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The values of Hilbert-Eisenstein series at cusps， 11 

Shigeaki TSUYUMINE 

ヒルベルト・アイゼ、ンシュタイン級数の尖点での値， 11

露峰茂明

ABSTRACT. In our previoUB paper [2]， we obtain the values of some sp田鼠c
Hilbert-Eisenste祖国ri四 atcusps equivalent to V'=I∞. In出epresent paper 
we obtain the values at all the cusps. 

1. INTRODUCTION 

In our previous paper [2]， we obtain the values of some specific Hilbert-Eisenstein 
series for ro(rytsJt') at cusps equivalent to V'-I∞. The result is useful in the study 
of the Shimura lifting maps [3]， or of quadratic forms [4]. In the p間関凶 paper，we 
consider the Hilbert-Eisenstein series for r 0 (匁-I，沢悦'匁)with any fractional ideal 
~， and obtain their values at all the cusps. The町 gumentis parallel to [2]. We 
note that we make use of different notations from the previous paper [2]. 

Let K be a toもallyreal algebraic number field of degree g over Q， and le七OK
be七hering of algebraic integers. We denote by dK and DK， the different of K and 
the discriminant respectively. For αε K，α(l)，・・・，α(g)deno七es七heconjugates of 
αin a fixed order. Ifα(i) is positive for every i， then we call αtotally positive， and 
denote it by α~ O. We deno七eby N and tr， the norm map and the trace map of 
K over Q respectively， namely N(α) = I1f=1α(i) and tr(α) = Ef=1α(i). Let μK 
denote the Mりbiusfunction on K and le七ψK deno同七heEuler function on K. If 
'.P is a prime ideal， then V~ deno七esthe s.J，t-adic valua七ion.If!m is an in旬gralideal， 
then {Wl}q:J denotes the s.J，t-part of Wl， namely， {Wl}q:J =甲町(抑). Let ~ be an 
integral ideal of K. Then &1]1 denotes the group of totally positive units congruent 
to 1皿 odulo91. We deno七eby CI]1，もheclass group modulo 91 in出.en紅 rowsense， 

and denote by Cffi， the group of characters of Cm・Acharacter ψεCffi is called 
even (resp. odめifit satis五esψ(μ)= 1 (resp.ψ(μ) = sgn(N(μ)) for με OK，=J 0 
congruent 1 modulo~. The identity element of Cffi is denoted by 11]1， for which 
11]1 (羽)is 1 or 0 according出血 integralideal o. is coprime to ~ or not. In the 
present paper we consider even or odd characters exclusively. For a characterψ， eψ 

is define七obe 0 or 1 according凶 ψiseven or odd. The value of出echaracters a七
a fractional ideal whose denominator is coprime七o~， is naturally defined， namely 
ψ(2!a-1) =ψ(羽)ψ(a)for integral ideals 2!， a with (æ，~) = OK，ψbeing the 
complex conjugate ofψ. Let LK be the function on the set of仕actionalideals 
defined by LK (羽)is 1 or 0 accordi時出羽 isintegral or not. 
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We denote by f.ψ， the cond uctor of a character ψ， and denote by eψ， the ideal 
given by 

tψ:=fψH 事
ψ(曾)=O，!:JJffψ

The primitive character associated withψεCm is denoted byψ. For any integral 

ideal mt， we defineψ'rot :=ψlrot. Then ψ'rot =ψfor an integral ideal mt with mtlμ， 
and ψm=ψ. Let冗(mt，ψ)denote the set of all七heproducts of primes divisors ~ 
of mt coprime to fψWl七hmultiplici七yatmos七one.

For ψεCゐLK(s，ψ)denotes the Hecke L-function，七h叫 is，

ゃ ψ(羽)
LK(s，ψ):=) : 

TN(2)S 

(1) 

w here 2! runs over the set of叫1the integral ideals. Let巧9denote the product of 9 
copies of the upper half plane均={z E C I <Sz > O}， <Sz bei時 theimaginary part of 

z. Forγ，8 E K and for 3 = (ZI，." ，Zg)ε巧， N(γ'3+8)stands for IU=1 (γ(i)Zi+8(i))， 
and tr('y3) stands for Ef=l ，(i) Zi. For a matrix 

A = (~ ~)εSL2(K) ， (2) 

we put 
α(1) ZI + s(l) α(g)Zg + s句)

A3=(Jn_ I..(n ，. ・ .，~，，\_ I的、).

We define 

叩六澗):={(~ ~)εSL2(K) I山 ()K，sE X>ーいSJtX>}

for a fractional ideal x> and for an integral ideal SJt. 

2. GAUSS SUMS 

Let ψbe a primitive ch紅邸七erof an ideal class group of K. The Gauss sum of 
ψis defined by 
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Wl七hpε K，>-0， (pfψ(lK， fψ) = ()K where e(x) stands for exp(27rv=Ix). The 
value TK(ψ) is de七erminedup to白 choicesof p. We n悦eth抗 TK(ψ)=ψ((lK)if 
fψ = ()K. 

In this section， we state some formulas related to the Gauss sums for the later 
use. Their proofs are found in [2]. 

Lemma 1. Let 2! beαfractionα1 ideαl. Let ψεC長，which is not necessαrily 
primitive. 

(i) Let με 21-1 • Then 

乞 ψ(80湖 -l(1K)耐 (80μ))

dO:沢一121i1云1/f!.iI i/ ， >-0 

ゃ ψK(坑).7 
=sgn(N(μ))句 TK(ψ) ) ~ μK(vt)一 一 一 一ψ(筑)(ψ'9tIK)(μ坑-1f.ψ矧).

44  VK(fψ筑)
9宅εn(m，ψ) r .&... " 'y 
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In the summαtion of the吋:ghthand side，αt most one term su内初es. If the陀 ~s

~E 冗(坑， ψ) satisfying (μ21m-¥ CJK) = f;t/~-l， then the term a脚 ciatedwith ~ 
surmves. 

(ii) Let με 忠一lm-1.Then 

Z ψ(似川-12l-1dK)e(仕(伽))
ðo;e;þ l !Jt~~J/ /!Jt~~云1 ， >-0

ゃ ψK(eψf;l)-;-
=sgn(N(μ))匂TK(ψ) 乞 μK(剣山(筑)ψ(~)(向島)(J.tme;lfψ矧)・

v'tε匁(!Jt，ψ)

In the summαtion of the吋:ghthand side，αt most one term survives. If the陀 'LS

mε 冗(悦，ψ)satisfying (J.tme;lfψ~， CJK) = ~-1， then抗eterm α，ssociated wi抗
~ SU問 ives.

Let X be a function on the制{坑wt-1I ~況1m， (001，μ) = CJ K} of ideals. Then 
we define Ak(m，ψ) by 

Ak(m，ψ)X:=μK(eψf;l)事(eψf;l)N(初旬l)-lN(me;l)-k

× 乞 ( II (1 -N(~)))伽)X(慨一1) ・ (3)
VJlI!Jt， (VJl， fψ)=OK '+JIVJl 

Proposition 1. Let m be an integml ideal and let ψεc; . Let 21 be a fractional 

ideal. Let Xμ(001) = Eðo:VJl-l~~J/ I匁ザヶoψVJl(80VJ12(-
l
d K )e( tr( 80μ)) forμε21-1 

αndforαn integml ideal 001 contα飢edin fψ・Then

Ak(m，ψ)Xμ = N(mt;l)-k+1TK(.;t)sgn(N(μ))flψ(ψ'LK) (μ沢一1eψ羽)・

3. EISENSTEIN SERIES 

Let k E N. Let坑，m' be fixed integral ideals of K and let x> be a fixed仕actional
id叫.Let 21， a-be fractional ideals of K. Le七%ε 刻沼DDJ，ゐ ε坑一121a--1dil
We define 
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where γ三 γo(m'2la-X>dil)implies thatγ 三，0modulo m'21a-X>dil and where ~プ
implies that the t町 mcorresponding to (1，8) = (0，0) is omitted in the summation. 
For a set S，ム(x，S) is define to be 1 or 0 according箇 xE S or not. Then we have 
もheFourier expansion 

Ek，fl1瓜箔(3，γ'0，80;m， m') 

=ム(10，坑:'2la-x>di?)N(匁)k 乞 N(μ)-kIN(μ)1-818=0
μ三 60(!Zl!l3-11lJ(1)

μ/Emm
' 

+(1一?;57)~)gDiPN(筑)k-
1N(渇)乞乞耐(80μ))

0-<νεjB2ヨ'~J(1 "1μ三マロ(m'!Zl!l3:DlI云1)

x sgn(N(μ))N(μ)k-1e(tr(η)) 
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where色hereis the additional term 

(-πゾ二I)9D~PN(沼) ε 
μ三 γO('Jl'!2l!B:DII]/)

μ/ E'Jl'Jl' 

sgn(N(μ))IN(μ)1-818=0 

when k = 1，姐dw here there is the additional term -7r / (N (釘D)S'z)when 9 = 1 

and k = 2. 
Let ψε C~， ψFεC長I be even or odd characters so that k E N 姐 dψψ，have 

the same parity， where we剖 sumethat ei七herψ ヂ100orψ， f 100' when 9 = 1姐 d
k = 2. We舗 sume七ha七

(91川河，1)= OK. 

Then we put 

入t，山;匁)=XIん，00(3;匁)

:= ((-JC3ふ)9D~I/2[eOK : eOOOO/]-ITK(-o)-1 乞
21EC'Jl'Jt' 

(4) 

×工面(ðO捌-1()K)ψ'(rl向191'-l~-IÐ-l()K)Ek，21，1)，OK (3， 'Yo， d，川町) (5) 
γ'o，do 

where in the second summation， 'Yo runs over the set of totally positive represen-
tatives of e;，l釘規制tmod山悦'~Ð()I? with (γbeψ， 91'-I~-lX) -l() K，釘)= OK， 
andゐrunsover出，eset of toもallypositive representatives of坑一121()I?modulo 

2l()I? with (ðo~開-l()K ， 91) = OK  . Further let 

XIA):=μK(eψf;1)事(eψf;I)N(eψf;1)-1 N(91e;1 )-k 

x ~ε= (II (ο1 一 N阿(智刺)リ))州布仇(仰v.n)A花:
rot引liJ沢Iにt，(ベ(勿tに，1向ψ)=OK ~宿~I勿I

4. CONSTANT TERMS OF HILBERT EISENSTEIN SERIES 

In this section we use the following result due to Hecke [1] a number of times. 

Lemma 2. Let v.n beαfractional ideal，仰 dlet e be αsubgroup ofβnite index in 
the group ofαII units. Let μ。εKαndkεZ. Then the問 holdsthe functionαl 
equαtions 

ど N(μ)-kIN(μ)1-818=0

= (iずおず~)9 D~1/2N(v.n)-1 ~ご e(tr(μoμ)) 

μ:rot-1"1l:;:/ /ε 

x sgn(Nm(μ))kIN(μ)lk-1IN(μ)1-818=0， 

L' sgn(N(μ))IN(μ)1-818=0 
μ三 μ0(!D't)

μ/E 

=(ーん-1)9D~I/2N(v.n)-1 L' 叫叫))N(μ)-IIN(μ)1一叫=0

μ:如 -1"11:;://t: 

ωhere ~プ implies thαt the term ωrresponding toμ= 0 is omitted in the summαtion. 
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Let A be as in (2) wi七hαε (}K" E D. If f(，，) is a Hilberもmodularform of 
weigh七kfor ro(匁一九坑m:'匁)， then the value κ(α/γ，1) of /(lJ) atもhecuspα/γis 
defined by 

-k.r( L¥  " J sgn(N(8))k (8 tf 0) 
κ(α/γ，1):= li皿 N(ゅ +8)-fcf(AlJ)x <:o~\~'\~ /J ~: I :~' (7) 

a→千I∞ い (8= 0). 

We determine七hevalue at each cusp， of the Hilbert-Eisenstein series (6)ωwellω 
the Fourier expansion at the cusp V二I∞.

For a cuspα/γε KU{∞}， we can takeαε (}K，γεD so that 

怒 :=(α，γD-1
)

sa七isfies

(~， m:m') = (}K. (8) 

Since AεSL2(K)，七hereholds ~-1 = (sD， 8). Further we can take s，8 80 that 
(s，況m:')= (8，坑m')= () K. Then the equality N (万+8)-kEk，IJt'm.，'.D，(h (AlJ，γ0，80; m:， m:') = 

Ek，lJt'刻，'.D，1.B(3，α，0+γ80，sγ'0+880;m:，坑.')holds， and the constant term of the Fourier 
expansion of Ek，m.，の，OK(lJ，γ'0，80;m:， m:') atα/γ， is equal to 

N(羽)k E二 s(α，0 + ，(80 + 8')， m:'羽怒匁D云1)

d':211l:K
1 
jlJt'211l:K

1 

× 三二 N(μ)-kIN(μ)1-818=0 
μ三βマO+Ó(ÓO+Ó')(o;n'~~-l事it1)

μ/Eo;no;nl 

where there is the additional term 

(ーπ両)9D~PN(釘一læ) 2二 乞
d':211l:K1 jlJt唱1I:K1μ"'''''''0+γ(oO+dl)(o;n'!ll怒XllI:(1)

μ/ Eo;no;n' 

wh阻 k = 1. The modular :DおormX攻t乙仏;}いh内川q

Eιk，匁 瓜o白K句，川川γ初'0，80ゐ:0;SJ悦t，~釘tγ')川，冶8b匂'y (伊例5め)， 阻 dwe obtain the fo削刷b叫仙llow耐in時g

sgn(N(μ))IN(μ)1-818=0 

Lemma 3. Let A，α，s，γ，8 beωαbove. Assume the condition (8). Let C.α/γ(m:，k，ψ払 ψ')
denote伽 ωnst側 termo/N(η+8)一句:ψo;n，IJt(A3;D). Thenω given by 

Cα/γ(m:，k，ψ沢，ψ')

=ベ((←一J;C目主;ら斗川)戸ρhk)9D巧云1ν門/
刻εCo;no;n'..，.句祢0仔:t呼JJ7坑o;n'貌D制 B云t1/川筑，匂匁m愈制司云t1，ト刈0 

dO:o;n-1!ll1l:K1/制 iK12トO

記(80SJW.l-1()K)ψ'(γ向，m:'-l~-lÐ-l()K)N(~)k L 

s(αγ0+γ(80 + 8')， m:'刻aD()j/)

d':21l1云1jm'211l:K1 

L 
μ三 βマロ+d(oO+d')(o;n'!ll!B-11) 1<1) 

μ/ Eo;no;n' 

N(μ)-kIN(μ)1-818=0 

ωhe陀 inthe second summation， ，0αnd80 sαt白ify(γoeψ1 m:'-1~真一1匁-l()Klm:') = (}K， 
(80~-1()K刈) = (}K陀脚
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C!/γ(m，k，ψ!)1，ψ')切 th

Cよ/γ(m，k，ゆ!)1，ψ')

:= 2-g[EoK : E!)1!)1' r1TK(高)-1N(m'-1a) 乞 L 
aεC!l'Hll'ヴO:，;!1)l'2l.:{H云1/!l't1創的云1，トロ

-1t1f""，-1/01'.，.，-1 
60: !l't-L 2l.~ K 

~ 

12l.~ K 
~.トO

ψ(80湖ー1~K)ψ'(1'0 eψ，釘ー121-11)-1~K) 工 2二

sgn(N(μ))IN(μ)1-SI8=0・

For γε OK， we pU七

6':2111i/ /!)1'2111i/μ三問。+マ(ðO+ð')( !l't/ 2l.勉匁~Ï/)
μIB!l't!l't' 

"に:=m'e;j/(仰-1，m')-1. 
By the剖 sumption(4)， mt~ is coprime to m if it is integral. The purpose of this 
section isもoprove the fol1owing; 

Theorem 1. Let αE OK，γE 1)，a = (α，γ1)-1) with (a，沢町)= OK・ P'Ut 

Cα/γ(~-1):= C，α/γ(~-1 ， k ， ψs，rum-l ， ψ') for αdivisor mt of m with (mt， 1ψ)= 
OK. Let Ak(m，ψ) be αs in (3). 1f there is no divisor m; ofm with (mt-y， f.ψ) =OK 
αnd (γ匁-I ， qmt;191F)=qmtf悦't;!mt~-1 for mt~ 仇tegral， then Ak (m，ψ)0.α/γ= 
O. S'Uppose otherwise. Let 00'ん bethe 1αηest ideal sαtisfyi句 (γD-l，qmtJlqV)=
~;Y明ez?mp-1.Then

Ak(m，ψ)C，α/γ 

=sgn(N(α))句 sgn(N(-γ)r'J)lμK((eψ1;1，m;m'))ぶ(αæ-1m;mt~(e'lt 1;1， mt-ym')-1) 

×ψ'(-γ1)-1a-1m-1mt-ye1t 1;1 (t1t f; 
1， m;m')-1町一1eψImt~)N(æ)k

x N(mt;-1(e'lþf;1，m;m')fψfヰ)k-1N(民)-kN(fψf~!， )TK(事)-1TK ('l/nþ')N(mt;-1) 

x II (1-N(事))LK(1-k，ψ〆) II (1 -'lt'lt' (甲)N(甲)-k)

市IVJtマ qJ"1 c:ψ" qJ"f~"" 

x II (1 -'lt'lt' (甲)N(事)k-1). (9) 
宿1C:'J)f;l，qJ"仰'ty!)1

1

1f l' = 0， then Ak(m，ψ)0.α/γ 白 non-zero onlyωhen m' = OK，αnd the叩 l'Ueis 

obtαined by 陀~plαcíng l' in (9) by N(m). 1fα =  0， then then Ak(m，ψ)0.α/γ is 

non-zero 01吻叫enfψ =OK，αnd the vαl'Ue is obtained by replacingαin (9) by 1. 

Several preparations are necessa巧rto give the proof. 

Lemma 4. Unless (γ!)-1，mm') = 沢町e;，lmt~-1 for m~ integral， then 
Cα/γ(m，k，ψ¥n，ψ') vαnishes. S'Uppose the eq'Uαlity. Then C，αh(m，k，ψ¥n，ψ')句切ls

2-g[EoK : E!)1!)1' 
]-1TK(.;t)-lsgn(N(α))句 sgn(N(-γ))匂'N(a)kN((me;，1，OK))

x N(m~)一句(αæ-1mt~)'lþ'(-仰-1æ一切-1m'-1eψ，m~) L N(羽)k-1

2leC1)l1)l1 

× z L ('lt'lt') ( 80m-1~ K )e( tr( 8，ω)) 
μ: (¥nc:;; ，OK )21-1/&侠!l't' 60 :¥n-12l1l云1/(¥nc:;，

l，OK)-l2ltl云
1，>-0
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x sgn(N(μ))kIN(μ)lk-1IN(μ)1-81戸 0・

Proof. Since (α23-I ， γ~-1匁-1) = OK and since (γoeψ，m:'-I~-lÐ-l()K ， m:') = 

(80~-I()K ， m:) = OK  in the equation for C.α/γ(m:，k，ψ%ψ') in Lemma 3， it is 

possible that Ll(α，0 +γ(80 + 8')， m:'羽~Ð()云1) f-0 only when (γD-I，qt坑')= 

m:坑't;þhD1~-1 for VJ1~ integral. This shows the五rs七assertionof Lemma 4. In 

particular if C，α/γ(SJt，k，ψm，ψ') f-0， thenγ力一1C SJt and (α，SJt) = OK. When 
(れγ匁一→1，q沢I坑町Fワ)=沢9坑I

2-
g一寸g[防ゐK :&，悦抑m<Jt'州q悦w州t'川，j-一17な叫K以(;T:め)γ一1、N阿((仰抗ett♂?mtf1 ， C臼Kω)日) ~ε= ~ε : 

aεC'.ml't'マo:Qf 侠'!ln~-1 ~:Dð K1 /91' !a:.D d云1トO

60・批-1gBt/(hJfmtr1，OK}-1gB云1，トO

ム(αγ0+γdo，sn' !2(æÐ~ Ï/)面(ðo~悶-1~K)(ψ'IK)(γ'oeψ，S)1'-1 !2(-1Ð-1~K)N(窺)k-1N(a)

x ~ご e(tr((針。 +ððO)μ))sgn(N(μ))kIN(μ)lk-1IN(μ)1-8 18=0 ，
w(m，;J!m~-l ，oK)第一1怨/t:9191，

which is obtained by Lemma 2 and by Lemma 1 (ii). The map 

(wwmm'muvfWMJ1mm抑 'mmtm-l~~K1 /(悦t河川)切云1 →い-1ø.~-1~Kl/附 mICI，OK)-wv)

ob凶凶旬凶au叫 bym凹 u耐1 Iαγ1 

Cα/什γ(9坑l，k，ψ沢，ψ')

=2-9[ゐK: t:mm， j-1TK(事)-lN((坑t.;;/VJ1~-1， 0 K ))乞
5耳εC!n91'

2二 ム(γ0，m:'2lQ3D()1/ )sgn(N(-βγ0+α80))eψ 
702qfwmL-1羽!8:.D ð云1/沢，~怒れ云1 ，ト0

60・91-1!a!8-IDK1 /(91.;1 rot~-1 ，0 K)ー1笥!8-1dK1ルロ

×ψ((一針。+α80)捌 -1()K)sgn(N(針。一村0))匂 (ψ'IK)((針。 -，80)tψ，町一1刻一lD-1()K)

x N( 沼)k-
1N( 怨) 乞， e仰(の仲t仕州r

μ停川:べ(!J抗te;，l!YJtら「一1，OK) 羽-193/&筑 W 

replacing ~ by ~~， 

= 2-9 [t:OK : t:mm， r1TK(事)-lsgn(N(α))eψsgn(N(-γ))e'tþ'N(~)kN((SJtt;人 OK))N(VJ1~)-1

×ψ(α怒-1似)ザ(_，Ð-1~-lSJt一明一切，~) 玄 N(羽)k-l

!xεC9191， 

× 乞(仰'IK)(80悦VJt~-I2l-1()K)
Óo却ー121~Kl/!YJtら(me;，1，OK )-I21~Kl ，>-0 

x ~εど:ごI e吋(“t附r
μ1J.:!YJt;-I(me;i ，OK )21-1 /&9191' 

= 2-9 [t:OK : t:m町 j-lTK(事)-lsgn(N(α))己ψsgn(N( -，) )e'tt' N (~)kN ((m:e;，1 ， 0 K ))N (oot~)-1 
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×語(αæ-1DJt~)ザ(-仰-1æ一切一切-1eψ，~) 乞 N(2!)k-1 
2tεC尻町'

× 三二 2二
μ1-':甥凱;-1(σ悦I

(ω語ψFう)(d，ゐoD'切t昨3マ「一-1吻羽一1、dK)片e(仲七廿r(仇6ゐ0μω))s唱gn叫(N阿(ωωμω))戸kl閃N(ωμ)Ik戸Ik-ト一11N(μ)1-818=0・

Replacing 2( by DJt~-12(， we obtain七heresul七ofthe lemma. 

Just replacing SJl: by SJWJt-1 in the lemma， we obtain the followingj 

口

Corollary. Let DJt beαdivisor ofSJl:似品(DJt，fψ) =OK・Unless(rD-1， SJWJt-1SJl:') = 

鰍一切'e;}DJt~-1 for DJt~ integral， then C.α/γ(鰍 -I，k，ψ鰍 -1，'It') vanish侃 S叩-

pose the equαlity. Then it equαls 

2-9[&OK : &mm，]-17K(-o)-1sgn(N(α))巴ψsgn(N(-γ))匂'N(a)kN((坑DJt-1e;;J，OK)) 

x N(肌)一句(α悠一切ザ(-仰-1a一切-1DJtSJl:，-1 eψ叫) 玄 N(匁)k-1

2lεGmm， 

工 2二
μ:(mrot-1e;，1，OK)21-1/em!n' oo:m-1抑制i//(mrot-1e;J ，OK)一明iJi/，>-0 

(伊沢rot-1'It') (dOSJWJt-12(-
ld K )e( tr( doμ))sgn(N(μ))kIN(μ)lk-lIN(μ)1-

818=0・

Let 00'tY be the 1町 gest ideal with DJt'Y 1SJl:， (rot引 fψ) = OK satisちring
(γ匁-1，SJl:DJt.:y1SJl:') = SJWJt.:y1e;，1SJl:'DJt~-1. Then C，α/γ(SJWJt-1， k，ψmrot-1，ψ') = 0 for 

DJt with OO'tyfDJt. Suppose t出ha叫，tDJt i泊sa divisor of SJWJt片J1 c∞opr加 etωo f九ψsa叫ti旭s吟均ち命r-

ing (付γ完匁〉一」1F刀9ωt片rJf1mmt 一1~釘tγ') = D'ωt片γ.:y1DJt一1 

w叫hi凶cht也he悶r児eholds (m悦rot.:y1DJt一1、t長J孔}人，OKω)= (ゆ9初 t片rJf1E面J孔}人，OKω).For such DJt， we have 

Cα/γ(mmfm-h k，ψ悦rot;y1 rot-1 ，ψ') 

= 2-9 [&OK : &mm' j-17K(志)-lsgn(N(α))巴ψsgn(N(_，))ett'N(a)kN((mwt_:;-le;，l， OK)) 

x N(OO民)一句(αæ-1~)ψ'(一知一1æ一切-lDJt.γ S)l:'-l eψJDJt~) L N(2t)k-l 
2tεGmm， 

× L L 
μ: {mrot;y 1 e;，I，oK)第一1/εmm'OO:m-1rotγrot2liJi/ /(mrot;yle;，1，oK )-12tiJi/ ，>-0 

語棚干lrot-t(dOmwt_:;-lDJt-I2(-ldK)ψ'(dOmwt_:;-l2(-l()K )e(七r(doμ))

x sgn(N(μ))kIN(μ)lk-1IN(μ)1-818=0・

Then 

Ak(SJl:，ψ)0，α/γ 

=μK(e1tf;l)右(eψf;l)N(eψf;I)-1N(坑e;l)一切(00'ty)(rr (1-N(明)))
制加7

L ( rr (l-N(甲)))伽)0，α/γ(SJWJt_:;-lDJt-1，k， 'ltmrot;ylrot-1， 'It') 

rotl mrot;y 1 
，(附ψm')=OK ぷZfv

= 2-9 [&OK : &mm' r17K(高)-lsgn(N(α))匂 sgn(N(一γ))νμK(e1tf;1)事(eψf;1)
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x N(ettf;l )-1 N((坑v.n:;le;l，OK ))N(怒)kN(me;l9Jt，.)-k(II (1 -N(市)))
司~I加γ

×事(飢y)語(αæ-1民)ψ'(-仰一切-lm-1VJt-ym'-leψ，VJt~) 乞 N(羽)k-1

'llεC¥'JHlt' 

× ~ sgn(N(μ))k D(μ)IN(μ)lk-1IN(μ)1-818=0 
μ: ('Jtun.:y 1 e;，l ，OK  )~-1 /&杭m'

with 

D(μ) 

2二 ( rr (1-N(甲)))事(飢) 2二

(10) 

!ln 1'Jt!lnず，(!ln，f"， 'Jt' )=0 K ぷ広 <l'0:'Jt -1!ln")' !ln~1l K 1/ (附ruhr1mt，トO

ψ'Jt!ln戸田一1(ÓOmrot:;19Jt-1~-1()K)ψ， (OOmrot:;l2(-l()K )e(七r(ooμ))・

Lemma 5. Let με(mv.n;y1e;人OK)刻一1. Then D(μ) is句ualto 

sgn(N(μ))kTK(面的N(mrot:;ln ett' )N(f1t1t/)一1 日 (1-N(甲)-1)

領|九e"，，/J3f匂ψ'

×μK(eψf;l(eψ1;1，9Jtγm')-1) 2二 μK(抗)cpK(筑)-¥ 'It'lt') (句f;¥eψff，飢ym')-1!R) 
9宅ε冗(fψeψ，，ψψ') 

x ((ψず)句f;1(句f;l，!ln川I)_l!JtIK)(μ抗-lmt.，.eψf;l(eψf;l，9Jtγm')-l!R2lf耐，)・ (11)

Proof. There holds 

D(μ) 

ε ( rr (1-N(弔)))(ゐ')(飢) 乞
問 IfJ四t.:y1，(!ln，fψ'Jt')=OK q:ll!ln，q:l問tγ <l'0:'Jt-1!lnγ田畑云1/(fJ四t干147，OK)-1抑 t，〉O

(ψ畑ず!ln-1'It') (oO問 t:;l9Jt-l2(-l()K)時r(ooμ))

=叩(N(μ))k TK ('It'lt') ( 'It ( rr (1-N(事)))x
!lnl 'Jt!ln干1，(!ln，fψ'Jt')=OK q:ll!ln，q:l仰、

ε 内(~刊-1nev)!1 仰-1仇捌， 0か仰勺
μK(筑){

ψK(f1ttt'v:t) " lo (0色herwise)
mε冗('Jt!ln干1!ln-1neψ，ふ') r •• "'P'P' ~ " " 

by Lemma 1. Then 

D(μ) = sgn(N(μ))kTK(仰')(ψ''It'IK)(μ悦-1mt.，.21おψ，) rr 
q:ll 'Jt!ln.:y 1 ，q:l付ψm'

× z CPK(eψ， nn積Ifψ'，IJ'S，Jl吻(mrot.:yl))
μK(尻)ア ψ

!Jtε冗(fψeψ，，ψψ') 

x 11 (μ2l nq:l 1 f"， e"，' s，Jl-1Jψ(町 1)，OK)=f品川勺

lO (otherw闘)

Z(s，Jl) 
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where 

Z(事)=

世司~(']即t::;-l)

乞唱 (l-N(甲))叫，i}JLK( {州)町(22広fw
i=v"J) (μ-1']悶 t干ム)-1

旬'.JJ(!l't!m干1) ψK ({'Jt!lJt::;-1<;Jtーっql)

2二噌 μK( {Dt}<;Jt) ψK({叫甲)中
i=吻 (μ-1']四 t干ム)-1

A simple calculation leads to the followingj 
(i) The c樹 ethat 1J f VJtγand '1.ゆ(μ-1mmt:;1)> 1 : Z(事)=0. 

('.l3 f mt'Y)' 

(甲Imt..，). 

(ii) The cωe that ~ t VJtγand V市(μ-1mmt:; 1 ) = 1 : Z(甲)= -N(郁)V"J)(mVJl.;-I) . 

(iii) The c蹴 that1J t VJtγand '1.ゅ(μ-1mmt:;1)三0:Z(申)= O. 
(iv) The c出 ethat 1J1奴'Yand V!，p(μ-lmmt.:;1) > 1 : Z(甲)=0. 

(v) The case 七h叫~附γand V!，p(μ-1ffiVJt:;1) = 1 : Z(弔)= O. 

(vi) The c槌e 古hat~防ty and 吻 (μ-lqtmtJ1)三0:Z(智)=N(申)句(mVJl.;-I)

Then 

D(μ) 

て「 ψK(mmt:;1~ゐt::;-l ，rþ ，m' n ett' ) 
=sgn(N(μ) )kTK (1t1t') ヤ μK(筑)

vtER.ι，1ttt') ψK(恥筑)

×μK(eψf;1 (ett f;1， VJt..，m')-1 )N(筑沢mf，ψ，m') (1t1t') (eψf;1(ettf;1， VJt..，m')-1~) 

x ((ψゅう旬f;l(句 f;1，VJl..，SJt，)-lvtIK) (μm-1飢yeψf;1(eψff ， mtγm')-1~f1þtþ，)， 

which is equal to (11). ロ

Proof of Theo何 m1. By Lemma 5 and by (10)， we have 

Ak(m，ψ)C，α/マ

= 2-9 [EoK : Emm' l-lTK(~)-1TK(やザ)sgn(N(α))eψsgn(N(-γ))e""μK( (ett f;1， oot..，m')) 

×事(αa-1e.;j/fψV1tyVJt.γ)ψ'(ー仰-1a-1m-1VR-ym'-1 ett' VJt~)N (a)旬以)-kN(f1tttl)-k 

x N(fψoot.:;1) rr (1 -N(明)) rr (1-N(積)-1)N(oot.:;lfψ(eψf長1mmγ-1

領IVJl守午11ψtψI，!，ptf"，ψ'

x (事ず)(eψf;1(eψf;1，VJt..，m')-1) L μK(民)N(筑)-k+1ψK(~)-l(ゆず)(vt)

vtE匁(fψtψ1，ψψ')

x ~工: 乞ε，(ω(似ψ面ずめ')い)

匁εC呪悦， μ:匁-1jt:<n<nl 

=TK(事)-lTK(面的sgn(N(α))eψsgn(N(-γ))e1tlμK((ettf;¥ ootγm'))高(α$461fψVJt~VJt.γ)

×ザ(-，::o-la-1m一切川一切，叫)N(a)旬 以)-kN(fψ町 1)kN(f1ttt， )-k 

x rr (ο1 一 N阿(甲籾)) rr (ο1 一 N(伸甲納~)-γ一1)州N阿則(日(ωe旬ψfが長♂ι1ヘ， m.γ川坑釘m')サγ)
!，p刷3町IVJl..， 司曾刑3町|げf九ψe"，ψ， ，!，p.↑付fお-吾仰匝仰ψが， 

x (面的 (eψf;l(eψf;1，VJt..，m')-1) 乞 μK(~)N(~)-k+1 CPK(筑) -1(面ψ')(vt)

9宅ε冗(fψtψ1，ψψ')
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x LK(1-k， (ψψ')句f~i/(句 f~i/，rotγ坑')一1!R)・

Here 

乞 μ山似K以(例筑~)N阿(~)一糾k+1向削(~例筑列)γ一1(仰伊仰WψV判州Fつ引)(~筑)戸LK凶(ο1 一 k丸，(仲ψやめ')し)

9筑主ε?匁之(f九ψt'!tψ"ψψ')

=LK(1-k，ψψ') H (1-ψ1/;'(事)N(甲)k-l) H N(甲)(N(甲)_ 1)-1 

事leψ1;1，~r.m1'm' 

x II (1 -'lt'lt' (弔問(弔)-k)，
刺EψI ，~ff;þ•ψ'

仕omwhich， the theorem follows. 

領Ifψtψ' ，~ff;þψ'

5. THE CASE OF WEIGHT 1 

口

We compute the additional term which appe町 swhen k = 1. As in出.epreceding 
section ， we put a := (α，γ匁-1)for αε ()K，γε匁， andωsume七hecondition (8). 
From Lemma 3 and Lemma 2， we have for VJtlm with (VJt， f.ψ)=OK， 

c!/γ(坑m-l，k，ψmrot-1，ψ')

=(ーゾヨπ-1)92-g[&OK : &mm/]-1TK(事)-1N(m'吻 )-1D:P L N(匁)-1

21εG'Jt'Jt1 

× 乞 乞
μ: (γ匁ー1!s-l，m')-1匁ー1!s-l匁-1/E'Jt'Jt' ，.o:e;)ml21:D~云1/m'2l:D~I/ ，>-0 

ψ'(γ向，ryt'-1~-1:D-l'ðK)e(t巾 γoμ))N(μ)-IIN(μ)1-818=戸=0

× 乞 内附m一1崎(付仇6ゐos)鰍ω慨t一1切羽一I'dK削Kω川 )
δゐ口:却m一→1肌忽抑B云1/忽励B云t1E〉0

The purpose of this section isもoprove吐lefollowing; 

Theorem 2. Let αε OK，γε11，a = (α，γ11-1) with (怒，mm')= ()K・Let
c!/γ(SJtVJt-1) denote C!/γ(qm-l，k，ψmrot-1， 'lt'). Put 

.c，.:=仰-1m-1eψryt'-1eψ'fJ?.

If the何 isno divisor ~ of eψ'fj} so thαt the numemtor of ，cγ~-1 句 coprime to 

m and the denominator is cop的 neto fψ，筑，then A1(m，ψ)C，よh vanishes. Suppose 

that such ~ exists. Letえbethe divisor of (m， e'ltlf;j}) satisfying v~(.cγ6t~1) = 0 

for any p吋medivisor ~ of (m， eψIf;j}). P包t.c;:= (γ匁-1m'ーに坑-1)neJfψ'.Then 

A1(m，ψ)C!/γ 1，s句 切1to 

S酔 (N(α))付叩(N(-γ))eψμK(え)N(a)語(a)ψ((.c.γ6t:;1)n ()K)伝(αa-1)-o'(え)

× やみγ((.c，.6t~1 ， OK)-1)<PK(弘子1.c~-1)N((ム，え).c~)N(f'lþ，t;~1)TK(伝)-1TK(ψす)

X LK(O， 'lt'lt') II (1 -ψ'lt'(事)N(市)-1) II (1 -~'Iþ'(甲))・(日)
午leψ ，~ffψV 市Itψ'fJf民
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Ifγ=  0， then A!(SJ1，ψ)qよ/γ 臼 non-zeroonlyωhen SJ1 = ()K，αnd the value is 

obtαined by問:plαcz句 γznρ9)by N(SJ1')・ lfα=0， then then A1(SJ1，ψ)C!h is 
non-zero only when f.ψ，= OK，αnd the vαlue is obtained by陀 plαcingαinρ3)by 
1. 

Proof. By (12) and by Proposition 1， we have 

A1(ffi，ψ)C4/マ

= (-v'=I7r-1)92-9[&OK : &')1')1/]-lN(m':D)-1 D~P L N(羽)-1
2lεC尻町'

乞 乞 ψ'(γ'oeψIffi'-l2(-li) -li)K) 

μ:(仰ー1徳一1，')1，)-I2l-1翁ー1勾-1/t:れW70:G7m'匁仇云1/qt'gmt，トO

x sgn(N(γμ)tψ(ψ'LK)(γμ呪一leψ恕)e(tr(αγoμ))N(μ)-IIN(μ)1-818=0

=(一日π一1)92-9[t'OK: &')1')1/]-1N(m'D)-1 D~psgn(N(γ))eψ L N(羽)-1
2lεCmm， 

2二 ψ(γμ坑-leψ現)sgn(N(μ))eψN(μ)-1
μ:(ヴ~-I!B-l ')1-1 ，ψm'-1，OK )-lm'-l !l{ -l!B-l~-1 /t:mm， 

xlN(μ)1-
8
18=0 ε ψ'(γoeψ'ザ-l~-l:D-li)K)e(tr(αγoμ)). 

')Io:e-;j)m/2l匁tJK
1/m'2l~tJ云l ，トO

Since TK(ψ') = (-1)匂 '9N(ftt，)TK(ψ')-1， Lemma 11eads七o

A1 (SJ1，ψ)C!/γ 

=(ゾ斗π-1)g2-9[&OK : &mm' t1N(SJ1'i>)-1 nif2N(ftt， )TK(最)-18伊 (N(一γ)yψ

x sgn(N(α))仰向(ett'f;，1)乞 μK(剣山(抗)-1 L 
!)ll eψ'fJJ%εGmm， 

ε ψ(γμSJ1-1eψ匁)

μ:(αwejfψ，!)l，γの-lm-1句 )-12(-1の-l/em吹，

x ;t'(SJ{)示み(αμ91%?fψ，刻i>SJ{)N(μ恕)-1-81恒 O

=(ゾヨπ-1)明(坑'i>)-1Dif2N(fttl )TK(伝)-lsgn(N(一γ))己ψsgn(N(α))匂'

x 'PK(eψ'f;，1)玄 μK(筑)内(筑)-1ψ(α-1~1'SJ{-1 n () K );t' (筑)
!)ll (eψ'fJJ，γ匁-1) 

×ψ与((α-1ムSJ{-¥OK)-I)N((αSJ{， ，c，γ)SJ1'e;:fψ，勾)LK(l，ψす)

x rr (1-ψず(甲)N(匁)-1)

智leψfψl!)l

=sgn(N(-γ))巴ψsgn(N(α))匂TK(ψ)-1TK (ψす)ψK(eψ'f;，1)N(悦'î>)一1N(fψ'f;~，)

乞 μK(坑)ψK(侃)-1ψ(α-1，c..，.SJ{-1n ()K);t'(筑)ゐ((α一切m-19K)-1)

!)ll (句'fJf，γ匁-1) 

x N((αSJ{，~，γ)坑FUかの)LK(O， 仰') rr (1-ψ''lt' (事)N(甲)-1)， 
制eψfψ，!)l
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where we use the functional equ叫ionof出eL-func七ionat七helast equality. 
Since a = (α，γl' -1) is coprimeも0 坑m'，we have (α祝福1悦%?fψ，vt，γの-1)= 

(α，γ1'-1 ) (me~l/m' e;Nψ，vt，γ1'-1) = a(vt， .cγ)me;lm河Jfψ，for vt dividing 

(eψ'fJ，γ力一1).Then (α-1.cγvt-t，OK) =α-la(.c，γvt-1， OK) follows. Then 

A1(m，ψ)c;/γ 

=N(æ)ψK(句'f~，1)N(fψ，c~， )TK(;f，)-ITK(ψ'It')sgn(N(一γ))eψsgn(N(α))匂'記(a)ψψψ  

×伝(αa-1) 乞 μK(況)ψK(筑)-1 N( (.c'Y'筑)e;!ftt，)ψ(.c川-1n OK)伊(筑)
沢I(匂FfJJ，γ宝)-1) 

×ら((.c，伊-¥OK )-1 )LK(O， 'It'lt') II (1-ψ'It'(事)N(甲)-1) 
'.JJleψfψ，Vl 

In七hesummation， the古ermcorresponding to vt survives if the numerator of .c'Yvt-1 
is coprime to m and the denominator is coprime to fψ，vt. Suppose也前 suchvt 
exists. Then 

沢'Y.- H s，p 

領I(m，eψ，f;;-)，旬曾(..cγ)=1

is the largest such ideal， and vt is written as the product of凡 anda divisor of 
zLeψ'f;，1 where .c; := (γ1'-1m'ー¥m-1) n e;!ftt，. Then 

A1(m，ψ)0，よ/γ

=sgn(N(-，))巴ψsgn(N(α))e'lt'N(沼)ψK(eψ'fー，1)N(f1t，fーと)TK(伝)-ITK(ψず)ψ(a)V ψ v ψ ψ  
コゴ F ーー

ψ(αa-1) 工 μK(Dt-yvt)仰 (iftyvt)-IN((ム，iftyvt)e;，If1t' )ψ(.cγ91J19t-1n OK) 
決 l.cらtψ'fJf

グ(魚川)古川((.c)R~1vt-\OK )-1 )LK(O， 'It'lt') II (1-ψ'It'(甲)N(事)-1) 
曾leψfψ，Vl

... - . .  -で三 五~ . -

=sgn(N(_，))Bψsgn(N(α))B'Iþ'N(匁)N(fψ'f;~，)TK(ザ)-lTK(ψψ')ψ(匁)ψ(αa-1)μK(九)

'PK(え)-1ψK(e1/J'f;，1 )N( (ム，~ )e;N1/J' )ψ(.c，γdtJ1円。K)グ(え)ぬγ((.cγdi.:;-¥OK)-I) 

LK(O， 'It'lt') II (1-ψ'It'(事)N(市)-1)乞 μK(筑)仰(筑)-1N(筑)面(筑)グ(抗)
'.JJleψfψ' 

II (1-ψす(事)N(事)一1)
匁IVl

民leψ'f;f..cら

-九- -ゴ ~=sgn(N(-γ))句 sgn(N(α))匂'N(a)N(fψ'Cー，)TK(ψ')-lTK(ψψ')ψ(a)ψ(αa-1)μK(坑γ)ψψ 

'PK(え)-1ψK(eψ勾，I)N((.c'Y'え)e;，Iftt')ψ(.cγdtJ1円OK)グ(仇)丙マ((.cγdtf，OK)-1)

L K (0， 'It'lt') II (1-'lt'lt' (匁)N(事)一1)N(eψ'f;，I .c~)ψK( ttt， f;，1 .c~)一 1 II (1-'lt'lt' (甲))，
'.JJleψfψ' 宿leψ'f;，l..cら

which is equal to (13). 口
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We define 

6.乱1:AINTHEOREM 

σムψ(ν;奴):= 乞 ψ(恕)ψヤ捌-1)N(刻)k-l

IIVJ1C2lCOK 

for a totally positive 1IεK and for a丘actionalideal DJt. We note that it is 0 if 
lIDJt is noもirr七egral.

Main Theorem. Let m， m' be integra1 ideals of K. Let ψE C，ふ，ψ，E C，あ，be 

even or odd chαracters with the conductors f.ψ， fψ'陀 spective1y. Let ψdenote the 
primitive chαracterαssociated withψ. Let eψ be 0 or 1 accordingαsψ 白 evenor 

odd. Let eψ， eψ， be as inρ). We αS8旬me(m，m'e;j;}) = OK. For k E N with the 
sαme parityαsψψ， and forαfixed fractiona1 idea1 i)， 1et 

五1み(3):=μK(eψf;，/)事(eψf~/)N(eψf;j/)-1 N(坑e;I)-k

×デ rn (1-N(宿))lS(m)XfL.mm1(3;匁)，
a・・.. ， ...晶 1 ~""'"t''J'nlJt-.L.，'"'''''''''''' 

VJ11l)t，(VJ1，fψ)=OK ¥刺VJ1 / 

ωhe陀 ωeωsume品川=lll)torψ， =lll)t， ωhen 9 = 1 and k = 2. Then立与(3)is 

αHilbert modu1ar form for r 0 (匁一¥mm'i))ofωeight k with chαracterψψFPωhose 
Fourier expansion is given by 

'lt' (me;lfψi)d云I)LK(l-k，ψ'lt') 
面(m'e;!fψ，匁D云.1)LK(O，面的

(k>lormcOK，αnd m' = OK) 

(k= 1川 =OK， m' c OK) 
(k = 1，m=坑，=OK) 事，(i)d云I)LK(O，ψψ')+事(i)d云I)LK(O，事ψ')。 (otherw白e)

σtM(ν; me;，1m'e;h:Odi/) e(tr(1I3))・+29 乞
0ベνεヨ)i)云1

Let α/γ be a cωp倒的αε OK，γε 匁.We can tαkea，γso thαta:= (α，γ匁-1)is 

ω'prime to mm'. The v仰eκ(α/γ，勾:ψC~)) of勾:ψ(3)叫 eCUSpα/γdゆ edin (り
is 0ザthereα陀 notintegral ideals rotγ ， mt~ with rotγ1m， (roty， fψ) = OK， ÐJt~lm'e;，1 
and with (γ力一1，mDJt;;-lm') = ~;;-lm'e;!ÐJt~-I. Suppose otherwise，αnd 1et DJtγ 

be the 1αη制御hideal. Then the 叫 Leκ(α/γ，五L(a))臼 givenby 

( -l)geψ'sgn(N(αγ))e"， !LK( (t1t f;1 ，飢γm'));Þ(αæ-lrotymt~(t1t f;1 ，DJt"m')-I) 

×ψ'(仰 -la-1m-1DJt州Z1(zdJI，mM)-191F-h，民)

X N(DJt;;1 (t1t f;1 ，DJt.川)九日，)k-1N(肌)-kN(九回，)TK(事)-1TK(1t'lt')N(mt;;1 ) 

x LK(l-k，ψず)II (1-N(甲)) II (1一ψψ'(甲)N(弔)-k)

司llVJ1-y積leψ" '.llf~"，，

x II (1ー ψず(甲)N(智)k-l) 

制 Eψf;1 ，'.llrrot，.l)tl 

(14) 
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ωhe陀ザγ=0， then the vαlue is non-zero onlyωhen SJ1' = () K and it白 givenby 
陀:plαc~ng γmρ4) by N(SJ1)， αndωhe陀 ifα=0， the value is non-zero only u恥 n
fψ =OKαnd it is given by陀 :plαcingαinρ4)by 1. 

Letム-仰-1SJ1-1tψ町一ltψ'f:;}and .c~ := (仰-1S)γ-¥SJ1-1) nt;t，1ftt" lf k = 1 

αnd if there isαn integml divisor of ~ of tψ'f;T，1 so that the numemtor ofム~-1 is 
ωp付meto SJ1αnd the denominator is cop吋meto fψ，~， then the何日 theαdditionαI 

term. Letえbethe divisor of (SJ1， ttt'f;T，I) S仰のingvl.Jl(ム先1)= 0 for叫 pnme

divisor事 of(坑，tψ'fJ)・Thenκ(α/γ，Mψ(3))加恥 αdditionαlterm 

( _1)geψ sgn(N(αγ))川ほ(え)ψ(SB)ψ((.c，þ{~I) n OK)ψ(ゅ -1)伊(え)

×ゐヴ((.cγ化I ， OK)-I)伊K(民1.c~-I)N((ム，え).c~)N(か'U， )TK(伝)-17K(ψ'Iþ')

X LK(O， 'It'lt') 日 (1-ψす(甲)N(事)-1) rr (1 -'It'lt'(申)) (日)

穆leψ ，~ffψ亭' 市leψ'fJfZ4

ωhe問ザγ=0， then the value is non-zero only when SJ1 = ()Kαnd it is given by 
陀:placingγinρ5) by N(SJ1')， αndωhe何ザα=0， the value is non-zero only when 
fψ，=OK αnd it白 givenby陀 :plαcingαinρ5)by 1. 

Proof. The values at cusps町 einvestigated in the section 4 and the section 5. We 
compute the higher terms. Then 

XL(同 )=Xtん'Jt(同)
= c + [&OK : &'Jt'Jt' ]-17"(事)-1 L L N(匁)k-1 ~二

OベvE::DlI云1mεCmm， 1'0・eJfwam云1/'Jt' !!::Ð1I云1 ，~O

ψ'(γ向，~-l~-l1)-ltlK) 乞 sgn(N(μ))N(μ)い e(tr(lI

× 乞
1__-1/__-1 

60却ー1!!1I 'K' /!!1I'K' ，>ー0

ν/μ三ヴo(m' !ll~"O Ï/)
14:!ll-l/Emm， 

面(ðO~-l i)K )e(tr(伽))，

where 0 is the constant term. Let X(畑一小=立ん!Dt-
1
，棚-1(3;匁)for例坑

with (VJt， f.ψ) = OK， and let X.μ(SJ1VJt-l) := Edo:m-1期制l"/jø.~I/'トO
やm!m-l(ðoSJ1VJt-l~-I()K )e(tr(doμ)). Then 

Ak(SJ1，ψ)X 

=0' + [ゐK : emm，]-lr(事)-1 工 L N(匁)k-l 乞
0ベνε匁~Kl !2lεCmm， 701JJqI'gDB云ljm唱:Ð~云1 ， >-0

乞 ψ'(γöeψぽ-1~一切-1()K)叩(N(μ))N(μ)k-l伽

x Ak(SJ1，ψ)X，μ(SJ1VJt-1 
) 

=0' +N(SJ1e;tl)-k+l[ゐK : emm，]-l ~二 L N(恕)k-l

0ベνε:Ð~云1 o.εCmm， 
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L ψ'(γOeψ，ryt，-I21-1匁-ldK)

γo:dfqI官匁B云1/lJt'~匁B云1ケO

x sgn(N(μ))句ーlN(μ)k-le(tr(η))

= C' + N(ryte~/)-k+l[らK : E!)1lJt' ]-1 ~二工
0ベJ，lE:D~云1 21εC呪'.n'

乞
ν/μ三γo('.n'1Il:I)百iK1)

μ:1Il-1/ e'.n'.n' 

(ψI.LK) (μ坑-leψ2i)

乞 (ψI.LK)(川-1似)ず(ν/μ.eψ机 1-
12i-1:o-1dK)N(バ)k-1e(tr(η))

=C'+州(町1)-k+l L 2二 ψ(坑-leψ2i)
O-o(J，Iεヨ3百iK1ν!)1'-1eψ，:D-1dKC21C!)1eψ 

×ψ'(νEψ，ryt'-12i-1D-1dK )N(2i)トle(tr(η))

=c' +29 ~二 σムψ(ν;坑福川'e.;t/Ddi/)e(tr(り))・
0ベvεヨ3百云1

ロ
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