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The values of Hilbert-Eisenstein series at cusps, 11
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ABSTRACT. In our previous paper [2], we obtain the values of some specific
Hilbert-Eisenstein series at cusps equivalent to +/—1co. In the present paper
we obtain the values at all the cusps.

1. INTRODUCTION

In our previous paper (2], we obtain the values of some specific Hilbert-Eisenstein
series for T'o(MOT') at cusps equivalent to /—1oo. The result is useful in the study
of the Shimura lifting maps [3], or of quadratic forms [4]. In the present paper, we
consider the Hilbert-Eisenstein series for [o(D ™1, MN'D) with any fractional ideal
B, and obtain their values at all the cusps. The argument is parallel to [2]. We
note that we make use of different notations from the previous paper [2].

Let K be a totally real algebraic number field of degree g over Q, and let Oy
be the ring of algebraic integers. We denote by 0x and Dg, the different of K and
the discriminant respectively. For a € K, oV, ... a9 denotes the conjugates of
a in a fixed order. If a(® is positive for every i, then we call a totally positive, and
denote it by a > 0. We denote by N and tr, the norm map and the trace map of
K over Q respectively, namely N(a) = [[{_; o® and tr(a) = 37, o). Let ux
denote the Mobius function on K and let g denote the Euler function on K. If
B is a prime ideal, then vy denotes the PP-adic valuation. If 9N is an integral ideal,
then {M}y denotes the P-part of M, namely, {M}y = P=™D. Let 9 be an
integral ideal of K. Then £y denotes the group of totally positive units congruent
to 1 modulo 9t. We denocte by Cx, the class group modulo i in the narrow sense,
and denote by C§;, the group of characters of Cyn. A character ¢ € C§; is called
even (resp. odd) if it satisfies ¢¥(p) = 1 (resp. ¥(p) = sgn(N(p)) for p € Ok, # 0
congruent 1 modulo N. The identity element of C; is denoted by 1, for which
1x(2A) is 1 or 0 according as an integral ideal 2 is coprime to 9t or not. In the
present paper we consider even or odd characters exclusively. For a character 1, ey,
is define to be 0 or 1 according as v is even or odd. The value of the characters at
a fractional ideal whose denominator is coprime to I, is naturally defined, namely
P(RAB1) = Pp(ANH(B) for integral ideals A, B with (B, M) = Ok, ¥ being the
complex conjugate of 1. Let Zx be the function on the set of fractional ideals
defined by Zx () is 1 or 0 according as % is integral or not.
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We denote by fy, the conductor of a character v, and denote by ey, the ideal
given by

ewi=fs ][ B (1)
P (P)=0,Pfy

The primitive character associated with 4 € Cy is denoted by 1,!; For any integral
ideal 9N, we define Yy = 'gblmt Then 1gn = 1,b for an integral ideal M with IM|f,,
and m = 9. Let R(IM, 1) denote the set of all the products of primes divisors P
of M coprime to fy with multiplicity at most one.

For ¢ € Cy;, Lx(s,v) denotes the Hecke L-function, that is,

Ly (S 1/) Z ﬁ((;l))s

where 2 runs over the set of all the 1ntegra.1 ideals. Let $¢ denote the product of g
copies of the upper half plane $) = {z € C | 3z > 0}, §z being the imaginary part of
z. Forv,6 € K and for 3 = (21, ,2,) € §, N(v3-+6) stands for [J_, (v z;+6®),
and tr(+y;) stands for }-7_, v®z,. For a matrix

_ (o B
A= (7 5) € SLo(K), @)
we put
0.'(1)2«'1 + ﬂ(l) a(g)zg B /3(9)
- (7(1):&1 I VL y(g)zy + 4(9) )
We define

To(@71,019) := {(: ?) € SLy(K) | a,6 € Ok, B € DL,y e MD)
for a fractional ideal © and for an integral ideal 91.

2. (GAUSS SUMS

Let v be a primitive character of an ideal class group of K. The Gauss sum of
1 is defined by

(%) == P(pfudx) Y $(E)e(tr(pf))

£-0
£:Ox /o

with p € K, » 0, (pfydk,fy) = Ok where e(z) stands for exp(2r+/—1z). The
value 7x () is determined up to the choices of p. We note that 7x(¥) = ¥v(dxk) if
fy = Ok.

In this section, we state some formulas related to the Gauss sums for the later
use. Their proofs are found in [2].

Lemma 1. Let 2 be a fractional ideal. Let ¢y € Cg, which is not necessarily
primitive.
(i) Let p € A1, Then
> P(6MMA 0k )e(tr(Sou))
So:t—12ot /Ad L, -0

=sgn(N(W)*rx() Y. px(R) S

RER(N,y)

wx (M) =

(f m) ( )(":bﬂ%IK)(»um lf‘lf)m)
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In the summation of the right hand side, at most one term survives. If there is
R € RN, o) satisfying (AN, 0k) = fo YR—1, then the term associated with R
SUTVIVES.

(i) Let € A9, Then

> V(Boey M A Y0k Je(tr(Sou))
dozey, ' MADEL' /MAVL! >0

oi(eyfy")

oG PO D) (a5 )

=sgn(N(u)*rx(¥) Y. ux(®)
RER(M,5)

In the summation of the right hand side, at most one term survives. If there is

R € R(M,¢) satisfying (ume;1f¢m, Ok) = R1, then the term associated with

R survives.

Let X be a function on the set {:MM~" | MMM, (M, f) = Ok} of ideals. Then
we define Ax(N,¥) by

Ap (T )X = e (eufy )P (eyfy )N(eyfy )~ N (e, ) 7
x > (JIa-N®))eex@mm™). (3)

mlma(mafiﬁ):OK “plm
Proposition 1. Let 0t be an integral ideaL and let ¢ € Cy. Let U be a fractional
ideal. Let X,u(I) = S5m0 /ato? o0 Yom (BoTMA 0 ce(tr(bop)) for p € 21
and for an integral ideal MM contained in fy. Then

Ap(, %)X, = N3 )~ g (§)sgn(N())** (WTx ) (10 ey ).

3. EISENSTEIN SERIES

Let k € N. Let 0N, 91 be fixed integral ideals of K and let D be a fixed fractional
ideal. Let 21,8 be fractional ideals of K. Let yo € ABDL, 5o € N 'AB Lot
We define

?
B 1,0,8(3,70,00; 9, 97) : = N(20)* > N(v3 + &) *[N(v3 + 6)|~°ls=0

= ’ =1
y=1 (' ABDO L)

e —1,—1
F=dg(AB 1aK)

(Txa)fgmml

where v = 1 (WABDVL') implies that v = v¢ modulo NABDVL and where 3
implies that the term corresponding to (v, §) = (0, 0) is omitted in the summation.
For a set S, A(z, S) is define to be 1 or 0 according as z € S or not. Then we have
the Fourier expansion

Ex21,0,%(3, 0, 00; 0N, 9V)
= A0, WABDOZ )N()* Z N(p) %N ()|~ |s=0

p=sp(am—lagh)
P‘/gmml

+ (S DNy iNes) Y >, e(tr(dom)

0<reEB3IDVL v/ip=mo(M/mBDILY)
A= 1B/ Ep s

x sgn(N(u))N(p)* " e(tr(v3))
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where there is the additional term

(—mvV—1)Di*NEB) Y sgm(N())IN(B)| "o

p=p(ot/ABD L")
“/Eqmt

when k = 1, and where there is the additional term —n/(N(M®)S2) when g =1
and k= 2.

Let ¢ € C§;,9¢' € C§, be even or odd characters so that £ € N and %’ have
the same parity, where we assume that either 1 # 1y or ¥’ # 1y when g = 1 and
k = 2. We assume that

(M, Ne,') = Ok. (4)
Then we put
X}cb,‘.p(ﬁ;@) = X}cb,¢m,m(3§9)

f— g = - :_
= () DR ox : Enm] @ Y
AeChrms

X ) PEMA0u ) (voey M I ATIDT0k) By 21,0,0x (3,70, 60; 9L, ) (5)

70760
where in the second summation, 7y runs over the set of totally positive represen-
tatives of e;}fﬁ’ﬁ@h}l modulo MVADVE" with (Yoey N A ID Lok, M) = Ok,
and &g runs over the set of totally positive representatives of ST_IQIBI_{I modulo
A5 with (SoNMA 10k, M) = Ok . Further let
Y 4 (3) =nxc(eufy )Pleuty IN(epfy ) TN, ") 7"

x > (TTQ-NBREN, som-i(D). ()

fm|m:(5m1f¢)=ox ‘Blmt
4. CONSTANT TERMS OF HILBERT EISENSTEIN SERIES
In this section we use the following result due to Hecke [1] a number of times.

Lemma 2. Let M be a fractional ideal, and let £ be a subgroup of finite index in
the group of all units. Let ug € K and k € Z. Then there holds the functional
equations

3 N EN() oo

B=pg (M)
n/E

- (FER) RN Y eltn(uom)
,u:f)JT_]'D}l/E
 sgn(Nm(3))¥[N () £~ [N()] ~* oo,
> sen(N(L)IN()|~*le=o

B=pg (D)
n/E

=(—V=1r DR ANE T S e(tr(om)N(#) " N()| oo
p:wt_li’}l/g

where E' tmplies that the term corresponding to p = 0 is omitled in the summation.
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Let A be as in (2) with & € O,y € ®. If f(3) is a Hilbert modular form of
weight k for To(D ™1, 09U'D), then the value x(a/, f) of f(3) at the cusp a/v is
defined by

sen(NG@)E 0£0),

s(af7,f) = lim Ny +8)7(4) x {1 (6=0).

3—+/—1loc

We determine the value at each cusp, of the Hilbert-Eisenstein series (6) as well as
the Fourier expansion at the cusp v/—1cc.
For a cusp e/ € K U {00}, we can take a € O,y € © so that

B = (o, D7)
satisfies
(B, NN = Ok. (8)

Since A € SLy(K), there holds B8~! = (8D,6). Further we can take 3,4 so that

(8, ‘R‘Jt’) = {{; ‘Jt‘Jt’) = Ogk. Then the equality N(’Ya-l-(S)_kEk,mfm,@,oK (A3, 70, 00; M, N) =
Ei sva,p,3(3, avo+7vd0, Br0+0d0; N, N') holds, and the constant term of the Fourier
expansion of Ei o o o (3,70, 00; M, N') at o/, is equal to

NEDE Y Aayo + (6o + &), WABDYL
& 20 /v e’

x 3 N~ [N ()] =)o

H=Bro+o(Sg+8 ) (A —Lah)
P/‘smml

where there is the additional term

’
oy 1 DNEV'B) Y ) sgn(N (1)) IN()[ oo
6’:213}1/91’!2(‘0}1 #Eavo+'v(60+6')(m’!umma}1)
w/Eqomt
when k¥ = 1. The modular form X}ffwmm(g;@) is a linear combination of

Era.9,0x (3,70, 00; 91, 9Y)’s by (5), and we obtain the following;

Lemma 3. Let A, «, 8,7, 0 be as above. Assume the condition (8). Let Co (M, k, o, ¢')
denote the constant term of N(v3 + 6)_"')‘\’1,;!’;,)%91(143;@). Then it is given by

Ca/'y(m:kswma"/)’)
- t _ T~
= (E2)’ DR ok : Enm] k@) Y 3

AECqaq ~ore i o aDo gl /MADO Lt 0

so:m—lata /et -0

P ([BoMA 05 )0 (102w W A1 D L0k )N(A)F >
&0t /At

I
Alaryo + (0o + &), WABDIL') > N(p) %N (p)| = |s=0

s=Brg+é(sg+e ) (v aAB—la )
l‘/smmf

where in the second summation, o and 8g satisfy (Yoo, N IATID 10k, N') = Ok,
(SoMA 10k, M) = Ok respectively. When k = 1, there is the additional term



]

®
=
R

C;/n((ma k'} ?ﬂ‘mﬂ/)') with
Cc];:/"y(m’ k, 'lp‘.na ,ltb,)
=270, : Emm] (D) INOVIB) Y 2

ce—Llepr =1 s -1
AeCnm+ voren  ame Ll /o amo gt -0

sg:m—Llan gl /ae ! -0

— '
-1 ! I=ley—1my—1
P(GoMA™ 0 ) (Yoo T AT D™ 0k) Z Z
8 ADL /M AVL! w=avgtr(Bo+e ) (MIABDILY)
F‘/ggtml

sgn(N(4))IN(4)|™*|s=0-
For v € Ok, we put
Y, 5= (v o),
By the assumption (4), 9, is coprime to 91 if it is integral. The purpose of this
section is to prove the following;

Theorem 1. Let o € Ok,y € ©,B = (a,yD™!) with (B,MN) = Ok. Put
Cofy (MM ) 1= Coyy (MM, k, hiyeom—1, ¥') for a divisor M of N with (M, fy) =
Ok. Let Ag(M,v) be as in (3). If there is no divisor M., of M with (M, fy) = Ok
and ("yi)‘l,m; o) = NI 1m'e;,1sm:,—1 for M, integral, then Ay(M,¢)Coyy =
0. Suppose otherwise. Let M., be the largest ideal satisfying (79‘1,91931; ) =
NN, 1 NWey ! ML, Then

Ak(ma ’d")co:/'y

= sgn(N(ar))**sgn(N(—7))*¥' ux (e ", M0, 0)) (0B 100, (e, MM, 9) )
X ¢ (—yD T BTN, ey, (enfy DM, OV) IV ey O )N(B)F

x N (egfy T, ) N NG f, Y () e (N ()

x T[] A-Nep) Lt -kww) ] (- 9w NG ™)
Blonty PBleyw Ptz
x JI  a-v@ @NE)E. 9
Py, PN, R
If v = 0, then Ax(M,9¥)C,/y is non-zero only when M = Ok, and the value is

obtained by replacing v in (9) by N(NM). If o = 0, then then Ag(IM,¥)Cqo/y is
non-zero only when fy, = Ok, and the value is obtained by replacing o in (9) by 1.

Several preparations are necessary to give the proof.
Lemma 4. Unless (yD~1,MN) = N9 e,;}zmt,—l for ML integral, then
Coyy(M, k,m,9') vanishes. Suppose the equality. Then Cp (M, k, Yo, 7’) equals
279(Eoy : Emov] (@) s8n(N(2))**sga(N(—))*¥ N(B)*N((9teg?, Ox))
x N) (0B~ 1M ) (—yD BT ey t)) > N

meC‘mm:
! -y

X > > (") (oMU~ 0k Je(tr(dops))

pi(Ste i O)UA™ [ Eqer 60N~ 1AL /(M) Ok ) 1AL -0
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x sgn(N(u))*[N(u)[*~*[N(2)| ~*[s=o-

Proof. Since (aB~1,vB1D71) = Ok and since (yoeyw N 1A1D 10k, N) =
(6oMA 0k, M) = Ok in the equation for Cpu/y (M, k,9¥m,¥’) in Lemma 3, it is
possible that Afayy + Y(dp + &), WABDL') # 0 only when (v~ 1, MN) =
nn’ e;,l?)ﬁfy_l for 9, integral. This shows the first assertion of Lemma 4. In
particular if Co/y (M, k,%;m,9’) # 0, then ¥D~1 C N and (a,N) = Ox. When
(v®~L, NA') = NN’ e_,lfm’—l for M, integral, Co ., (M, k, or, ') is equal to

2_9[80K :Smm!]_ TK('l,b) ]'N((‘-Tt S OK)) Z: E

1 -1
AECmm  wprey W amy ol /ramazt o

—1

1
5g:0t— 1maK J(9te sm' O 1maK >0

"b’
Alayo + 00, WABDO )W (6N 0k ) (' Zic ) (Yoey VA D 0 )N I N(B)
X Z' e(tr((Bv0 + 660) 1) )sen(N(12))*IN(se) |*~ IN()| ~*Js=0,

p:(me;}mg—l,ox)m—lm/smm,
which is obtained by Lemma 2 and by Lemma 1 (ii). The map

ey VI ADDL /M ADVL e;}m'zm' 1%%90;{1/%’%%93
N 1%3;1/(%,;}93?— ,Or) 10" NAB 0L/ (Me ' Y, Ok ) ' AB 0

obtained by multiplying by ( 3 5) is bijective. Using this bijection, we have

CC!/’Y(““: k! l'ab‘ﬁy lllb,)
=279[Eo, : Emov] () TIN((De, M, 0k)) D

AeCuqt
> Ao, WABDVy )sgn(N(—Bo + do))*
e D‘t’ﬂ:’t.,. lamoel/vamoog! -0
sp:m—lam—lo /(m:¢, mi o)~ lam—la !t -0
X (=B + ado) A~ 0k Jsgn(N(E0 — ¥80))°¥' (¥'Z) (670 — 780 )ey N~ AT D0
!
x N(A)*~'N(B) > e(tr(dop))sgn(N(u))* N ()| *~* N (1) ~*|s—0

s (me-lmt' LOK)UA1B /Eqrons

replacing A by A8,

=279[E0, : Emov] 7r () sgn(N(a))**sgn(N(~ 7))*+ N(B)*N((Me,, Ok ))N(EN, )
X P(aB MW (DT BTINTN ey M) D N@!

ﬁeommr
X > (' I ) (SR A~ " 0k)
do:M—12A0 /oM, (fmqp, Ox)— 120" >0
!
X > e(tr(Sop))sgn(N (1)) * N () [*H IN(1)| ~*|s=0
mt’—l(me¢, Or)A Eqmy

=27%[Eoy : Emov] " i () Lsgn(N(e)) ¥ sgn(N(—7))*+ N(B)*N((Te?, Ox) )N, )~



#ow 7% W)

X P(aB I (—yDTIBTINTIN ey ,) Y N@)!
AeChrqms
!
x 2 >
wIH (R} O )A~1[Eqms bo: N1 IR A0 /L (e} Oxc )10 -0
(P ) (S, A 0k Je(tr (o) )sgn(N (1)) ¥ N () |* N (1) | ~* =0

Replacing A by zm:;lm, we obtain the result of the lemma. O

Just replacing 9 by 919t~ in the lemma, we obtain the following;

Corollary. Let 90 be a divisor of Nt with (9, §,) = Ok. Unless (vD~L, MM =
2101 G 1 e;,lﬂﬁfy_l for 9., integral, then C, /.,(mam—l, k, Ymon-1,%') vanishes. Sup-
pose the equality. Then it equals

279Eo, : gm,]-1TK(E")—1sgn(N(a))ewsgn(N(—fy))ewN(qs)kN((mt—le;}, Ok))
x N(O) (B0 o' (—yD BTN ey M) Y N()F

mECmmr
> >

(MMM Lel L OIAL Eqpr oM 1MMAD L /(O Ok ) 1AL, -0

Wt wl?
(oram—19") (BoMM ™A™ 05 Je(tr(Soss) Jsgn(N (1)) * N ()|~ IN (1) ~°s=o-

Let 9M, be the largest ideal with 9,0, (M., fy) = Ok satisfying

(YD1, MO 19V = MM e, ML, Then Copy (MM, k, Yinom—1,9") = 0 for

O with 9M.,{9M. Suppose that 9N is a divisor of M7 1 coprime to fy satisfy-

ing (YO, MM TMIN) = mmt;lmt—le,;}m'mtg—l. Then (M, N') = Ok, from

which there holds (M 19N~ te !, Ox) = (MM e}, Ok). For such M, we have
Ca/v(mqlm_l’ k, ’pmmt;‘zm—h’/")

=279[€0, : Emm| i () "'sgn(N(a)) ¥ sgn(N(—7))™ N(B)*N((MM; e, ), Ox))
x N, *(aB 100, )¢ (—yD 1B TIN T, ey Mt,) > N@)F

ﬁECmmi
/
x > 2

u:(mmt:,lz;},ox)m—l/smm, ao:m—lmtthmb,;l/(mmtgle;},ox)—lma;,»o
a‘)’tﬂﬁ;lﬂﬁ_1 (6gm;19ﬁ_121_101<)1,b’ (6027{93?;12[_10;{)9(&(50“))
x sgn(N())*|N ()| *~ IN(p)|°| s=o-
Then

Ak(m1¢)ca/7
= pxc (e, )W (eufy N, ) NG, ) R, ( [T @ — Nep)))

B,
> ( TI Q-NCBY))BER)Cay (IR IM b, Yo 191, ¥)
I MWL, (IM, N )=Ox ,g;{;g;

=279€p, : Smm']_ITK(E)_ISgH(N(a))e“’Sgn(N(—’Y))e""MK(%le)J(%f;I)
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x N(eyfy ) N(OD eyt Ox))N(BY N (e o) ([T (1 - New))

LWLy
X PO, (@B 1M ! (—yD B, e m) Y N()k?
ﬂEOmml
I
X 3 sgn(N(1))* D) N(u)[* N ()| ~%|a=0 (10)
p:(mmqle;},ox)m—l/smm,
with
D(p)
= 3 ( TT @ -nepn)dem) 2.
am|mans L, (9,5, Y )=0k !n‘ﬁl_ng?., aozm—lm,maagl/(mwtqle;},OK)—lm;(l,>—0

Emmt.;lsm—l (B, I A 0k ) (SIS, A M0k Je(tr(Sops)).

Lemma 5. Let p € (9N le;b,l,OK)Ql_l. Then D(u) s equal to
sen(N() “r (G )NOWL  Neg)NGge) ™[I (1 -Nep™)

Blfpepr Pigy
x pr(eyfy (eofy LMY ™) DT ux@ex(R) Y ) (eofy el MM TR

RER (o7 ¥9')

X (WY )1y 2 ey 1 gy -2 T (B Dy (eu ™, T ) T R0 ). (11)
Proof. There holds
D)
= 3 ( TI a-Ne)@Ew) o) >
TR L (M, fy )= BIPMy Soim—lom et /(s te Ok ) 120! -0
W, 1op-1%") (G0N 90 A 0 Je (b0 (o)
= sgn(N (1)) i (Pl ) (9 Tic) (90, A 5,) 3 ( TI a-ne))x
mmm L, (0,5, N)=0 BITLBIM,
S oy B R L ey )

MER(NM, ' M—1Ne,r,9p’)
by Lemma 1. Then
D(i) =sgn(N(w)*ra (@9) o' Ze) ' iz,)  [I 269)
pbo el TENE
‘PK(&W M H‘Hlfy‘:‘w pUE (m;l))

X Z 1234 (m) oK (f@\b’ m)

RER(Fyp eyt HP")

— v (st 1) o 1 -1
X 1 (umnm|f¢e¢, "B v SOK) ¢¢I£R )
0 (otherwise)




#® o K W
where
vep (M) ey
min{l,¢ ({2 " P~ "}p)
>, . (1 -N(B) B }'”'K({m}"p) - wx(fm}m) OB,
i=v 1 .
Z0) =T oty s
v ({nam P }ep)
>, I-‘K({m}‘ﬁ)‘px wx(fm}m) & (B9).

i=vp (p— 1y 1) -1

A simple calculation leads to the following;

(i) The case that 9 1 9., and vm(u_lm;l) >1: Z(P)=0.

(i) The case that 98 { M, and v (1MW) =1: Z(P) = —N(p)ve ()
(iii) The case that 9B { 9%, and vy (u™19M0") <0 : Z(P) =0.

(iv) The case that 3|9, and vs,p(p_l‘)'tﬂﬁ,;l) >1: Z(P)=0.

(v) The case that 3|9, and vm(y—lmzm;l) =1: Z(P)=0.

(vi) The case that 5|9, and Uqg(ﬂ_lm‘?l) < 0: Z(P) = N(p)w» @0,
Then

D(p)
_ e (M Rz g N o)

RER(Fy ey YY)
% (e Ty (et T IU) )N P s g ) (0 (e (e, T, 90) 25R)
x ((M’)wfal(wf;l’%m,)_lmzf()(pm—lmt,le,,,f;l(ewml,mt.,m')—lmfw),
which is equal to (11). O
Proof of Theorem 1. By Lemma 5 and by (10), we have
Ar(M,9)Coyy
=27%[€o, : Emov] 7k (B) i (Y4 )sgn(N (@) sgn(N(—))*¥ pxc((epfy ", D0,))
X (B Le I L, ) (—yD B IOV, 0V ey Y, )N(B)FN (Y, ) ¥ N (g, ) ~*
NG [[a-N) T (- NNy eofy?, 0,00
Bl Blfp ey PGy
< @) e e L)Y RN or () @) (0
RER (fyey ,Yy)

x 3 Y ()t ety 1) BN

AE€Comopr A~/ Eqponr
= i () i (P )sgn(N(00))*¥ sgn(N(—))° pc (e T, ) (@B~ ey 0, 0N, )
/(DB L, ey D, IN(B) N, NGy )N ()

x [T a-N) JI @ N IN(eypf,t, o)
B0t Plip ey Pligys

X (f%l”)(%f;l(em L)) > ux RN ™o (R) " (Gv) (R)
RER (fyeyr¥o')
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—
X LK(l — (T;b'%b ),,,,f;l(g,,,f;‘,mt.ﬂ‘t')—lm)'
Here

Z pK(m)N(m)_k-'_l‘PK(m)_l(@)(ER)LK(I — k, ('l/)@,)wf;l(wf;l,wt.,‘.)'tf)—lm)

RER (Fypeyr ")

—Lk(-ked) [ v ENEFH [ N®OE -1
Plewfy P, o Pl s Phiys

x JI @-9wE@N®™)
ml Ly ’m'ffﬁqp’
from which, the theorem follows. 0

5. THE CASE OF WEIGHT 1

We compute the additional term which appears when & = 1. As in the preceding
section , we put B := (o, ¥D™!) for @ € Ok, v € D, and assume the condition (8).
From Lemma 3 and Lemma 2, we have for 9|91 with (I, fy) = Ok,

Cc:::/-y (m_ls k, wmﬂﬁ_l ) l‘/)’)
= (—V=Tr"9279[Eo, : Emov] T (B)INOVD) DY Y Ny~

AcCmms
!
x >, 2.

.u:(,.yg—1%—1’9‘{')—1%—1%—19—1/8',‘%, —yo:e;}‘ﬁ’ﬁli)a}l/‘.)‘t'ﬁlgbfcl =0
¥ (yoey M 1A ID 0k )e(tr(ayom) )N (1) T N (1)| ~°)s=0
X Z Ponan—1 (GoTIM A~ 0k Je(tr(vdop)). (12)

So: 1m0 /AD L >0
The purpose of this section is to prove the following;

Theorem 2. Let a € Og,y € D,B = (a,vD™!) with (B,NN) = Ox. Let
c;/,y(‘mm—l) denote C;/,Y(‘J'm_l,k, Yqmm-1,%"). Put

£y = yD 7 IN ey M ey

If there is no divisor R of e..;,rf.,;,l so that the numerator of £, is coprime to
N and the denominator is coprime to fyR, then A1 (M, qb)Cclz . vanishes. Suppose

that such R exists. Let 5{7 be the divisor of (M, cwf,;,l ) satisfying vep (275‘{,; Ve 3

Jor any prime divisor B of (N, e,prf;,l). Put £ := (v, ‘.)’t_l)ﬁe;,l fyr. Then

A (M, ¢)Cé/7 is equal to

sgn(N(a))*#' sgn(N(—7))™ s (R )N(BYS(BY((E, R, ) N O )P (0B~ )¢ (BRy)
x U5, (837", Or) " )or (R 85 IN((L4, R) SN2 )7 (@) 1 ()

xLe@%y) ] Q-wwmN™ [ a-swem). (13)
Blew, Ptf g Bleyf,/ £,
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Ify = 0, then AL(M,¢)C2 / 18 non-zero only when N = Ok, and the value is
obtained by replacing v in (18) by N(W). If @ = 0, then then A (M, 4)C? /v b

non-zero only when fy = Ok, and the value is obtained by replacing o in (13) by
1.

Proof. By (12) and by Proposition 1, we have
M (m7 'lnb)cc];/’y

= (V=T )27 (€0, : Eqa] NEOUD) DY 3T N@)~

AEChqms
’ — — f—
> > ¥ (Yot N ATD 0k)
w(yDTIB L) TIATIBTID T By e SV ADOL /M ADILT -0

x sgn(N(y2))** ($Zr ) (ypT " eph)e(tr(ayos) N (1) " N(1)| ~*|s=0
= (—VIr 92 oy : ] TNOVD) " DY 2N YT N

ACCy g
i — e -
> Pyt ey Wsgn(N (1)) ¥ N(p) ™
p(yD 1B I Loy, W1 O ) 10V -1 1B 1D~ 1 /£y 0y
X [N()|~*|s=0 > ¥’ (roey M ATD ™ 0k )e(tr(ervop)).

Tore OV ADI L VADOLE >0
Since Tx (¢') = (—1)e¢'9N(f¢')TK(¢’)_1, Lemma 1 leads to
A Y)Cy
= (V=17"1)9279 (€0, : Emo] *NOVD) T DY Ny )7 () sgm(N(—))*
x sgn(N(a)* o (ewfy’) Y sx@ex@®)™ D

Rey ACrnms

3 Pyt ey )

p:(am'e;}f,,,,m,qz)—lm—l ey ) 11D [ E )
X P (R)hon (Ve i ADRIN () )0
= (V=1r"1YIN(ID) " D *N(fy )i (4) s (N(—7))* sgn(N(a))*v’

x o (eyr ) 3y px(R)oxR) " Y(a L L,R N Ok )Y (R)
BR((e ;37D 1)

x P ((07 LR, 0k) T N((0, £,) ey D) Lic (1, )
x I «@ — P (BN )

m|‘¢f¢'m
= sgn(N(—7))** sgn(N(a))*¥' 7 (/) L7 (ﬁ)gﬂx(e.l;,rf;,l)N(*)'t’i))‘1N(f¢ff;$,

Y. ux@®ex@) (e SR N O R0 SR 0x) )
Rl(ey 7 ¥D~1)

x N((afR, £,) e D)L (0,90) [ (1— @ RINER)™),

Pley fur R
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where we use the functional equation of the L-function at the last equality.

Since B = (a, YD 1) is coprime to 91N, we have (ame,,;l‘)'t’e;,lf,prm, D) =
(0, YD) (e, We iR, yD™Y) = B(R, £,)Ne, ' We, iy for R dividing
(eyfyi,¥D™1). Then (0™1€,R 1, 0k) = o™ 'B(L,M 1, Ok) follows. Then

Al(m,¢)cl
=N(B) ek (eyfy )N(f wff@')’fx(lb’) ' (Y )sgn(N(—))** sgn(N(a)) ™ (%B)
xP @B Y ar@R)ex (@) TN((Ly, Rep ) B(E,R/ N OK)F (R)
R (eyr ) D)

X B(8 R, 0K) DLk (O,99) [ (- e (BNEE)™).

Blegfy R

In the summation, the term corresponding to f& survives if the numerator of 879‘{_1
is coprime to 91 and the denominator is coprime to fy/fR. Suppose that such R
exists. Then

Ry i= I1 gy

PBI(N ey f7 ) vp (£9)=1

is the largest such ideal, and R is written as the product of 5"{7 and a divisor of
Sfyewff;,l where £ ;= (y@~'V"L, M) N e,;,lf,pr. Then

Al (ma lb) Ci/-y
= sEm(N(—7))"*sEn(N(@) > N(B)px (e Fy N £ )7 ()7 0V (B)

P3N Y uxGhR)ex @R NS, Ry R)eg (6,518 1 Ok)

R|L ey f)
P3R5 (8,717, 0) NIk (0,69) [[ (- @/ (BNER) ™)
‘¥Ic¢f¢
=sgn(N(—v))%sgn(N(a))%’N(%)N(fwf;;,)m(«’/?)-ITK(«W)w(%)«if(aas-l)w(ﬁ)
ox(Ry) Lo (e IN((Ly, Ry Ve o W (€,R5 1 N Ok R )om, (8,585, 0x) 1)
Le©9y) J[ A—v@@NE™) Y ux@ex () NER)PRW (R)

Pleyfyr Rey ) &,

[T - v/ (PNEB)™)

PR

= sgn(N(—7))**sgn(N(a)) ¥ N(B)N(fy ;,,},)'rx(«'/?)—ITK(«W)w(%)«Y)’(a%*)nK(ﬁv)
ox (Ry) " pr (ew T IN((Ly, Ry )ep Fu (L, 55" N ORI Ry )iz (€4, 0x) ™)
Le©,9%9) [] U—¢@BNEB) ™ IN(wfy £)ox(ew iy €)™ [ -/ (B)),

PBleyfy Bley £,
which is equal to (13). O
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6. MAIN THEOREM
We define

I = D Y@ pmA N

for a totally positive ¥ € K and for a fractional ideal 9. We note that it is 0 if
v is not integral.

Main Theorem. Let 0,9 be integral ideals of K. Let yp € Ch, ¢’ € Ch be
even or odd characters with the conductors fy,fy respectively. Let 1,7)’ denote the
primitive character associated with 1. Let ey be 0 or 1 according as ¢ is even or
odd. Let ¢y, ey be as in (1). We assume (M, e;}) = Ok. For k € N with the
same parity as Y and for a fired fractional ideal D, let

AY () = (el Yo ey, )N(ey ;) IN(Oe, 1) ~*

x Y (H(l—N(srs))) PO, | m 1(3:D),

DN, (M, fy)=0Ox \B|M

where we assume that ¥ # 1n or ¢ # 1oy wheng=1 and k = 2. Then K’,f:¢ (3) is
a Hilbert modular form for To(D 1, MN'D) of weight k with character Y, whose

Fourier expansion is given by
@’(me Y, D0 L (1 — b, ¥ (k> 1lor MC Ok, and W = Ok)
¢( e,;,f My D0 )LK( ,PY’) (k=1,9= 0k, C Ok)
¥ (D) Lr (0,99 ) + YDV Lk (0,9%) (k=10 =" = Ok)
0 (otherwise)
+29 3" ol (0 e DY) e(tr(vy)).

0<veDo

Let a/v be a cusp with a € O, v € D. We can take o,y so that B := (a,¥yD 1) is
coprime to M. The value s{a /7, K;f:w (3)) of K£:¢(3) at the cusp a/~ defined in (7)
is 0 if there are not integral ideals M., M, with W, |N, (M, fy) = Ok, M. |‘J’t’z¢,
and with (753‘1,3{93?; Loy = 11} 1m'e,;,1£m:;1. Suppose otherwise, and let I,

be the largest such ideal. Then the value x(a/, K}Bb:¢(3)) is given by

(—1)7° sgn(N(a))** pxc (e, T 9) (B 100, M, (ey 5L, M, V) 1)
X P (YD T BTIT M eyf  (ey i O, O) IV ey )
X N (e, 900,00 )L, Vo N () N G52, Y () e (9 )N (O )

X Lic(1— k, ) [Ta-nNg)y [ Q-swNG) ™
B[, Bley Ptigys

x I - @NEEY (14)
Blewfy B, N
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where if v = 0, then the value is non-zero only when M = Ok and it is given by
replacing v in (14) by N(D), and where if a = 0, the value is non-zero only when
fo = Ok and it is given by replacing « in (14) by 1.

Let £, = yD N Ley MW tey fy! and £, = (YD1, M N)Ne . k=1
and if there is an integral divisor of R of ey f,;,l s0 that the numerator of £,R~1 is
coprime to N and the denominator is coprime to fy 2R, then there is the additional

term. Let 5{7 be the divisor of (M, e,;,rf,;,l ) satisfying v (275’{; 1Y = 0 for any prime
divisor P of (M, e¢rf;,1 ). Then x(af+, Kg:w (3)) has the additional term

(—1)9= sgn(N(o))*# pxc (R J0(BYY((£,57) N O ) (0B~ 1) (R)

x U5, (8,357, O) eore (R £ IN((Ly, By 85 )NGyr 3 V7 () rc ()

xLe@¢y) ] Q-ww@N®™ [ Q- eR) (15)
Blew, Bty ‘B|z¢;f;,1£:f’,

where if v = 0, then the value is non-zero only when N = Ok and it is given by
replacing v in (15) by N(N'), and where if o = 0, the value is non-zero only when
fyr = Ok and it is given by replacing o in (15) by 1.

Proof. The values at cusps are investigated in the section 4 and the section 5. We
compute the higher terms. Then

X s@:D) = Xy m(5:D)
=C+ [ox 1 En] (@) D > oN@E? >

o<vedoy' A€Cqms Yozt ADIL! [ ADOL! -0

Y (Yoo W AT D 0k) > sgn(N(u))N(1)*e(tr(v3))

1
v/p=vg (M ADI L)

M=ﬁ_1/£mmf
X > Y{6oMA ™ 0k Je(tr(Sop)),
o105 /A0y -0
where C is the constant term. Let X(MM ™) :1= Xf’¢mm_l’m_1(3;9) for 9M|N
with (I,fy) = Ok, and let X, (M) = D5 .m-1memag/aogt,-0
Yepgm -1 (GoNIM A0k )e(tr(dppr)). Then
=C'+[fox : Emw] @) Y D N@ 2
0<veDvy' UECnms Yore, WADVL' /MADOL >0

> W (o TIATID 0k )sgn(N(1))N (1) e(tr(v3))
v/u=yo(N'ADO L)
p:ﬂ_llsmml

x A (D, %) X, (M)
=C'+ NMe, ") * €0y : Emor] ™ Z Z N(20)*!

0<veDoy' A€Cqu
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> ¥ (Yoo M~ ATI D M0k) > (WTx) (U ey )

Yoz, SUVADO L /M ADDL >0 v/u=vo (M ADILY)
wi—1 /Eqmomt

x sgn(N(u)) ~IN(u)*e(tr(v3))
=C" + N, ) oy : Emoe] ™ D >
0<veDoy A€Cqm/
3 (I ) (N ey 2 (/11 - e W IATI D 0 R )N () Le(tr(v3))

v/pe :;}m’mmn;{l
—1
738 /gﬁnmf

=C' + 22N ) F > YO ey A)

0<veDd YOV ey D10 CACTHey
X P (Ve M IAID 10 )N Le(tr(vs))

=C'+2 3 o, (e e Do) e(tr(vg)).
0<veDdy’
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