/-f
= sgn(N(0)** 9(e)sgn(N(—7))®' pxc (Rom,p, MV ) P (MM, b (R, MN'))
X P (—y DRy, (Ron g, TV ) 219025 Ry M, YN (R 5, MOV )2, )1

oy’
x N(a)~*N ()~ [T (1 — NOB)INGf;L, )7 (B) rc(99)
Bln

———

< L= by (i i ymmr) IT (= o) 1)
B Btz

where M denotes the largest ideal satisfying (v, MORIN') = m_lf,;,lﬁ,i},w L.
Several preparations are necessary to give the proof.

Step 1. Unless (v, N) = mm’f,;,lﬂ"ftgt},¢,mt;—1 for an integral DN, then
Ca/vy(M, k, Yo, ") vanishes. Suppose the equality. Then C, /.y (M, k, Yex, 1) equals

2790y : Emav] k() Lsgn(N(a))** (a)sgn(N(—7))*’

x 3 NE@IN(OY Mg, M, Ok)) >
A:Copons =10 /(R L Ok )10 -0

D" A 0 )W (— " WL R A0k

_8_



Hilbert-Eisenstein Series

I
x > e(br(i” 1))sgn(N (1)) *IN (1) [*~* [N ()| ~*|a=0.
H: (mf\o,l g‘tl oy ﬂﬁ’ OK)QI_I/ETR‘JI’

Proof. Since (,7) = (%M Yy Rar g, M) = (6N, N) = Ok in the equation of
Ca/y(N, kYo, ¢") in Lemma 2, it is possible that A(ay +y(d0 + '), ’)'I’QIDR-I) #0
only when (v, MN') = mm’f;,lm&},¢,m;—l for 9, integral. This shows the first
assertion of the Step 1. In particular if Cy/y (M, k,1Pm,%’) # 0, then v € N and
(2,M) = Okx. When (v, M) = MW, R, ML, Copn (M, K, P, ¥) is equal
to

39 (E0y : Emm] i () IN(O S g, T, 0%)) Y

W:Coyomr
> P(SaMA 0x )Y (900 e R A~ 05 )N ()
"o m'fw, ’w,anf}l/!}t'ﬂaf}l,»o
g m— 12{0;{1/911:_,_(1.»0

X > Aloyo + (8o + '), WADK)

ar ﬁb_l/(mf¢lm;t, ‘b,mt;—l,ox)—lm;rl

I

x > e(tr((B0 + 6(do + 8"))w))

(T R 05 Ox)A~ /Eyony

x sgn(N (1)) *IN(w)*~H N()|~*|s=0-

‘Jt’f,p, Rt Wﬂﬁ’ 100t /oAt
N12A0x /(NF i/ Ry TG, Oxc) 120
multiplication by the matrix ( 3 6) is bijective since ey = —7(dp+9') (mod N'AvL")

if and only if 79 = —y(Bvo +0(89+4")) (mod DVAvL*), where 5,8 are the algebraic
integers given at the beginning of this section. We have

Ca/’y(ms k, "qb‘na ,llb,)

=279E0, : Emov] 1Tk (¥)" IN((OY R D, 0k)) D
A:Coyops

> P(SoTA 05 )N(A)F 2 3 .

tap Lo omp=L reme—1m—1 -1 1
v SR i e g /et -0 shma gt /PR o)~y

Since the map of ( ) to itself given by

so:m—Llaa /et >0 Y9=0 (mod M2y )
sgn(N(—v(d -+ )% ¥/ (=7(6 + &)~ Fops A 0)
’
X b e(tr((do + &')p))sgn(N (1)) *IN ()|~ [N ()| ~*|s=0,
w0, MR L O Eqa

ot .¢,I

here repla,cmg 60 + 4 by tota,lly positive p” which is congruent to dg + ¢’ modulo

=2_g[8ox:&nm']_1TK($)_18511(N(0£))3‘”@(a)sgﬂ(N(—v))e"” > N@)H!
A:C oot
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N(O 552, 1, Ok)) >

PR o lm_:(l/(qu)lm— ML, O ) 12A0 -0

;J'[l ¢I
_ 1
DA 0 g ) (—yu Ly R 10 ) b
WO SRy T OR)A / Eay
e(tr(p” pn))sgn(N(e))* [N (u}*~ N (1)) ~*|s=0.

O
Step 2. Unless (v, MM ') = m—lm'f;}ﬁ;[},w,mt;-l for M, integral, then
Ca /7(’31931_1, k, Yoom-1,1") vanishes. Suppose the equality. Then it equals
279(Eoy : Emav] (%) T sn(N(@))* Pla)sgn(N(—7)) ¥ H(9,)
X P (— YT iy Ry e O,) D NEOF N, Ry, I, Ok))

A:Cyops
x 2 2

p (MM IR I O ) A [Eqgy T IMIAD L /(NN

!

m, » oty ,Or) 120", >0
(Doram—19") ("R IR A M0 Je (b (1 1) )sgn(N () N (pe) [N (1) | * 5o
Proof. Substituting 9191~ for M in the equation in Step 1, we have

Cosry (MM K, Yipon—1, %)

=270, : Emo] 17k ($) Momn(N(@)™ B()sgn(N(—7)™ > N@)*!
N:Copams

N((OW 5, Ry, M, Ok)) >
-l L/ (oem - 1f¢, m} ot My LLOk) 1At -0
P2 ("I A0 ) (— "V e Ry A 0
’
X > e(tr(u" 1) )sgn(N (1)) * N () |~ IN (1) ~°|s=0-

p(MMIF RS I OR)AY Eqey

ml’ 'b’

ml "!”
It is readily checked that this is equal to the one given in Step 2. ([l

Let 9 be the largest ideal dividing Rey 4 with (v, M ~19) = m_l‘ﬁ’f;,l
xﬁ,}t}’w,m;_l. If O is an integral ideal dividing Rm 4 with 9 ¢ DV, then
Coa /(MM ™Y, K, e —1,%') = 0 by Step 2. Then

Ak(m '(lb)ca/'y
= pxc (P Y0 (Fon, )N Fion, ) N R ) () ( [T 1 — New))

Ryl

x 3 ( II @ - Nep))Pem)

DV |[Repgn—1,4: (T R)=Ox Bl
X Ca/,y(m_lm‘t’_l k ’l,bmm—lmr—l,’lp,).
Noticing that (N1~ lf,p, Ry I, Ok ) = gtim_lf;} {ﬁ.;t},w,mt;—l,ox) for
M with (M, N') = Ok and that NMM1f, Ry M1, Ok) = N(ONL)™?
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xNOW—15, 1R ., Ok),
>km3,‘$v0<9\4
—279(E0, : Emov] i (%) Lsgn(N (@) B(c)sgn(N(—7))* ux (Rorv)d R
x N(Rmr,p) "N, ' R5,) Fpeman )( [ @ - Np))
Bl
X P (—y UM Ry M) D NEOFIN(OWR T Ry 00 Ok))
A:Comroms

X MU, sgn(N(u))*[N(w)[*~* [N ()| ~*|s=0 x D(n)
p(OR- LIRS T O )/ Em
with

D{p) =N(,)™" > ( TI (0 —~epy)) ) on)

D |Ryn—1, (T )=Oxc Bl

Pton
x >

p NIV (R IR 01001207 -0

(Yonam-20-10 ) (" NIV I 1A 0 Je (b (u” ).
Step 3. Let p € A§|Hﬁwmwmm~w.§8d.\lf Ox)A~L. Then D(u) is equal to
sgn(N () 7x (3 )N(O) ™ > px(R)

ﬁmazgupﬁmwﬂuu.@_sb?‘wsi;,@e.v

ox (MR o Ny Rev) ~
X i _ Reanr—1 o v (Roram—1 o g1, I 71
ﬁhcﬂ%mﬂc px (Roan _e_EA N1, )" )
X N(Rpan-1 00 ) (1) Am\@zﬁL 0,0 @cwseﬂlfﬁg , M)~ IR)
x (¥9) oty -12 (BT I Ring—1, o PRinam—1 o0, ) ™ R, Af5,.)

where

Bﬂeﬂlfs.as Qaeaﬂlﬁe.ar

Rorgor =[] B*0, Raym= ] P

B0, Pify N PO, PF R
Proof. We have
D(u)
=N(am))™! > ( TT @ - N@)) @) o)

I Ry —1 (DY N)=0x B2/

Prom
x 2

pR LI AL (R R D T Ox) 12805 -0

(B ) (T o)
— sgn(N())Fric (G ) (9 ) (w0~ 9090, 25,5, Y (TI a-N&p))

MR, 1 (O N)=Ox Bl
_ MO u.sﬁ v K Tt
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-1 ex (ML N Rs )

XN(MY) Z _ B px(R) = sz(f%b,g{!)’ e
RER((MIM— 1M —1N0f . Regr 0 )y 903')
—1 i 7] . —1 —1

y 1 (e DJTDJIBJT,YQI,OK) = EW!R )

0 (otherwise)
by using Lemma 1 (i). Then
D(u)

= s (N() 7 (7)) (W00 IR, 8, IN (I, ) 2 x 2

er((MMTIR “ oot ot Roonr 1))
X Z px(R) Pk (Fgp R

RER(OMTIR_L 1 | o Rons 1) 997)

1 T DR A, Orc) = P
0 (otherwise)

where Z is written as the product Z = II Z(*B) with
BRI Py, T

( ”‘ﬁ(mmm‘t—l,‘b)

(1= N

i=vp (B Rpan—1 )1

Z(P) = | x pac({R}p) XTI F ) (g yam),

v (Rgan—1,4) —lyp—i
nr(Rp) =) 0™ (Bl

im0 (5 Py 1, 4) 1

B* being associated with {9V }yp. A simple calculation leads to the following;

(1) The case that B { 20t and vp(p ' Rypgp-1,4) > 1: Z(P) =0.
(ii) The case that 3 { 90t and vy (1 Rypgn-1 ) = 1: Z(P) = —N(P)s R,
(iii) The case that 9 { M and vp (e~ "Ryap-14) <0 : Z(P) = 0.
(iv) The case that P90 and v (6™ Rgan-14) > 1: Z(P) = 0.
(v) The case that PB|9 and vy (™ Ry ) =1 : Z(P) =0. .
(vi) The case that |9 and vy (u~Rpgn-1 ) < 0: Z(P) = N(P)» M),

From this our assertion follows. d

Proof of Theorem 1. By Step 2 and Step 3, Ax(M, ¥)C,/, is equal to

279[E0y : Emv] *sgn(N(a))* P(c)sgn(N(—7))™* & (§) " (@)E(Wi,)
X P (—y UMy R ML INE) ™ ) ke (B )9 (R, ) NP )

A:Coyons
x N, ' Ryt,) ([T (@ — NB)))N@F N~ a5, Ry 0, Ok))
Bl
x Y IN() T N ()]~ oo

pIR (M-I RS OR )AL Eqens
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y > pre () 2 Tt Dl )
RER((MIR_ L1 o OFgr R ), 99)

X pox (Repam-1 v R -1 o0, ) " INRiom—1 . 00/)

X A%(%XWSQL.FS\ Ronar—1,p,00, ) T R)

X @ﬂqwsﬁure_%GMSQL.?%_§V|H$mtgla§3§|fe_% E\msﬁufe_s:uélpgwéﬂ@%v
=27%[Eo, : Emov] ™ 'sn(N(@))** $(@)sgn(N(—))*¥ 7 (B) " ra (o)

x (R 88&?E%?&MAESQA|QSLBS~TH€.wms_ I N ()~

x N, AR5 ) N Ran1 g, )N, (5,185, 0 ([ (1 - NEB)Y)

B0
X Pk Qélpwﬂwﬁwﬁl Lapov [ ?..m«cwﬁ..,e,vv MU px (R)
RER(fyfy: Forr 47,99
o @) B,y (Fon, I) ') !
YK ATﬂ.s mu..nv MU MU

ACoqos pgm (M2 LBw\ e

(D )5t , B vy 102 (BN i (R, UOV) ~1 90, RUF 5 IN () F =2 o,

Ox)A~ Y/ Eqims

Here we note that there holds leumx @mS &, MOV YIB! M " = M

(m- iR ee:ﬁﬂﬁL me‘unmé ABMEL 33..e:@wuﬁoaﬁquiémwsé‘ﬂﬁS
and that @@ vsﬁ (B O0V) Haﬁtglpeﬂaﬁeﬁmﬁebﬁg\v - Ggﬁ@%v is 0

if pOT MR 4 (R 4, DIV ) 1O L RAf 5, is not integral. Then Ax(M,9)Co/y is
equal to
279(E0, : Emon]'sgn(N(0))** (c)sen(N(—))™¥ 7 () L1k (60 ) ac (Fhon 5, M)
X (PR, YOO, )’ (— DT I~ Ry I IN( R ) ¥ N (R, 00
x N, 'N(Rg', (0, Ry 4, O} [ 0 - NeBs)))

Pt
X QR (O Ry o N e R ) > vk (R)
RER(Fufyr ml»qﬂfs‘ PY’)
o« @) B,y Fon, g M) 1) !
YK Qﬂﬂ_. R) M M

A:Coorr paM—1R 5L, M (Fon, g V)AL o A Eq
(B st , Gion o rmrry-102 (BT T, (P, V) ™19, RAF, IN ()%
=sgn(N())**9(a)sgn(N(—7))* 7ac (§) i G azc (P, T (Pl 5)
X (IO, Y (—y D I~ o P 0 I IN (I, PR, ) ™o N (R )

x N(9,) FN(Ry L (=15 1Ry, eixgma: — N()))
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X or (RO Ripgy 1 oy N o Ro,7) > px (R)
RER(fy f,pf ,‘ﬁmr ! ,E‘!f)’)

(ww)(m (Pron,,00T) ~100) —“14m-1 fep—le—1 yk—1
mw";{(f;;f’) N(owm mm,¢(mm,¢,m)m o

X LK(I — Ry ('!,[J'l,b )ﬁm,¢(ﬁm,¢,mm!)—1m)

—sgn(N(0))** $(a)sga(N(—7))™ 7 (8) L7 (" e (R, V) b (RN, )
X P((PRon,yp, DOV (— YN DRy (Ron o, MOV) 710~ o R DT, )
x N(I,) "N (Rov, s, DOV ) F T N, R, ) T NP1 ,57:)
x N(@igl, O R0 L, 00 (0 [ N - 1))

PBIT Bif 0
er (MM~ g1 SNf R 2r))
x o s Moo (TT (- New)
Blon
el Yy’ (P
X Lx(l—k, (¥ )ﬁm,,p(ﬁm,,p,mmf)—l) H (1- N(qg)k)),
PBI Pl

which is equal to the left hand side of (11). O

4. THE CASE OF WEICHT 1

We compute the additional term which appears when &k = 1. If B is an ideal and
if £ is a some group in £p, of finite index, then there holds the functional equation

> sen(N()IN()|~

p=po(B),0#0
uf€

=(—V-1rHYDZN@E®B) Y eltr(pom)N(k) YN (u)|

p:%‘la_}l JE,u#0

by Hecke [2]. By applying this to the equation in Lemma 2 (ii), C /,Y(’.R ko, y')
is shown to to be equal to

2 %[0y : Emow] (@) INOV)H(—V=Tr D2 37 N(ova)

A:Coqon/
~ /
X > ¥ (M iy Ry, A k) >, >
Yo VIR AV AD L -0 8 Ao /v (WA Eqons
> (MU 0 Je(tr(ydop) Je(tr({oryo + ¥8")))N(k) ™ N (1)~ 0.

So: Mot /ADL,>-0
From this we obtain, by substituting NM" for N,
CL . (T K, Yopam1, )

=279E0,. : E| M () INGV) (V=10 DY Y NY)T
A:Cepyoqr
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X > W (VoI "y Ry 4 A0k ) >
YoV PR A0 /oot -0 & Av L /UMD
! —
> >, PG A 0k Je(tr(vSop))

(N A~ Eqams Sy 1oMAD L /AR, -0
x e(tr((eyo + 8" )N () ~* [N ()| ~*[s=o-
We put

Rowvwmi= ] P
B Ry o B
The purpose of this section is to prove the following;

Theorem 2. Let 0’1/7(%93”{_ ) denote C’lh(*)'tfm_l k, Yoom-1,¢"). Put M, =
o 1f¢mm A 1mmr s = (v~ 19{% A N OK,Q{QT ,;,:(ERW W ’JT) 1) Then
Ay (M, )CE o/ is possibly not zero only when there is the divisor R of D‘tm . such
that the numerator of MR~ is coprime to M and the denominator is coprime
to fyM. Let iﬁ,, be the divisor of (M, fﬁmr’W) satisfying vm(aﬁvfﬁ; 1Y =0 for any
prime divisor P of (M, ﬁmr,¢f). Then

Ay (m ’l,b) ofy

=sgn(N(e))*'y (a)sgn(N(—v))ewN(fw)N(f@r)‘lm(i')‘lm(ﬁ Yk (Ry)
x ox (Rov o Ry LT INEOV (v yRion, g, WRR) 4 Ry) E5)
X YIRS N 0P ()P 5 (M R77, 0k) ™)Lk (0, ($9)e,)
W ) w5 (P)
x J] - ) JI -t
P Ror, B yr N&) Blfe Pyt NE®)
Proof. By (10), we have
A (L 9)CL,
=279E0y : Enar] INOV) T (—vV -1 1YD? Y N(va)~!
W:Coyomr
X 3 VCT e P s FOREED Y

YoOU R A0 /AT -0 5ot /o Av !

X ZI sgn(N () Y (v~ Afy R,y et ({00 + 78) 1))

w (WA~ [ Eqens

). (12)

N ()~ N()|~*s=0-
Then

Al(miw)cé/'y
—279[€0, : Em] N (—V-1r YD 2sgn(N(y)™* 3 Novt %
A:Coqons p(MA) Eqens
(YO fy R 4 2A) > ¥ (909 iy Rov A0k

Yo: m’f,[,rl ‘J’t’ ¢fma_1/m’ﬁax -0
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x e(tr(avou))sgn(N(1))** N(u) " IN()| | s=o
=279[Eo, : Emor] " (—V—1n 1) DI 2sgn(N(a))* ¢ (@)sgn(N (7)™ 75 (¢)

(R)Y'(R
onGayNer)t S 3 5
m|mm;,,‘,; U:Comorr (A~ Eqyons

YR g R,y W) 3 (WOVARGS RN () ™ N (128)| o0,
where the last equality follows from Lemma 1 (ii). The element p € (V) ~! which
contributes the summation, is in 7‘101f;19‘t§t|1¢91‘1 N (N'A)~1. Then
Ay (m ’lwb) afy
=279[Eoy : Emov] ™ (—v—1r")? D}/ sgn(N(a))*¥' % ()sgn(N(7))** 7x (¥ )0k P )

eyt Y EEUPOY 5 >

R(FRopr A:Coon’ (YN~ Ron, g, MRS, R) 1A/ Eqyus
Yy oy R ) o (VARG SN () ™[N (1) | ~* | eo-

For a fixed R, the corresponding term vanishes unless the numerator of
M., R~ is coprime to N and the denominator is coprime to R, namely unless

(M| N Ok, M) = (MR, Ok) ™, fpR) = Ok (13)

Hence the value of A(91,v)CL / 8% o/~ is possibly not zero only when there are R

with 9‘{|£Rmr » satisfying (13). For such R, (R,M) is uniquely determined. Then
91-, (R, M), and R satisfying (13) are written as products of B‘t., and divisors of

mmr’.!pf - Then
A1 (m: ’l)b)ctlx/*y
=279(E0, : Emm] 7} (—V =171 DY *sgn(N(a))*¥ & (a)sgn(N(7))** 7 (%)

X (B g INOV)TH 37 CEEPIN((r R g, N iy 0 R))
9“|mm.r',;,r
X Y(OLR N O W m(M,R, 0k) ™)

x S ST (e o (AN () N () o

A:Coqor A1/ Eqamy
= (—V 1719 D} *sgn(N(a))** ¢ (@)sgn(N(7))** 7 (%) o (Rron )N (OV)

8 Z ”Ka(a% PN T, W R, R (LR N Ok)
R| Ry o

X Yo (MR ™, 0x) ) Lr (1,9’ s)
= (—1)9N(fw)—lfx(wa’)sgn(N(a))ew@’(a)sgn(N(v))%m(ib‘f)sox(ﬁ%w, )

«Nov eSS0 T a-%E) T a-%)

Q3|ﬁm,wp,‘p)ff¢' mlfiﬁ :m’ff‘h{,’
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x 3 EERCON((y B g, Y, B )5 0 O)
R|Rey yr,m

X Wﬁ,m((m-xﬁfm_l, Ox)™) H (1— ‘i‘;(m)
BIR
= (1N ) " e (99 )sgn(N(@))*¥ ¢ (a)sgn(N()** 7x (@)oo PR )
N LR o) T 0= )
mlm‘nﬂb !‘:Bﬁq;’

x JI Q- %EONO R g, WRE R )AL N Ok)
Bl Bl

it M- -1y N(& ot
x ¥ (MR, 06) ) oniy I1 @ —dw @),
BlLy
which is equal to the right hand side of (12). O

5. MAIN THEOREM AND ITS APPLICATION

Main Theorem. Let 0,9V be integral ideals of K. Let ¢ € Cy, o' € C5, be even
or odd characters, which are not necessarily primitive. Let fy,fy be the conductors
of ¥, 9 respectively. Let Ry (resp. Rov y) be the smallest ideal dividing D
(resp. N} so that (R y, fy) = Ok (resp. (Rov oy, fy) = Ok) and let .‘ﬁm,w (resp.
Ror ) be its radical. We assume that (9N, ‘ﬁ’f;,lév‘t;,l’m,) = Ok. Let K;f:w(g) be as
in (4) where k is the natural number with the same parity as Yy'. Then K;f;# (3) is

a Hilbert modular form for To(MN )k of weight k with character yn)’, which has
the Fourier expansion

¥ (TR, ¢)w’(aK)LK(1 — k) (k> 1or 01 C Ok, and W = Ok)
POVR) 4 J0(0x) L (0, 99) (k=1,9=0g,% G Ox)

¥ (k) Lk (0,9%) + $Ox)Lxc(0,99') (k=1,9=9 = Ox)

0 (otherwise)

+29 ) 3 (%)

VED}1,>-0OKDQIDV‘ﬁ_lfgpﬁm,,pm’_lf,brﬁmfﬂppﬁx
X P (AN Ry Ny R 0 )N L e(tr(3)).  (14)
Let 0,y € Ok with {(a,7) = Ok. The value of K}Gb”¢(3) at the cusp ofy is 0
if there are mo integral ideals M, M, with M|Rn y, .‘JJTH‘.Tt'f;,IE’)v%&,l’W satisfying
(7, MM = ‘.TtDJT‘lm’fw R w,zm' 1. Suppose otherwise and let I be the
largest such ideal. Then the value of Ak,¢(3) at the cusp af7y is given by

sgn(N())** P(c)sgn(N(—7))' sz (Fon,, DOV (D, ) ((Fion, s, D))
X 'l,b'(—’)’m_lmtﬁm ,p(ﬁm ,p,m’)_lm’_l Wﬁ%:,,,,:i))t’ )N(m (mm ¢,m)f¢f_l k-1

Yy’
x N(UE,)*N(iyfzL, ) (@) r(@w)NEm) ™ ] (- New))
Blan
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— ww'(‘m
x L1 =k, (W) yGimpmmy-) T A= i)
POV P50
PutM., := 7&‘1f¢ﬁm,¢m"15&m,,¢,, .Q.Yh:’= (7%"1ﬁm,,¢,nox, {ﬁmr,w (ﬁmf,‘,pr, m—1).
If k =1 and if there is the divisor R of Ry o+ such that the numerator of M, R~1
is coprime to N and the denominator is coprime to fy R, then there is the addi-

tional term. Let 5‘&7 be the divisor of (M, ﬁmr,¢f) satisfying vqg(ﬂﬁ.yﬁ,; 1 =0 for
any prime divisor B of (M, ﬁmr,wf). Then it is

sgn(N(@))* ¢ (@)sgn(N(—)) x (R ) (3,551 0 OK)J'(%)E’%((%&;% Ox)™)
x pac B B 87 NG (9, ) NG (B (99

o ¥ (P)
x Lg (0, (¥¢')s.,) (1- )-

Proof. The values at each cusps are investigated in the section 3 and the section 4.
We compute the higher terms. Then

:‘U"‘J‘t: (3)

=C+[Eo : Enn] @) Y. Y N@E? >

—1 . ,1_—-,
vED L -0 A:Cpop 7Q:m’f¢, o Wa{aK /oA 1s0
fg:ot—laa /maK ]

X (oA 0 )0 (YO o R A~ 10 )
x . e(tr(op))sen{N(w)IN(u)*e(tr(v3)),

v/us=v (Lo h)
=1
pid /ssnml

where C is the constant term. Put X(9) = X’,f:,pm o (3) for M with M > . Then
=C" +[Eox : v | INOUL R )™ 32 30 Nyt
960}1,>Ua:cﬁtm'
X > ¥ (YoM~ g Rov A 0k

To:OV'F, MR w,m;(l/wm,( >0

X Y (e Ay Ry g )sen(N(w)) T N(w) e (tr(v3))

u/p=vo (M AL
p:ﬁ_llsmm;

=C'+ 2N, R > Y NeE! >

veay',»0 % Cono YoV Ry AW /AL >0
(U Af P, )9 (/) o R A 01 )sgn(N(p) ) o0 Hew 2
x N(u)*¥te(tr(v3))

=C' + N, Ry, T+ Y Y (BN Rim,y)

ved R -0 M R, DBV 1 Ry i Ok
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X P (VB I Rov 0k )N(B)*Le(tr(v3))

=C'+2° ) 3 (%8)
vEdg! -0 Ox DB OV~ 1y Ror, 4 WLy Rgs 40k
X 3 (VBTN R g Wy R 4 01 )N(B)* L e(tr(v3)).-
O

Let the notation be as in the theorem. Let N be the minimal natural number
contained in MN’. Let xo be the Dirichlet character modulo N obtained by re-

stricting ¢’ to Z. Then Kﬂ,,((z, -++,2)) (z € H) is an elliptic modular form for
To(N ) of weight gk with character xo. The theorem particularly gives the values
of A’p (7 ,z)) at all the cusps of I'o(N). Suppose that there are Dirichlet
cha.ra,cters X, X' so that
P =xoN, ¢ =x oN.
Put
A5 (2) =K (2, ,2) (z € 9).

Then AX gk » is an elliptic modular form for I'g(V) of weight gk with character (xx')?.
Let a be a square free integer. Let a* denote a or 4a according as ¢ =1 {mod 4) or
not. We denote by xq+, the Legendre-Jacobi-Kronecker symbol. We define a,’f_l’x
by afc‘l_l,x(n) =34 X' (n/d)x(d)d** for n € N and a,’cci_llx(n) = 0 for n ¢ NU{0}.
If K is real quadratic and if 9,7 are primitive, then the higher term. of A;‘;,x(z) is
computed from (14) by the method in [6] as

42 Z(XKXX’)(d) Z o_z'_l’x ((n/d)z_D4K - m2) o(n2)

n=1 d|n meZ

where xx denotes the Kronecker-Jacobi-Legendre symbol for Dg.

As an application of the main theorem, we give some formulas for special values
of the Dirichlet L-function, which is similar to Example 1 in the section 6 [6]. Let
a be a square-free natural number with (@, 6) = 1. Then

L0, x-21a) = —2 ) 0553 (4a —m?), (15)
meZ
L(-1,x24a) =2%372 ) 0% (da—m?) +2-372 Y o} (16a—m?). (16)
meh meZ

Let us put K = Q(y/a). Put _3 :== x—3oN, 145 := x+s o N. Then the conductor
fu_s is equal to 3, and the conductor fy,, is equal to 8 or 4 according as a = 1
(mod 4) or not. A simple calculation leads to 7x{1—_3) = —3 and 7x(¥4s) =
48 (a =1 (mod 4)), Tk (+s) = +4 (a =3 (mod 4)). Then A ?(2) is an elliptic
modular form for I'g(3fy,) of weight 2. The main theorem shows that the value at
the cusp 1/fy, is —37 Lk (0,%_3s) and the value at cusp 1/3 is f¢1LK( —3¥s),
and the values at cusps equivalent neither to 1/f,, nor 1/3 under I'o(3fy, ), are 0.
Let U, (m € N) be the operator on the elliptic modular forms defined by
Um(Xopeo tn€(n2)) = Y07 émne(nz). Then Uz(A53) is a modular form for T'o(6)
if a # 1 (mod 4), and Uy(A3}) is a modular form for ['y(6) if a =1 (mod 4) ([1]).
In either case, the modular form takes the value 271 Lx (0, _3)s) at the cups 1/3,
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the value —3~1 L (0, 9_33) at the cusps 1/2 and the value 0 at any cusp equivalent
to neither 1/3 nor 1/2. The space of modular forms for I'g(6) of weight 2 is spanned
by elliptic Eisenstein series whose values at cusps or Fourier expansions are easily
obtained. Comparing with them, we obtain Lg (0,%_ats) = -4, 700 xalde —

m?). Since Lx(0,%—3¢s) = L(0,x—24)L(0, X—240) = 2L(0, X—244), we obtain the
identity (15). We note that L{0,x_24) gives the class number of the imaginary

quadratic field Q(\/—24a)
The modular form AY.? (2) for To(3fy_,) of weight 4 takes the value —373

XLg(—1,%_ 3'1,0 g) at the cusp 1/fy_,, and 0 at any cusp not equivalent to 1/fy_.
Then Uz(Af}? (2)) (a # 1 (mod 4)) or Ug(AS? ,(2)) (@ =1 (mod 4)) is a mod-
ular form for ['g(6) which takes the value —3 3Lg(—1,v_3¢_g) at the cusp 1/2,
and 0 at any cusp not equivalent to 1/2. By the similar method as above shows

that 3Lx(—1,9_3¥_g) = -3 cz 01, (da—m?) =223 . 0f 2 (16a—m?).
Since Lg(—1,v¢_31_s) = —6L(—1, X—244), We obtain the identity (16).
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