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Abstract

Oneofthemostimportantpropertyof3-la.yeredneura.lnetworksisthese-

lectabilityofthebasisfunctions･Inthispaper,tOfbcusontheselecta.bility

inthecontextoftheregressionmodel,WereStrictedourattentiontofunction

representationsinwhichthebasisfunctionsaremodi丘edaccordingtotheas-

SOCiateddiscreteparameters.Forsuchfunctionrepresentations,Wederived

lowerandupperboundsforthe expectations ofthe empiricalloss andthe

expectedlosswithrespecttothedistributionofthesetofsamplesbytaking

thesquarederrorasalossfunction,prOVidedthattheglVenSetOfsa.mplesis

aGa･uSSiannOisesequenceandthebasisfunctionssatisfytheorthonormality
COndition･BasedontheseresultsIWeShowedthatthestatisticalproperties

Ofthefunctionrepresentationswitha.da.ptivebasisfunctionsisdi鮎rentfrom

COnVentionalfunctionrepresentationswith丘xedbasisfunctions.

Keywords

discretevariableba£istypefunctionrepresentation)regreSSionmodel,Squa･red

error,empiricalloss,eXPeCtedloss

l.Introduction

Inwide-ranglngapPlica･tionsoflayeredneuralnetworks)abasicandanimportantta･Sk

Ofnetworksistoident勒anunknownlnput-Outputrelationofa.targetsystemwithstochastic

nature･When there arefewa･prlOriknowledgesaboutthe system,the relationshouldbe

identiaedbasedonafinitesetofpairsofinput-OutPutSamplesobservedaccordingtothesystem.

Usually,the glVenSamples are utilizedto estima･teCOnneCtionweightsofanetworkwith
predeterminedcomplexityISOaStOdecreasetheaveragesquarederroronthesamplesbyan

algorithmsuchasthewell-knownbackpropagation【13】.Thisprocedureisintendedtominimize
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theempiricallossbyta.kingthesqua･rederrorasalossfunction･.hthetask,althoughwe

expecttheestimatednetworkperformswithlowerroronunseensamples;1･e･thenetwork

generalizetodataoutsidethdgiven'samples,thea･boveproceduredo由notnecessarilyglVe

usthenetworkwithabettergeneralizationperformance･hdeed)the generalizationability

dependsonthecomplexityofanetworkasfollows･∬thenetworkistoocomplex,OneObtains

theestima,tednetworkwiththeoutputswhichareveryclosetotheglVenOutputSamPlesat

thecorrespondinglnPutSa･mples･Theinput-OutPutrelationofsuchnetworkIhowever,may

deviateftomtheinvariantinput-OutPutrelationofthetargetsystem･Conversely)Whenthe

networkistoosimple,theerroronunSeenSamPlesalsowillbela･rgebecausethesmal1size

networkcannotrepresenttheunderlyinglnPut-OutPutrelationenough･Thisisoftencalled

bias/va.riancedilemma[7】･Undertheminimizationoftheempiricalloss,thus,itisnecessary
todeterminetheoptimalcomplexity･Ofthenetwork･Instatistics)theissuementionedabove

isknownastheproblemofmodelselection･Thereha･Vebeenproposedcriteriaforthemodel

selectionsinceAkaike,spioneerattemptofAIC(AknikehformationCriterion)【1】【2】･AIso,in
neuralnetworkfield,therearesomea･ttemptStOapplytraditionalcriteriasuchasAICdirectly

toneuralnetworks【9][6]andtodevelopconsidera･blecriteria[10][11】･
Thegeneraliza･tionperformanceofanetworkcanbenatural1ymeasuredbytheexpected

loss,WhicllCOrreSpOndstotlleerrOrOnunSeenSa･nlples･Theba･Sicidea･Ofthemodelselection

glVenbyAICistoestimatetheexpectedlossbasedontheempiricalloss･Therefbre,OnCethe

relationbetweentheexpectedlossandtheempiricallossisderivedIOneCanCOnStruCta･mOdel

selectioncriterion.General1y,theestima･tionoftheexpectedlossbasedontheempiricalloss

yieldstheestimationbias･TheAICistheunbiasedestimatoroftheexpectedlossbasedon

theempiricalloss,inwhicllthelossfunctionistakentobetllenegativelog-1ikelihodd･hthe

derivationoftheAIC,thebiasisapproximatelyglVenaStllenumberofmodifiableparameters

inanassumedstatisticalmodel,WhichcanberegardedaspenalizingtllemOdelcomplexity･In

thecaseoftakingthesquarederrorasalossfunction,Barron[4】hasderivedacriterioncal1ed
PSE(PredictedSquaredError)fbrlillearregreSSiollmOdels･Ti1epenaltytermofPSEisgiven

by2･S･q2/N,Wheres,J≡andNdenotethenulnberofcoefRcientsinthemodel,theva･rianceof

additivenoiseandthenumberofsamplesrespectively･Recently)basedontheaboveviewpoint

ofmodelselection,Murataet.al[11】haveproposedthelnOSteXtendedcriterioncal1edNIC
(NetworkInforma･tionCriterion)underageneralcondition･Undertheassumptionofacertain

smoothnessconditiononlossfunctions,theNIChasderivedastheunbiasedestimatorofthe

expectedloss,inwhichthebiastermisgivenbytrGQ~1/N,WhereGisthevariance-COVariance

matrixofthefirstpartia.1derivativesofalossfuIICtionwithrespecttotheparametersandQ
istheexpectationofthesecondpartialderivativematrixofaloss･Ifalossistakentobethe

negativelog-1ikelihoodandthetruedistributionwi1ichdefinesasamplegeneratingmechanismis

inanassumedmodelfamily,theNICreducestotheAIC.However,theauthors[8]havepointed

outthatthereexiststhecasewhereAICcannotbederivedfbr3-1ayeredneuralnetworksunder

thelatterconditionbecausethematrixGandQdegenerateandQ,1doesnotexistinsuchcaBe･

ThisisduetothenonumqueneSSOfconnectionweightsoriginated丘omthenonlinearpa･rameterS

ofanetwork;i.e.connectionweightsforminputunitstohiddenunitsandthresholdsathidden

unit8.Therefore,althoughthemodelselectionproblemlookedtobeglVena･SOlutionbythe
NIC,thereremainsavaguenessintheproblem･

Ontheotherhand,intheframeWOrkofthefunctionapproxima･tion)thecapabilityof

3-1ayeredneuralnetworkstoa･VOidthecurseofdimensionalityhasbeenrevealedbytaking
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accountoftheselectabilityofbasisfunctionsinfunctionrepresentationsglVenby3-1ayered

neuralnetworks[5】･TheselectabilityisachievedbythenonlinearparameterSaSSOCiatedwith
thebasisfunctionsandisimportantbecausetheyessentiallycharacterizethenonlinearityof

theparametersof3-layeredneuralnetworks,Whichishardtoanalyzedirectly･Actual1y,the

hardnessofthemodelselectionproblemof3-1ayeredneuralnetworksiscausedbytheexistence

ofthenonlinearparameterSaSmentionedabove･Thus,theviewpointoftheselectabilityofthe

basisfunctionsmayenableustodevelopthetheoryofneuralnetworkregression･

Inthispaper〉tOfindasolutiontothemodelselectionproblemof3-layeredneuralnet-

works,Wefocusontheselectabilityofbasisfunctionsinthecontextofregressionmodels･Here,

tosimplifytheproblem,Wedealwiththefunctionrepresentations,1nWhichtheparameterSaS-

sociatedwiththeba点isfunctionsarerestrictedtoa丘nitesetofallowedvalues;l･e･thefunction

representationswhosebasisfunctionsaremodifiedaccordingtotheassociateddiscreteparam-

eters.wefirstgivethedefinitionofsuchfunctionrepresentationsandconventionalfunction

representationswithfiⅩedbasisfunctions･Andwedefinetheexpectationsoftheminimumof

theempiricallossandtheexpectedlosswithrespecttothedistributionofsamplesbytaking

thesquarederrorasaloss･AIsowebrieflysummarizethestatisticalpropertiesofregression

modelsuslngthefunctionrepresentationswithfiⅩedbasisfunctions･Next,WeglVetheleast

squareparameterestimationalgorithmfbrregressionmodelsus1ngthefunctionrepresentations

withadaptivebasisfunctionsandderivelowerandupperboundsoftheaboveexpectations

fbrsuchmodels.Lastly,basedontheseresults】WeCOmparethestatisticalpropertiesbetween

thefunctionrepresentationswith丘Ⅹedbasisfunctionsandthefunctionrepresentationswith

adaptivebasisfuhctions･

2.FunctionRepresentation

wedealwithafunctionrepresentation(FR)whoseoutputforaninputヱ∈Rdisgiven
by

夕(諾;"㌧)=∑cJ綽;ムブ),
ブ=1

(1)

wherews=(c"bs)∈ns⊆RS(t+1)isaparametervectoroftheFRandcs=(cl,…,Cs),

cj∈R,bs=(bl,･･･,b8),bj∈Bj⊆Rt;j=1,…,S･nSisaparameterSpaCeOftheFR･
拍;bj)denotesabasisfunctionandasetofbasisfunctions◎8(x)=(拍;bl),･･･,綽;bs))is

calledabasis,Wheresisthenumberofbasisfunctions･Wecallcsacoe侃cientvectora･ndb8

abasisparametervector.Afami1yofFRsisdenotedbyQs=(g(･;LJs);LJs∈ns)･TheFR
givenby(1)isalinearcombinationofbasisfunctionsinabasis@s(x)･Wecal1asetBjabasis

parameterspace)Whoseelementsareidimensionalvectors･UBj=Rtthenicanberegarded

asthenumberofbasisparameters･FRsarecharacterizedbyitsbasisparameterspace･

ForaFR,ifIBjI=1;j=1,･･･,Sandthebasis4?B(x)islinearlyindependent,theFR

issaidtobe丘Ⅹedbasistype,Wherel tdenotesthenumberofelementsina･Set･Inother

words,WhenwesetBj=(b;);j=1,･･･,S,bywhichabasis抽)=(¢(瑚),…,柚b;))isdetermined,theFRisfiⅩedbasistypeifthebasisislinea･rlyindependent･Theparametersof

afiⅩedbasistypeFRareonlythecoe氏cients;i･e･Ws=C8･Ontheotherhand,ifIBjl>1
thentheFRissaidtobevariablebasistype･TheparameterSOfavariablebasistypeFRa･re

pairsofthecoefRcientsandthebasisparameterS;i･e･LJs=(c,,b8)･Thebasisofavariable
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basistypeFRcanbe modifiedaccordingtothe basisparametervectorb8.Whenwechoose

bj=b;,j=1,…,言soast､oholdlinearlyindependencyof4･(x;bj),j=1,…,言andset
Bj=(bl,…,b;);づ=1,…,Sforaninteger言,theFRissaidtobediscretevaria･bleba･Sis
type.Thatis,theba･SisparameterspaceofdiscretevariablebasistypeFRisafinitesetwhile

thatofa3-1ayeredneuralnetworkisuncountable)WhichcanbedescribedasBj=Rd+1fora11

jbyregardingtheinputconnectionweightsandthethresholdsasthebasisparameters･Thus,

discretevariablebasistypeFRsgiveanaturalrestrictionof3-1ayeredneuralnetworks･

Example Letussetd=1and軋(x)=(xbl,…,2bs)･IfBj=(b;),b;=j-1;j=1,…,S
thenwehaveaba.sis@s(a=)=(a:0,...,XS~1)andthebasis餌1Ctionsarelinearlyindependent.

Thus,theFRisfiⅩedba･Sistype･Ontheotherhand,ifwesetBj=(0,…,言),S<言<∞for

al1jthentheFRisdiscretevariabletype.Moreover,inthisexample,thefamilyofthediscrete

VariablebasistypeFRincludestllatOffiⅩedbasistypeFR. □

For a discrete variable type FR,a basisis determined by chooslng abasis parameter

vectorfromBlX･･･×B3･BecauseBl=･‥=B8andJBll=育,thechoicecorrespondstothe
Samplingofselementsfromasetofsize言Withreplacement.Hence,thenumberofwaysofthe

Choiceisequalto首S.hthewaysofthechoiceofabasisparametervector,thereexistthecases

that acorrespondingbasisfunctionswillbelinearlydependent;e.g.intheaboveexample,

bs=(1,…,1),andsoon･Indeed,thenumberofwaysofthechoiceinwhichacorresponding

basisfunctions willbelinearlyindependentisequalto the numberofw叩S Ofthe sampung

Withoutre■placement.Furthermore,theorderingofelementsinabasisparametervectorisnot

importantbecausetheoutputsoftheFRswiththesameelementsofthebasisparametervector

except their ordering are exactlythe same.Aswe shallseelaterinthe section6.,We deal

Withthew叩SOfachoiceofthebasisparametervector,1nWhichthelinearindependencyof

thecorrespondingbasisfunctionsholdsandtheorderingoftheelementsintheba.sisparameter

VeCtOrisnottakenintoconsideration･Thecorrespondingnumberofwaysofthechoiceisequal

toす(㌔.

Throughoutthispaper,WeaSSumethatthenumberofinputpointsNandinputvalues

(xi;3=i∈Rd,1≦i≦N)arepredetermined.Wedenoteainputvectorby3N=(xl,…,XN)1.
Underthisassumption,aFRcanbedescribedbyavectorformulationasfollows.

gβ =(タ(霊1;Uβ),…,タ(£〃;U｡))r=¢jC｡
軋 =(¢1,…,¢β)

旬 =(綽1;あJ),綽2;むブ),…,綽郁bメ))r;J=1,‥･,β,

)

)

)

2

3

4

(

(

(

WhereTdenotesthetransposeofamatrix2･Sinceeach4>jisNdimensionalvector,rank¢s≦N

holds･And,itispossibletochoosebj=b;;]=1,･･･,Nsoastoholdlinearlyindependencyof
¢j;j=1,･･･,N･Bythechoice,NxNmatrix@NWillbenonsingular･Inthiscase,Wereform

thedefinitionofthediscretevariablebasistypeasfo1lows･Whenwechoosebj=b;;j=1,…,N
SOaStOholdlinearindependencyof9j;j=1,･･･,NandsetBj=(bi,･･･,bん);j=1,…,S,
theFRissaidtobediscretevariablebasistype･Thatis,WeSet言=Ninthepreviousdefinition.

1ThelinearindependencyofbasisfunctionsdependsonnotonlybasisfunctionsbutalsoanlnputVeCtOr･

Througho11tthispaper,theinputvectorisasslumedtobepredeterminedproperly.
2Althoughwepreviouslydefinedacoe伍cientvectorasarowvector,Wedealwiththecoe抗cientvectorasa

COlumnvectorinthevectorformulationoftheFR.B11ttheremaybenoconfusionwiththisnotation.
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Forba.sisfunctions,thecondition

∑綽`;らm)拍i;♭几)=

0r,Similarly,

`妃¢几=(

1(m=れ)
0
~(m≠可

1(m=れ)

0(m≠れ)

67

(5)

(6)

iscalledorthonormality･If¢j;j=1,…,SSatisfytheorthonormalityconditionfora丘Ⅹed

typeFRthentheFRissaidtobeorthonormal丘Ⅹedbasistype･Ontheotherhand,Whenwe

choosethebj=b;;j=1,･･･,Nsoastoholdorthonormalityof4>j;j=1,…,Nandset
Bj=(bi,…,bん);j=1,･･･,S,theFRissaidtobeorthonormaldiscretevariablebasistype･

Namely,Whenweset4j=(綽1;b;),･‥,4(xN;bi));j=1,･･･}N,軋T¢L=1(m=n);=
0(m≠n)foranym,n(1≦m,n,≦N),theFRisorthonormalvariablebasistype･

3･RegressionModel

weassumethattheoutputsofatargetsystemforlnputSXi∈Rd;i=1,2,･･･are

generatedbyaddingnoisetooutputsofafumCtionh;i･e･

机=ん(ヱi)+どi;壱=1,2,･‥,
(7)

whereEiSareinqependentrandomvariableswithacommonnormaldistributionN(0,q2)･The
hiscal1edatruefunction,Whichdeterminesaninvariantinput-Outputrela･tionofthesystem･

NowweassumethatweobservedasetofNpalrSOfinput-OutputSamples)Whichisdenotedby

(x,y)N=((xi,yi);1≦i≦N)･Here,WedenoteanoutputvectorbyyN=(yl,･‥,yN)Twhose

orderingcorrespondstotheorderingofxN･Underthesetting,

y〃=九Ⅳ+∈Ⅳ

andthedistributionoftherandomvectoryNISglVenby

y〃～呵わw,♂…∫Ⅳ),

wherehN=(h(xl),…,h(xN))andEN=(El,･･･,EN)･
Nowwedescribeageneratingruleofsamples(a:,y)NaSfbllows･

肌=タ(諾i;Uj)+ei;壱=1,2,…,Ⅳ,

(8)

(9)

(10)

whereei;i=1,･･･)Nareindependentrandomvariableswithacommonnormaldistribution

N(0,CT≡).Theaboverepresentationofthesamplegeneratingruleisknownasaregression

model.Theparametervectorofthemodelisdenotedbyek=(u"g2),Whichconsistsofthe
parametervectoroftheFRandtheunknownvarianceofthenormaldistribution･Weassume

thatQsl⊂Qs2forsl<s2andthereexistss*suchthath∈gs･holds;i･e･thereexistsu;∈J?8

fors≧s*,Whichsatisfies

ん(諾i)=g(ごi;U;);壱=1,…,Ⅳ･ (11)

w;a.nd9(･;W;)willbereferedtoasthetrueparametervectoroftheFRandthetrueF
respectively･



68 K.HAGIWARA,N.TODA and
S.USUI

Wedenotea丘Ⅹedba･SistypeFRanda･nOrthonormalfiⅩedbasistypeFRbyFFRand

OFFRr｡SpeCtively.TheregressionmodelusingFFRandOFFRaredenotedbyルIF(s)and

.uoF(s)respectively.SincetheparameterSOfbothFRsareonlycoeiRcients,MF(s)and
〟OF(s)arelinearregressionmodels[3]･Ontheotherhand,Wedenoteadiscretevariablebasis
typeFRandanOrthonormaldiscretevariablebasistypeFRbyDVFRandODVFRrespectively･

TheregressionmodelwithDVFRandODVFRaredenotedbyMDV(s)and･uODV(s)respec-

tively.SincebothFRBhavebasisparameterS,JuDV(s)and･uODV(s)arenonlinearregression

models【3】･

4.Loss Function

Weemploythesquarederrorasa･lossfunction▼;

巾`,肌;Uβ)=(研一g(ごi;Uβ))2;盲=1,…,〃,

anddefinetheempirica1lossby

γemp(｣㌧)=妄(…)T(…)=緩血潮)･

(12)

(13)

Theestima.toroftheparameterVeCtOrbasedonthesetofsamples(3,y)NisdenotedbyOk=

(∂j,∂2),Whichisdefinedastheminimizingparametervectoroftheempiricalloss,thatis,

G)s =

argminre.np(ws)
u.∈乃｡

∂2 = γ｡1111,(∂き).

Theestimatorekistheleastsquareestimator.Wedefinetheexpectationoftheminimumof

theempirica･1losswithrespecttothedistributionofthesamplesby

月emp(β,呵≡軸〃[γ｡m｡(∂｡)】=軸〃囲,
(16)

whereEyN[･】denotestheexpectationwithrespecttothedistributionofyN;i･e･thejoint
distributionofyl,…,yN･Ontheotherhand)Wedefinetheexpectedlossby

恥Ⅳ国抽和一凱)T(zⅣ一弘)]=βzⅣ[掛紺ヰ(17)
wherezN=(zl,...r,ZN)denotesanindependentandidenticallydistributedra･ndomvectorwith

yNa.ndEzN[･]denotestheexpectationwithrespecttothedistributionofzN･Theexpected
lossattheleastsquareestimator,R(∂｡,N),isalsoarandomvaria･blesinceitisafunctionof

yN.Therefbre,bytakingtheexpectationofR(Gi"N)withrespecttothedistributionofyN,
wedefinetheexpectationoftheexpectedlossattheleastsquareestima･tOrby

兄ぃ,〃)≡β恥【月(∂β,〃)ト (18)

Asmentionedintheintroduction,themodelselectioncriterioncanbeconstruCtedasthe

unbia点edestima.torofR(s,N)basedonremp(∂,)･General1y,theestimateofR(s,N)basedon

remp(∂,)isbiased･Theexpectationofthebiasisgivenbythedi鮎rencebetweentheexpectation

ofR(∂"N)andthatofremp(∂s),WhichareR(s,N)andRemp(s,N)respectively･Forexample,
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incaseoflinearregressionmodelslitcanbeshownthat

恥呵=&m｡(β,Ⅳ)･2瑞･
Byusingthisrelation,themodelselectioncriterionPSE【4]isgivenby

PSE(s)=rem｡(∂s)･2瑞,

69

(19)

(20)

where∂2isapr｡pereStimateofq≡.Thus,itisessentialtoderiveR(s,N)andRemp(s,N)
fbranassumedm｡deloraFR.hthefbllowing,Remp(s,N)andR(s,N)aresimply･Calledthe

expectationofempiricallossandtheexpectationofexpectedloss･

5.Th｡StatisticalPropertiesofJuF(s)andルtOF(s)

Inthissection,aSapreliminary)Webrienysummarizethestatisticalpropertiesofthe

.uF(s)andJuOF(台),Whicharelinearregressionmodels･Moreover,〟OF(s)isaspecialcase
of.uF(s).hthefo1lowing,WeaSSumethath∈gs･
BysoIvingthenormalequation:

(嬰ざ嬰8)石β=軒紬

th｡1eastsquareestimatorofcoefncientvectorofJuF(s)isgivenby

石β=(嬰ざ垂｡)~1ギ抽.

(21)

(22)

Und｡rtheassumptionofnormalityofthenoisetermin(7),thedistributionofthelea5tSquare

estimator石8isglVenby

Zβ～Ⅳ(c:,J…(璽も)~1). (23)

Incaseof〟OF(s),¢T¢B=Zsholdsbytheorthonormalityofthecolumnvectors¢j;j=
1,…,SOf¢J,WhereLsdenotesthesxsunitmatrix･Thus,theleastsquareestimatorofthe

｡｡e侃cientvectorofJuOF(s)isgivenby

石β=軒紬.

Theelementsof(24)iswrittenby

ち=∑如糎欄);J=1,…,β･

Fr｡mtherelation(23),thedistributionof石sof.uOF(s)isgivenby

石β～Ⅳ(c;,J…ム),

(24)

(25)

(26)

where`J;=C;=(c;,…,C;)in(11)･Hence,bythepropertyofmultivariatenormaldistribu-

tions,eaChちhasthenormaldistributionN(c;,q≡)andthoseareindependent･

Fromthisfact,(ち-C;)2/J≡;j=1,…,Sareindependentrandomvariableswitha
commonx2distributionwithldegreeoffteedom･Thus,WeObtain

∑(ち-C;)2/J…～X…,
メ=1

(27)
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wherethex≡denotesthex2distributionwithsdegreesoffreedom･.WedenoteRc叩(s,N)and
R(s,N)ofJuOF(s)byRE:忘(s,N)alldROF(s,N)respectively･･
Ontheotherhand,byusiIlg(24),tlleeIllpiricallossof〟OF(s)givenby(13)iseasily

reformulated asfbllows.

γem｡(石j)=妄y訂yⅣ一志恥･
(28)

Then,takingtheexpectationof(28)withrespecttothedistributionofyN,Weea層ilyobtain

檻(β,Ⅳ)=か右脚Ⅳ一志‰[叫･ (29)
Ontheotherha.nd,from(17),WeObtain

月恥Ⅳ)塞か謳九Ⅳ一鉢船+主税
(30)

ROダ(β,Ⅳ)=か妄′紬一芸榔恥[転]+妄軋[召弼･
(31)

Intheremainderofthepaper,WeaSSumethat hN=0;h(3:i)=0;i=1,.‥,N.In

thiscase,AICcannotbederivedfor3-1ayeredneurallletWOrks[8】･Thereforetheassunledcase
isimportantintheanalysisofFRswithadaptivebasiswllileitistlleSimplestcase.U11derthe

assumption)yN=EN)thus)thedistributionofyNISglVenby

抽～Ⅳ(0,J…∫〃), (32)

Whichmea.nsthatyi;i=1,‥.,N areindepeIldentralldolnVariableswithacommonnormal

distributionN(0,J≡)･Wewi11usetlleterln"thesetofsamplesisaGaussiannoisesequence"

toreferthisa£Sumption･Furthermore,C;=Obecausethe¢j;j=1,･･･,Sarelinearly
independent･Thus,thefo1lowingrelationholdsby(26).

石｡～Ⅳ(0,J…∫Ⅳ), (33)

Whichmeansthatち;]=1,･･･,Sareindependentrandomvariableswithacommonnormal
distributionN(0,g…)･Undertheaboveassumption,WeCaneaSilyobtainthefo1lowingtheorem
byputtinghN=Ointo(29)and(31)alldbytakingintoaccount(33).

TheoremlLetusdeβne

COダ(β,呵≡β恥

乃e几,C卯(β,Ⅳ)壱βタ如乃あy

COダ(β,Ⅳ)=β

α几d班eルJわびよmタe9≠α如几βん0は

昭,(β,〃)=J…一望coダ(5,Ⅳ)

兄畑,Ⅳ)=か雷c卯榊)･

(34)

(35)

ItcanbeshownthatthistheoremholdsforJuF(s),thusforJuOF(s),Withoutassuming
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thathN=00rthenormalityofthenoiseterln･Wehoweveromitthedetailhere･

6.ParameterEstimationAlgorithll10fJMDV(s)

Asmentionedinthesection2.,incaseof,uDV(s),thereexistthesitua.tionsthatthe

basisfunctionsofaFRwillbehnearlydependentaccordingto~a;T~Choice~一Ofthebasisparameter

vector.TheerrorglVenbysuchFRmustbelargerthalltheerrorglVenbytheFRwiththe

linearlyindependent sbasisfunctions･Thus)illthecllOice ofabasisparametervectorlitis

su侃cienttotakeintoacqountthebasisparametervectorbywllichthebasisfunctionswillbe

linearlyindependent.TheparameterestimationalgoritlllnOf〟DV(s)isasfbllows.

TheparameterestimationalgorithmofルイDV(s)

Stepl WedetermineabasisparameterVeCtOrb叩=(bl,m,･･･,b叩),bj,m∈Bjandobtain

theleastsquareestimateofthecoe熟:ientvector石叩=(El,,n,‥･,乙,m)atthebasis

parametervectorb叩bysoIvingthenormalequation(21)･Remarkthat,forany
jl,j2,ifjl≠j2thenbjl,m≠bj2,,nand,foranyml,m2,ifml≠m2thenthereexists

atmostoneelementofb叩1Whichisdi鮎rentformeveryelementofb8,7n2･HenceI

l≦m≦NCl≡MLSetek,m=(Gs,m,乾m),∂叩=(Z,,n,b叩)･Repeatthea･bove
procedureforal1m.

SteP2 Definem*soastosatisfy

m*=argmin堵m･1≦m≦〟.
(38)

Then,theleastsquareestimateoftheparTeterVeCtOrOfMV(s)∂k=(Gき,33)is

givenbyputtingGs=(石s,bs),石s=石,,m書,bs=b叩･,3≡=死刑‥ □

Obviously,thisalgorithmglVeSuSthegloballeastsqua･reeStimateofthepa･rameterVeCtOr

ofMDV(s)intheparameterspacens.ThesteplcorrespondstotheestimationofacoefRcient

vector,WhichisthesameprocedureforJuF(s),andthestep2correspondstotheestimation｡f

abasisparameter;1･e･theselectionofthebasiswhichgivestheleastsquareerrorforaglVen

SetOfsamples.

7･ParameterEstimationAlgorithmof.uODV(s)

Incaseofapplyingtheparameterestimationalgorithmof.MDV(s)to.MOW(s),by

recalling(28),theminimumoftheempiricallossatmisgivenby

γemp(石叩)=妄計石抽一志恥m=接ぎ一志真考m･(39)
BecausethefirsttermdoesnotdependontheFR,Wedeterminem'soastomaximize∑;=1琴,.n
inthestep2･Thatis,(38)inthestep2canberewrittenas

m*=琵誓琵吉弓,m･
(40)

Moreover,byuslngthe orthonormalityofthebasis)theparametereStimationalgorithmof

･uODV(s)canbesimplifiedasfo1lows･Becausebj∈Bj=(bi,‥.,bん);j=1,.‥,S,eVery
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elementofb岬=(bl,.n,…,bs,m)isin(bi,…,bん)･Ontheotherhand,bysettings=N

andbN=(bi,..･,bL)in(24),WeCanObtainthelea声tSquareeStimateofthecoe氏cientvector

cN=(cl,...,CN).TheestimatedcoefRcierlt･VeCtOrJis･.denotedby石s=(El,･･･,玩)･Because

ちdependsonlyon¢(x;b;)asseenin(24),theestimateofacoemcientvector石叩atabasis

parametervectorb叩=(bl,m,…,b8,.n)芋(b;1,…,軋)isgivenby石8,m=(a,m,…,ち,m)=
(ち1,...,ち.)･Thatis,foranym,eaChelementof石s,missuretobein(El,･‥,E*)･Hence,We

denoteby(ち1,‥.,ちN)theestimatedcoefRcients(古1,･･･,6N)rearrangedinincreasingorder

of(召,…晶).Then,inthestepl,thereexiststhemsuchthat石岬=(a,m,…,ち,m)=
(ちl,..･,ち3)holdsandsuchmsatisfies(40);i･e･

l識.買得m=∑讃,m･=∑筏･
W｡SummarizetheparameterestimationprocedureofルイODV(s)for(a:,y)NaSfbllows･

TheparameterestimationprocedureofルtODV(s)

(41)

stepllByapplying(24)underthesettingofs=NandbN=(bi,…,妬),WeObtainthe
lea.stsquareestimateofthecoe缶cientvector石,=(El,…,玩)

step21Reorder孔...;亀inincreaslngOrderofmagnitudeandobtain環,…,私,Where
筏≧…≧孔･Set

ち=ら1,
,ち=玩

(42)

♭1=むJl,…1わ=玩, (43)

andobtain石8=(a,∵･,ち),bB=(bl,…,b,)･Hence,Setこ〉,=(石d,bs)andobtain
∂k=(∂｡,8…),Where3≡=rem｡(∂&)･ □

ForルイODV(s),Wedefine

coβⅤ(町呵≡卑恥[妄朗=‰[嘉納
(44)

anddenoteRemp(s,N)andR(s,N)byR2訂(s,N)andRODV(s,N)respectively･Then,under
theassumptiontha･tthesetofsamplesisaGaussiannOisesequence)thefbllowlngholds･

Theorem2

見好(β,Ⅳ)=J≡一書coβⅤ榊)
RO♪Ⅴ(β,▲Ⅳ)=か雷coβⅤ冊)

Proof Byapplyingth占parameterestimationalgorithmof〟DV(s)toル10DV(s),theempirical

lossisgivenby(39)ateverym･Hence,

γemp(石げ)=描`2-緩㌣
拾2一志か (47)
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holdsbecauseyN=ENundertheassumption･Takingtheexpectationofthebothsideofthe

aboveequationwithrespecttothedistributionofyN,WeObtain(45)･Ontheotherhand,
becausezNISanindependentandidentical1ydistributedrandomvectorwithyN,

吼Ⅳ)=βzⅣ[緩{z`一夕抽)}2]

=項掛(ご`;締
BecausetheestimatedoutputoftheODVFRisglVenby

夕(αi;∂き)=∑毎J綽-;むら)
ブ=1

andffomtheorthonormalityofthebasis,

′

描(諾i;∂β)2=緩筏
holds.Thus,(48)canberewrittenas

見附)〒か妄真琵･

(48)

(49)

(50)

(51)

Bytakingtheexpectationofthebothsideof(51)withrespecttothedistributionofyN,We

obtain(46).
□

By(33),Weknowthatち;j=1,…,Nareindependentrandomvariableswithacommon

normaldistributionN(0,J≡)･Hence,4/q≡;j=1,…,Nareindependentrandomvariables
withacommonx雪distribution･Therefbre,bytakingintoaccountthewayofthechoiceof
ら1,‥･,玩intheparameterestimationalgorithmandthedefinitionofCODV(s,N),thecalcu-

1ationofCODV(s,N)reducestothecalculationoftheexpectationofthesumoftheslargest

val｡eSinansequenceoftheindependentNrandomvariableswiththecommonx箸distribution･
Let us define

百8=右左琵,
(52)

COβV(β,Ⅳ)=句ル[吼]･
(53)

Inthispaper,WegivelowerandupperboundsforCODV(s,N),bywhichweobtainlowerand

upperboundsforR認′(s,N)andRODV(s,N)･Inthefo1lowipg,WeOmityNfromEyN[･]･
Thefo1lowlnglemmaisbasicthroughoutthispaper･

Lemmal上ef打α几dVゐeγα几dommγ盲α抽=〟鵡β几如me∽.〝F≧Ⅴ鮎几β【打】≧β【Ⅴト

WemayuseabovelemmawithoutproofofthefinitemeanprOpertyOfrandomvariables

becausetherandomvaria.bles,forwhichweapplytheabovelemmaIa･reObviouslyfiniteifthe

numberofsa.mplesisfiniteaswi11beseeninthefo1lowlng･
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Lemma2エe±仇,…,侮あe五犯depe几de花王rα乃dom…γね抽w鵡α甲mmO几X…ゐfr伽如乱エe亡

百〟=1諾‰‰ (54)

C*(2,叫=β[百〟]･ (55)

凡γ銑ermore,Jef∂(〟)(>0)むeαprOperルれC如几扉〟β祝Cん班αf∂(〟)→0αβ〟→∞-me几

2･(7+log〟-∂(〟))≦C*(2,〟)≦2･(7+log〟+∂(〟)) (56)

α乃d∂(〟)cαれあeね鳥e几αγはrαわJyβm叫びんen≡7盲β兢e凱Jerco几βね花王;盲･e･7=0･5772156…

Proof Sincethex宣distributionisthesameastheexponentialdistribution,thedensityand
thedistributionoftha.rerespectivelyglVenby

ル)=妄e-≠′2
(57)

拍)=上≠
ブル)du=(1-e~≠/2). (58)

BecauseUl,…,UMareindependentandidentical1ydistributed,thedensityof百MisglVenby

存〟(祝)=〟(叫))炬1仙)･

Thus,bya.pplyingthebinomialformulaandtheintegrationbyparts,WeObtain

C*(2,叫=上∞鴫〟(埴
2〟∑(-1)〃l
m=0

)
〃

m(
〟!

〟-1

m

m!(〟-m)!

(m+1)2'

(59)

(60)

(61)

wbere

denotesthebinomialcoe庁icient.Since

よ(㌔1)=妄(㌶1)
and

∑(-1)両1
m=1 忘m

hold,thefo1lowlngequationisobtained.

c*(2,叫=2貴志

(62)
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Finally,byuslngtherelation

蕊〈豊吉-log〟〉=7,
andtaking6(M)properly,(56)isproved･

First,WeWiugivealowerboundforCODV(s,N),WhichisdenotedbyQODV(s,N)･

Lemma3

COβⅤ(2,呵≧どβⅤ(2,呵=2･(7+log巫-∂(巫)),

ぴんere巫=｢孝一geγe,｢曾1de乃Ofeβ触れ吻e=βんよcんdoe川0亡eごCeed9･

Proof Whenwedefine

坑=(召+召)/J…,鴨=(召+竃)/J…,…,

75

(64)

(65)

thenumberoftheaboverandomvariablesisatleast迎･Since弓/J≡;j=1,･･･,Nareinde-
pendentrandomvariableswithacommonx雪distribution,Vi,…,侮areindependentrandom

variableswithacommonx∃distribution･Hence,Whenwedefine

Ⅴ坐=1豊‰‰,

wecanapplyLemma2toVMa･ndobtain

β[瑚=C*(2,巫)･
Ontheotherhand,.Since,環≧環≧ギforl≠ll≠l2,

(筏+動/J…≧軋

holdsforanyn<M.Thus,

坑=(現+環)/J…≧∇立･

Fromthisinequality,(67)andLemmal,WeObtain

COムⅤ(2,Ⅳ)=可司≧β[瑚=C*(2,巫)･
BysettingQODV(2,N)=C+(2,必),WeObtain(64).

Next,WeglVethefo1lowlnglemma.･

Lemma4Ebrβ≧1,

COβⅤ(β,〃)≦β･COβy(1,Ⅳト

Proof Whens=1,(71)obviouslyholdswithequality･Whens≧2,

百d=韻楓≦訂凋=β･百1
1

(66)

(67)

(68)

(69)

(71)

(72)

holdsbecause現≧楓foranyn<N･BythisinequalityandLemmal,WeObtain(71)･
□
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Lemma5｣托げ5>2,

COβy(β,Ⅳ)≧!ヂβy(β,Ⅳ)=2･(7+log進一∂(巫))･

Aれd

COⅣ(1,呵≧ピβy(1,呵=7+log進一∂(必)･

Proof Forβ>2,

百d=施抑2+韻ち2･

(73)

(74)

(75)

holds･Because亀･≧0,U2≦百｡intheaboveequation･Hence,WeObtain(73)byLemmaland
3.Ontheotherhand,Whenwesets=2inLemma4,

COβy(1,Ⅳ)≧喜coβⅤ(2,Ⅳ)
holds.Thus,byputting

ピβy(1,Ⅳ)=喜ピⅣ(2,Ⅳ),
weobtain(74)ftomLemma3･

(76)

Assh｡WninLemma2,QODV(s,N)goestoin丘nityasN→∞.Consequently,COW(s,N)

goestoin畠nityasN→∞WhileCOF(s,N)doesnotdependonN,WhichisgiveninTheorem
l.Thisisarema･rknblepropertywhichisinducedbytheselectabilityofbasisfunctions･hthe

fbuowing,WeWillgiveanupperboundforCODV(s,N),WhichisdenotedbyeODV(s,N)･

coβy(β,Ⅳ)≦♂βV(β,〃)=β･2･(7+log〃+∂叩)). (78)

Proof WhenwewriteUL=軍/cr≡;l=1,‥･,N,Ut;l=1,…,Nareindependentrandom

variableswithacommonx雪distribution.WechooseVi,･･･,掬withacommonx至distribution
soa,StOholdtheindependencyoftherandomvariablesWi=UL+Ⅵ;l=1,…,N･Then,

Wi;l=1‥.Nareindependentrandomvariableswithacommonx茎distribution･Bydefining

ⅣⅣ=1笥乳明,

Ul≦WNholdsbecauseⅥ≧0.Tlms,byLemmala･nd3,

COβy(β,〃)=咋｡]≦β･咋1]≦β･β【叫=β･釣2,Ⅳ)･
holdsforanyβ≧1.Hence,Weimmediatelyobtain(78)byLemma･2･

(79)

恥kingintoaccountthefactthatQODV(s,N)andeODV(s,N)areoftheorderoflogN
ifsisfixed,thefo1lowlngtheoremisobviousfromTheorem21Lemma3I5and6･

Tbeorem8

ゥ
q
一
Ⅳ
り
雲
Ⅳ

♂βy(β,Ⅳ)≦点認′(β,Ⅳ)≦J≡-

∈?βγ(5,Ⅳ)≦月0βy(β,Ⅳ)≦J…+

り
弔
一
Ⅳ
り
弔
一
〃

ピβy(β,呵

♂βⅤ(β,Ⅳ)
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α几め祝几deγ銑eβごed几仰lみeγ扉あα5五βル乃C如那,

COβⅤ(β,呵=0(logⅣ).

77

(83)

8.Discussion

Inthissection,basedonthepreviousresults)Wediscussabouttheexpectationsofthe

minim｡mOfempiricallossandtheexpectedlossof〟ODV(s)･Furthermore,WeCOmparethe

statisticalpropertiesof.uODV(s)withthatof〟OF(s)･Inthefo1lowing,Whenwemention

thebehaviourof〟ODV(s)andルイOF(s)withtheincreaseofN,Wekeepthenumberofbasis

functionsfiⅩed.

WhenwedefineBOF(s,N)≡J≡cOF(s,N)/NinTheoreml,R2是(s,N)issmal1erthan
thetr｡e,arianceq…byBOF(s,N)and,COnVerSely,ROF(s,N)islargerthanq≡byBOF(s,N)･

BOF(s,N)arisesobviouslyh･Omtheparameterestimation･Ontheotherhand,inTheorem2,

whenwedefineBODV(s,N)≡q≡cODV(s,N)/N,R認′(s,N)issmallerthanthetruevariance
q…byBODV(s,N)and,COnVerSely,RODV(s,N)islargerthanq2byBODV(s,N)･Itisclear
thatBOF(s,N)isofO(1/N)byTheoremlwhileBODV(s,N)isofO(logN/N)byTheorem3･
Thus,WeimmediatelyobtainthefollowlngCOrO11ary･

Corollaryl仇der銑eβごed几祝mbeγ扉占αβ五βル几C如叫

1im兄笠(β,Ⅳ)
1im月0ダ(β,〃)
〃→∞

1im月認′(β,Ⅳ)=J≡

1im月0βⅤ(β,Ⅳ)=J≡.Ⅳ→00

SincetheestimatedvarianCe6…isdefinedastheempiri云alloss,(84)assertsthatthe

estimatedvarianceof.MODV(s),aSWellasthatof〟OF(s),isanasymptotical1yunbiased

estimatefbrthetruevariance.Hence,inbothof,uODV(s)andJuOF(s),ifthenumberof

samplesissu凪cientlylargeItheestimatedoutputisclosetotheoutputofthetruefunction

;i.e.h(xi)=0;i=1,.･･,N･However,becausetheconvergencerateofR認′(s,N)is
slowerthanthatofR2孟(s,N),thesamplesizeneededfbrJuODV(s)islargercomparedtothe
samPlesizeneededforJuOF(s)ifwekeepthesamedeviationbetweenthetrueoutputandthe

estimatedoutputfbrbothofルイOW(s)andル10F(s).Furthermore,byTheorem2andCorollary

l,WeCanCOnCludethatRODV(s,N)andROF(s,N)asymptoticallyattaintheirminimabecause

β0βⅤ(5,Ⅳ),β卯(β,Ⅳ)≧0.

CODV(s,N)increasesmonotonical1ywiththeincreaseofNbyTheorem3･Bythedeト

initionoftheDVFR,thebasispara.meterspaceisspreadasNincreases,Whichisregardedas

increasinginvarietyoftheFR･However,byCorollaryl,thedi鮎rencebetweenR認′(s,N)
andq≡decreasesintheorderoflogN/N.Consequently,theFRcannotpursuethelargesize

samplesalthoughthevarietyoftheFRincreaseswiththeincreaseofthenumberofsamples･
Thisisdueto丘Ⅹatethenumberofbasisfunctions.

ByTheoremland3,thereexiststheNsuchthatCOF(s,N)<CODV(s,N)ifthenumber

Ofbasisfunctionsis丘xed.Thus,thefbllowlngistrue･

Corollary2 彷仇e†l班e肌mberq′bαβ盲βル几C如几ββ壱ββごedα几dβ≪〃,

見誤(β,呵>月認′(β,Ⅳ)
月0ダ(β,〃)< 月0βy(β,Ⅳ)
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んoJdβ.

Thatis,theminimumoftheaveragesqua･rederrorglVenbytheODVFRmaybesmaller

thantheminimumglVenbytheOFFRwhiletheexpectedlossattheestimatedparametervector

fortheODVFRma.ybelargerthantheexpectedlossfortheOFFR･htheabovecorollary,(86)

agreeswiththeresultinfunctionapproximation剛12】,inwhichthecapabilityofneuralnetworks
broughtaboutbytheselectabilityofbasisfunctionsha･Sbeenshown･General1yspea･king,gOOd

fittingtothegivensamplesinducesbadgeneralizationforunseensamples･Theabovecorollary

tellsusthatthisistureinoursituationandthephenomenonismoreremarka.blefortheODVFR

comparedtotheOFFR･ThusIthenumberofsamplesneededfortheODVFRislargercompared

tothenumberofsamplesneededfbrtheOFFRtoidentifythetruefunctionburiedundernoise,

whichis mentionedabove.

FurthermOre,1etusdevotealittlemorespacetodiscusslngthemodelselectionproblem

of〟ODV(s).ThefollowingrelationsholdbyTheoremland2.

月0ダ(β,〃)=喘(β,Ⅳ)･2雷coダ(β,呵
(88)

月0βy(β,Ⅳ)=月3㌣(刷璃押領)･
(89)

Asmentionedinthelastpa.rtofsection4.,therelationforJuOF(s)isexactlythesameasthe

relationemployedinPSE【4】sinceCOF(s,N)=S.ThePSEisamodelselectioncriterionin

whichR2品(s,N)andq≡aresubstitutedbytheempiricallossandtheproperestimateofthe
variancerespectively.ThesecondtermofPSEisdeterminedbyCOF(s,N),Whichpenalizes

themodelcomplexity･ByTheoreml,R2孟(s,N)decreasesasCOF(s,N)increases･Thesame
istrueforルイODV(s)byTheorem2.Undertheleastsquareerrormethod,theaveragesquared

errordecreasesasthecomplexityoftheFRincreases.Thus,CODV(s,N)andCOF(s,N)can
beregardedasthecomplexityofeachFR.Consequently,WeShouldnoticetha･t,underthefixed

numberofbasisfunctionsa.ndthefiⅩednumberofsamples,theODVFRismorecomplexthan

the OFFRbyCorollary2.Moreover,itisfoundthatwecannot directly applythePSEfbr

.uODV(s)byTheorem3.However,unfortuna.tely,theabovediscussionholdsprovidedonly
thatthesetofsa.mp16sisaGaussiannoisesequence.Therefore,Weneedmoregeneralresults

todiscussabouttheよdequa,temOdelselectioncriterionforJuODV(s)andthisisapartofthe
future work.

Final1y,WeCOnSiderthevaria.blebasistypeFRwiththecontinuousbasisparameters.We

denotethefamilyoftheODVFRbyQPDV.wedefineanorthonormalcontinuousvariablebasis
typeFRasfo1lows.Wecal1aFRanorthonormalcontinuousvariablebasistype,Whichsatis丘es

thatBj=Rl;j=1,…,SandQf)卯⊆Qf)CV,WhereQf)CVisafamilyoforthonormal
COntinuous variable basistype FRs.Theorthonormalcontinuous variable basistype FRis

denotedbyOCVFR.Intheabove,tCOrreSPOndstothenumberofbasisparametersinabasis

function.TheregressionmodelusingtheOCVFRisdenotedbyJuOCV(s)･TheR｡m｡(s,N)

ofル‡OCV(s)isdenotedbyR諾r(s,N)･Therem｡(Gis)of〟ODV(s)andthatof〟OCV(s)are
denotedbyr認′(G)s)andr2㌢(∂8)respectively･BecauseO≦R2訂(s,N),R諾′(s,N)≦q≡
holdsprovidedthatthesetofsamplesisaGaussiannoisesequence,R監r(s,N)andR認′(s,N)
arebounded･Ontheotherhand,becauseQf)DV⊆gf)CVholds,r2訂(Gs)≦r諾′(G8)under
theleast square errormethod･Thus,byLemma･1and Theorem3,WeObtainthefollowlng

COrOllary.
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Corollary3WhenthesetqFsamplesisaGaussiannoisesequencewiththemeanOandthe

γαr‡αれCe

J…,

月欝(g,Ⅳ)≦J…一書∈0βV榊)･
(90)

Generallyspeaking,intheparametereStimationof〟OCV(s),thereisnoguaranteetObe

obta.inedtheglobalminimumoftheemplrlCalloss･So,WeShouldremarkthattheabovecorolla･ry

holdsonlyiftheglobalminimumisattainedintheparameterestima･tionalgorithm･

Example LettherangeOfinputsbe【0,2訂)a･nddeterminetheNinputpointssoaBtOSatisfy

a:i=27T(i-1)/N;i=1,‥･,N･Inthissituation,itcanbeshownthatthebasisdescribed
belowsatisfiestheorthonormalitycondition.

Inthecasethat.Niseven:

三三二妄ご害〉J有'仰'ノ軍曹'…'仰'〈青蒜最…
Inthe casethat.Nis odd:

†左蒜蒜,…,〈去 ミ主三･毒三〉

(91)

(92)

LetusconsiderthecasethatNisodd.Wechoosebi=(0,rC)soastosatisfysin(JC)=1/ヽ万

anddeterminebら=(1,訂/2),鴫=(1,0),b左=(2,7r/2),鴫=(2,0),…,bL_1=(｢昔l,汀/2),
bん=(｢%l,0)･ThenthebasisparameterSPaCeisgivenbyBj=(bi,…,bL)･Thebasisis

(血(あ1･紺ノ申,Sin(む2･瑚ノ両,…,Sin(ふ｡･雷)/J両),bJ叫;ブ=1,…,β(93)
where雷=(x,1)and･denotestheinnerproduct.TheFRprescribedbythea.bovebaBisisthe
ODVFR.Tlms,Theorem2,3andCorollaryl,2holdfortheFR.Now,WeCOnSidera3-layered

neuralnetworkwithone-inputandone-Output,Whichhasthresholdtohiddenlayer.Andthe

networkshasthe sinusoidalfunctioninrhiddenlayerandlinearfunctioninlnput andoutput

layers.ThenthenetworkwithshiddenunitsistheOCVFR.Hence,iftheglobalminimumof

theaveragesquarederrorcanbeobtainedbylearnlng,Corollary3holdsfbrthenetwork. □

9.Concl11Sion

Inthispaper,tOfocusontheselectabilityofbasisfunctionsinthecontextoftheregression

model,We ana･1yzedthe statisticalproperties ofthe orthonormaldiscrete variablebasistype

functionrepresentationsbytakingthe squarederrorasalossfunction.Weshowedthatthe

calculationoftheexpectationsoftheminimumoftheempiricallossandtheexpectedlosswith

respect to thejoint distributionofthe glVenSamplesis reduced tothat ofthe expectation

ofthe sum ofthe slargest values ofthe sequence ofindependent ra.ndom variableswith

commonx2distributionwithonedegreeoffreedom,WherescorrespondstothenuInl)erOfba£is

functions.Alongthisline,WeObtainedlowerandupperboundsfbrtheexpecta.tions.Based

Ontheseresults,WeObtainthefactthattheminimumoftheempiricallossisasymptotica.11y

unbiasedandtheexpectedlossattainsitsminimuminthelimit.FurthermOre,theresultstell
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usthattheexpectationoftheminimumoftheempiricallossglVent)ytheorthonormaldiscrete

variableba.sistypefunctionrepres印tationsissmal1erthantheexpecta.tionoftheminimum

glVenbytheorthonormalfiⅩed､･ba･Sistypefunctionrepresentationsa･ndthe.conYerSerela･tion

holdsfortheexpectationoftheexpectedloss･Theresultsalsote11usthatthemodelselection

criterionfortheregressionmodelsusmgtheorthonorma･1discretevaxia･blebasistypefunction

representa.tions$houldbe di鮎rentfromthe PSE･Furthermore,byuslngthese bounds,We

obtainedanupperboundoftheexpectationoftheminimumoftheempiricallossglVenbythe

′Orthonormalcontinuousvariablebasistypefunctionrepresentations･Andweobtainedanupper
boundontheexpectationoftheminimumoftheempiricallossforaspecifictypeof3-1ayered

neuralnetwork.

Ourresults obtainedhere are restrictedinterms ofthefunction representation.Thus,

weshouldextendtheresultsforthecaseofdiscretevariablebasistypefunctionrepresentations

andfunctionrepresentationswithcontinuousvariablebasisfunctions,Whichinclude3-1ayered

neuralnetworks.And,althoughwedealtwiththeca･Sethatthesetofsa･mPlesisaGaussian

noisesequence,WeWi11considerthecasethatthesetofsa･mplesinwhichthetruefunctionisnot

Oorthetruefunctionisnotinacla.ssoffunctionrepresentation8.Furthermore,WeWi11consider

areasonablemodelselectioncriterionforthevaria.blebasistypefunctionrepresenta.tions.
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