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A new force operator,ha2/∂t∂Ⅹ,is proposed,Whichis

obtained from differentiating of momentum expectation of a

quantum particle by time･A wavefunctionis approximated to a

planewaveIthis operatoris worked to the wavefunction;then,

force expectationIhku),is obtained･We call this force

expectation†marion
forcel･Itis the same as working force

to a quantum particle which moves cyclic in a centralforce

potentiallike centrifugalforce on the Bohr model･Apllica-

tion of theJnarion forceis proposed
as a concept whichis

able to be understood easily and intuitively when mechanical

property of mechanical materials is analyzed･The marion

forceis
calculated

as a function of electron
densityin free-

electron solidsナ aVerage preSSure from this marion force is

proportionalto
five-thirds power of electron density･ This

pressureisin a good agreeⅢent
tO Virial pressure whichis

obtained thermodynamically from average energy of free

electrons.

Key words: force theoremIforce operator,Ⅲarion force,

Feynman forceImarion pressureIVirialpressure,

1.Introduction

Basic force which causes deformation,.fracture, COhesion, friction,

abrasion,CryStalline phase･tranSitionIetC･,Of solid materials･is only the

electromagnetic interaction･Binding force between atoms is created by a

change of momentum state:energy Of valence electrons which are outmost

electrons of an atom. Thus,When we evaluate mechanicalproperties of solids,

itis a well-known method to calculate crystalline energy as a function of
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1atticedistortion･Especially･formetalsand

semiconductorstherearemany

Calculated results by the pseudopotentialmethodl-3)･Once we obtain the

Calculated results of energy,We Can apply these to questions of elastic
deformation;Phononspectra;Phasetransitionstress;idealfracturalstrength,

Within the structure of thermodynamics and classicalmechanics,and based
on

the dislocation theory,tO Plastic deformation;Creep
phenomena;meChanisms to

toughen
materials4-7)

Furthermore,ifitis
able to calculate-force-directly from the motive

Stateofelectrons,itis
veryintuitiveonevaluating themechanicalproperty

Of solids and very usefulto discuss the property such as deformation
and

fracture
strength,Whichis affected by shear stressIand to discuss the

PrOPerty of solidswhichhasmechanicalanisotropic
strength･On this paper,

We propose a newmethod and a-forceT Hermiteoperator
whichisled from the

differentialofmomentum
expectation value･Wediscuss force

expectation
Whichis obtained when this operatoris worked to a wavefunction.And we

aPPly thismethod to free-electron
solids･Calculate pressureand comparewith

preSSure whichisled from the normalvirialtheorem.

2･A New Force Operator

The time derivative
of momentum p of a moving particleis F whichis

defined as force whichis supplied for surrounding field.

F=__む｣
dt

(1)

Ifa

quantummomentumoperatorp=-i6㍊(6isPlanck･sc｡nSta｡t)isw｡,ke｡
tO a WaVefunction u,eXPeCtation

of momentum(p)is

くp>=-1机碁(諾川dx

=くu｣釣小〉.
A time-derived function

of(2)is

旦だ=く郡ル>十く掘恒く摘記>

(2)

(3)

Since
pis an Hermite operator･the first and the third term are able to be

rewritten to

く豊伽>=くp>く矧ゆ>

く刷譜>=くp>く小瀧>.
From normalized condition of the wavefunction,

くuル〉=1
is glVen･Hence a time-derived term of the wavefunctionis

む且血=く削>･く哨>∂t

(4)

(5)

(6)

(7)

On the right-hand side of the equation(3)･Only the second termis remained.
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旦址=くul蜜ル>

=-1Bく山lち藍ル,

3

(8)

A force operatoris able to be defined by the equation(8),but the expecta-

tion of くF) must be a real number:a quantuⅢ OperatOr muSt be an Hermite

operator. We define the following formula(9) as a new force operator,

multiplying(8)by theimaginary unit coefficienti･

F=B蕊
(9)

<

Force expectationis

くF〉=くul音Iu〉

=机借(蕊)抽
(10)

Thus we propose to glVe a name†marion forceT to this force expectation･

Until now Feynmanls methodis known as a force operator to obtain force

which acts on quantum particles8)･Feynman
force operatoris defined as

follows. Hamiltonian11works to particle-SyStem mOVingin a potentialfield V･

< < < < <

As H equals T + Ⅴ,Where Tis a kinetic energy operator and Vis a potential

energy operator,eXPeCtation of energyis

くU〉=く山l昌Iu〉.
Force F defined by thermodynamicsis

∂U

【'ニー玉

A space-derived function of くU)becomes

∂くU〉

∂Ⅹ
=くul認ル>

く山霊lゆ>

(11)

(12)

(13)

OperatOris defined as Feynman force operator. When we work this

OPeratOr tO a WaVefunction,We Can Obtain force expectation くF〉.

くF>=

川場(一芸川dx
(14)

This(F)is potentialforce called Feynman force.In a stationary state we

think that this Feynman force FF and marion force FM defined by the formula

(10)are balanced.

3.Applications and Discussions

3.1Quantum Free Particles

Assume a wavefunction of a quantum particle is approximated to a

planewave as

u =

eXp[1(kx一山t)] (15)

Where kis a wavenumber and LU is an angular frequency･Ifitis operated by
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the marion force operator,the following equationis obtained as marion force

FM from the formula(10)･

FM=丘ku

Kinetic
energy U of a particle of which massis m,is

｡=起 2m

and

U = 石山 .

(16)

(17)

(18)
The marion force FMis

represented the following equation as a function of U.

F

=胡空 転 (19)

For a photon,Cis the velocity oflight and kis equalto-,theⅢarion
C

force is

u2

FM=訂･ (20)

For example,We Show results of a photonIelectronlPrOtOn and carbonionin

Figurel･These
mean the force when a moving particleis stopped quickly(of

which timeisan order

of÷,andthe
f｡rC｡diverg｡S t｡infinitein th｡

Classicaltheory･)or the force of the maximum when the moving particle

transfers force to environmentalfield･We think that the marion force will

become aninteresting concept about mechanicalanalysesin rarefield gas and

Plasma gas motion;thin and multi-1ayered film production by sputtering;ion

Plating;Particle milling･

Figurel･Marion force of free particles such as a photonIelectron?prOtOn

Thinking about an electron such as a hydrogen
one,mOVingin periodic

Orbit with Coulomb attraction,a Centrifugalforce FRis

FR=mru2=Bku=FH
(21)
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Where ris a orbitalradiusin Bohr model･This FRis consistent with

the marion force FM･Wavenumber kis

k=石音 (22)

Where nis an integer not equal zero･As the wavenumber is represented

discrete value･the marion forceis
also discrete elgenValue･On this time,

Feynman force FFis able to be obtained from the equation(14)by using

Coulomb potentialV,and must be balanced with the marion force.Thereis the

Same discussion about moving state of valence electronsin free-electron model

(which potentialVis zero in one region,Otherwiseinfinite.)of metals or

Semiconductor when the condition(22)with cyclic orbit is regarded as

periodic condition for a wavefunction.

3.2.Free-Electron Solids

There are N valence electrons in a metal of which volume is n:a

POtential Vis zero‥ We uSe free-electron approximation･Energy u of an

electron with a wavevector tis from the equations(17)and(18)

｡=立山上=石山.
The marion force for X-direction FMxis from the equation(16)

FMx=藍困2kx

(23)

(24)

Where k is wavenumber for X-direction･The totalmarion force F of electrons

Which has positive k for X-directionin
a k space;1ess than the FermienergyX

=器∫と叫藍･l･2kxdl･
(25)

Itis rewritten to sphericalcoordinates where absolute value of L wavevector

lS K .

F=万石K2(KCOS8)(K2sinO)dKdOd¢

=惑藍k旨
Using valence electron

EF=(3T2)1′3(÷)1/3
Itis obtained that all

in(26).

～
3T2丘2N2FM= ---

8 2皿 n

(26)

density÷･Fermiwavenumber
kFOffree｡1ectr｡n

(27)

marion force FM for one direction,Substituting this

(28)
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Thus the average marion force fM for each electronis

3¶2丘2 N
fM=---

8 2m n

Itis proportionalto valence electron density
rr

Out direction whichis glVen by the marion forceis

PM=

(-㌃)2/3
3¶2 52

8 2皿

=fM(÷)2/3

(÷)5/3

(29)

Thus,PreSSurePMfor

(30)

We also callthis pressurelmarion pressure一･Otherwise,the average energy u

for each electron of free-electron solids with Fermienergy uFis

3
u

=亨uF

一号(3¶2)2′3藍(÷)2′3
(31)

This pressure P called virialpressure,Whichis obtained thermodynamicallyis

represented

P =
-

V

du

d(n/Ⅳ)

一号(3T2)2/3藍(÷)5′3
(32)

We
show both pressure as marion pressure and virialpressurein Figure2.

Thereis a few difference between both data.We think thatit comes from a

difference between average of force and average of energy･Anyway,in normal

metals in which electron Fermienergyis
aboutlO eV,thereis out-direction

pressure more than lOO gigapascalwithout any pressure from outside.This

PreSSure is cancelled by Fermi force which isinduced by Coulomb potential

WOrked between a valence electron and positiveion:the valence electron is

trappedinside the metal.
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Figure 2･Marion pressure and virial pressure as a function of electron

density of freeqelectron solids.
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Introducing periodic potential-field by arrange of positiveions,the

marion force of the valence electron has a band gap at Bri1louin zone boundary

like energy band structure of a solid-State electron･Thus･We Can think force

band structure with the formula(16). We think this force band structure will

be more important like an idea of energy band in electronic solid-State

property･ For exampleIfrom theidea of the force band gapIitis obtained an

knowledge about stressin crystalline zone boundary;StreSS Of contact between

different materials; Surface tension;fracture of brittle-ductility. This

directive methodis usefuland fruitfulwhen problems approached by anidea of

energy, Which are of the property of fracture of metal; Semiconductor;

Ceramics,brittle-ductility transition with pressure or temperature,hydrogen

brittle,etC.,are tOO COnfused.

4.Conclusions

We proposed a new force operator worked a wavefunction of quantum

ParticlesIand obtained the following conclusions･

(1)An Hermite operator which is obtained by time-deriving the

expectation (p〉 of momentum of quantum particles･OperateS aS the force

operator･When this operates to a plane-WaVefunctionIeXpeCtation of

force くF)=5k(山is obtained,and we callthis forcelmarion forceT･

2
(2)This marion force is agree with centrifugalforce mr(山 in Bohr model,

where orbitalradiusis rin an electron moving cyclicin a central force

potentiallike a hydrogen atom･

(3)We calculated the marion force as a function of electron densityin free-

electron solids,and obtained average force f for one-direction for each

electron

fM=#藍÷
From this force,aVerage PreSSureis

pM=#藍(÷)5′3
Itis proportionalto fifth-thirds power of electron density･Itis

quantitatively almost agree with virial pressure which is obtained

from thermodynamically average of energy of free electron･

(4)We propose applicat.ion of force band structure by the marion force which

is understood easily and directly when we analyze solid property of

mechanicalmaterials. Especially,Weindicate that an force band gap

is aninterestingidea.
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