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Abstract
A total of 38 specimens of the eccentrically-loaded compression members elastically-braced
at an intermediate point were tested, and the elasto-plastic behavior was analyzed by the
method which sought for the deflected shape satisfying the equilibrium at the subdivision
points along the member length. The effect of experimental parameters, i.e., normalized slen-
derness ratio, position of the brace and brace stiffness on the behavior of deflection reversal,

bracing force ratio and maximum strength were investigated.
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1. Introduction

In the design of a steel compression member, it is sometimes braced at an arbitrary intermediate point to
increase the strength by decreasing the effective buckling length. A number of researches on the bracing require-
ments for the compression member with the intermediate brace have been reported“‘ﬂ, and the elasto-plastic
behavior was experimentally investigatedlz’ “l However, in most cases, only the case of the brace placed at the
center of the member was considered. Consequently, the bracing requirements derived were rather too moderate.
For example, the conventional design often assumes the force in the brace to be equal to 2% of the force acting on
the compression memberm, but the bracing force well exceeds 2% in the case that the initial crookedness is large,
and/or the intermediate brace cannot be arranged at the center. In addition, the research in the past have not fully
clarified the phenomenon of the deflection reversal involved in the behavior of the laterally-braced compression
member, that is, the deflected configuration of a initially-crooked compression member suddenly shifts from the
first mode to the second™ . There has been no information available on its effect on the bracing requirements. In
order to clarify those problems mentioned, experimental investigation was carried out for the behavior of eccentri-

cally-loaded compression members which were elastically-braced at an intermediate point other than the center.
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The paper first introduces the results of tests, and then discusses the elasto-

e

plastic behavior including the deflection reversal, and the effects of the posi- Pr

tion and the stiffness of the elastic brace on the maximum strength of the 18

compression member and the bracing force. -

2. Experimental investigation H .

2.1 Outline of the test ~
Eccentrically-loaded steel compression members were tested, which f<

were elastically braced at an intermediate point, and the maximum load-car- P o

rying capacity, the force generated in the elastic brace and the deflection re-

) ) . L. Fig. 1 Test Condition
versal were investigated. Figure 1 shows a schematic view of the test. The
following parameters were varied in the tests: i) normalized slenderness ratio
A of the compression member ( A = 1.0, 1.5, 2.0 and actual slenderness ratio A = 240), ii) position of the lateral
brace I,/ [ (at the distance equal to 1/2, 1/3, or 1/4 of the member length from the upper end support), and iii)

stiffness parameter k of the lateral brace (k = 1, 3, and 5). Normalized slenderness ratio A is defined as A = (I/
i)(/o,/E )7, where | = member length, i = radius of gyration of the member cross section, and o, and E = yield

stress and elastic modulus of the member material, respectively. The stiffness parameter k is the ratio of the elastic
stiffness of the lateral brace used in the test to the stiffness K defined below:

Ko =17 Per e)
where
p =TEl
=" for A,21.0 (2a)
P, =P, for A,<10 (2b)

and Py and I = yield axial strength and moment of inertia of the member cross section, I, and I, = length of the
longer and shorter segments of the member divided by the lateral brace, as shown in Fig. 1, and normalized
slenderness ratio A, is calculated for the length /,. The stiffness K, with P, given by Eq. (2a) is the minimum
stiffness required for the elastic buckling strength of a centrally-loaded compression member which is braced at /,
to become Euler's buckling strength of a member with length equal to I, given by Eq. (2a). The same eccentricity
e =20 + I/500 was given at both ends of the member. '

2.2 Test setup

Figure 2 shows the test setup. The compression load was applied to the specimen through the knife edges by
the hydraulic jack, and it was measured by the load cell. The elastic lateral brace consisted of a simply-supported
round bar A of high-strength steel used for prestressing tendon and a round bar B of mild steel connecting the
center of the simply-supported bar A and the specimen. The stiffness of the lateral brace was therefore mainly
given by the flexural stiffness of the bar A and the tensile stiffness of the bar B. The lateral deflections and the
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Fig. 2 Test Setup

strains were measured at several points along the length of the specimen shown in Fig. 2 by displacement meters
and the wire strain gauges, respectively. The strains of the bars A and B were also measured, which were used to
calculate the bracing force.

The position of the compression load was first aligned according to the strain measurements with a steel
plate inserted between the specimen and the end fixture as shown in Fig. 2, and then the eccentricity was set by
removing the steel plate. The thickness of the plate was adjusted to a required value equal to the eccentricity.

2.3 Specimen

The specimen was a flat bar with the size of 38x16 mm. Table 1 shows the name of the specimen and the

Table 1 Experimental Variables

. eccentricity | slenderness | support | stiffness . eccentricity | slenderness | support stiffness
specimen e ratio A |position J,/1| parameter k || SPEC!men e ratio A | position /, /1| parameter k
E10125 1 E20125 1
E10325 0.25 3 E20325 0.25 3
E10525 5 E20525 5
E10133 1 E20133 1
E10333 1.0 0.33 3 E20333 2.0 0.33 3
E10533 5 E20533 5
E10150 1 E20150 1
E10350 0.50 3 E20350 0.50 3
E10150 | i [ 5 E20550 | i I 5
E15125 [ 20" 500 1 E24125 | 20 500 1
E15325 0.25 3 E24325 0.25 3
E15525 5 E24525 5
E15133 1 E24133 1
E15333 L5 0.33 3 E24333 240 0.33 3
E15533 5 E24533 5
E15150 1 E24150 1
E15350 0.50 3 E24350 : 0.50 3
E15550 5 E24550 5
E24525' 240 0.25 5 E24350' 240 0.50 3

E15325, support position : [,/ = 0.25 — 25, [,/1 = 0.33 — 33, 1,/1=0.50 — 50
stiffness parameter : k=1 —>1,k=3—>3,k=5—>5
slendernessratio: A=1.0—10,A=15—>15A=2.0—20, A, =240 > 24
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Table 2 Material Properties ( Compression members )

material A B C
ield Table 3 Material Properties ( Bracing member )
5 Nmma] | 28038 | 28371 | 596.32 P &
y
tensile strength material D E
G, [N/mmﬁ 429.14 | 436.20 | 624.22 diameter 1 [mm] | 26.017 | 32.017

_ diameter 2 [mm] | 25.983 | 31.983
elongation [%] 31.98 30.57 2428

elastic modulus 211.61

- 2 221.26
eS| 20490 | 20772 | 21120 L )

values of the experimental variables. The first two digits of 700 O[N/mm?]

the five digit number of the specimen name indicate the value 600[ ¢

of A, the next one digit the value of k, and the last two digits 500

the value of /,/1. For example, E15325 is the specimen with 400 B

the values of A, k, and [,/ equal to 1.5, 3, and 0.25, respec- ;gg A

tively. The material properties shown in Table 2 were ob- 100 € [%]

tained from the tensile tests of the bars with the same size as 0 3 4 6 8 10
the ones used for the compression tests, a typical stress-strain

Fig. 3 Stress-Strain Relation

curve being shown in Fig. 3. Two different materials were
used for the simply-supported bar A in the bracing system,
whose properties are listed in Table 3.

Table 4 shows measured dimensions of the specimens
and the values of the stiffness parameter k,, which were cal-

culated from the displacement at the connection between the
bracing bar B and the specimen and the bracing force ob-

tained from the strain gauge data of the bar A (see Fig. 2).

This displacement included the deformation of not only the
bars A and B but also the connecting devices, and thus the
values of k, are somewhat smaller than the specified values
listed in Table 1.

3. Analytical investigation

—L2on— =L
3.1 Model for analysis Pﬂ Fp
e
Figure 4 shows the model of a simply-supported com- Fig. 4 Model for Analysis

pression member of length /, which is intermediately braced

at the distance [/, from the upper end. The brace is shown by

an elastic spring with spring constant K = (k- Ky ). The axial load P is applied with the eccentricity e at both ends,
and the deflection y is generated by the axial load, in addition to the initial deflection yy. The vertical reaction
forces at the upper and the lower supports and at the spring are denoted by Fy, F; and F, respectively.
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3.2 Integration Procedure

The load-deflection relation of the braced member shown in Fig. 4 was analyzed by a conventional numeri-
cal integration scheme, dividing each of the upper and lower portions separated at the brace into n segments. The

equilibrium equation of jth segment is written as follows, referring to Fig. 4:

0<j<n M;=-P(y,; +y) + R jAxy 3

n<j<2n Mj=‘P()’0j+)7j)+Fu(lb +(j-n)Ax)-F(j-n)dx @)

where M;, yo;, and y; denote the bending moment, the initial deflection, and the additional deflection caused by

Table 4 Measured Dimensions and Test Results

specimen rngtgg)al n?aﬁrcieal e [mml| [[mm] |t{mm] |w[mm]| A =Ui A ke |Puax/ Py Ff{,/;”i‘“ I[Z/f]v
E10125 A 384.50 | 15.58 | 37.73 | 85.48 | 1.006 | 0.96 | 0.75 | 0.88 | 0.66
E10325 383.30 | 15.62 | 37.78 | 84.99 | 1.001 | 2.70 | 0.76 | 1.71 | 1.29
E10525 B | upper | 382.40 | 15.63 | 37.78 | 84.76 | 0.998 | 3.50 | 0.73 | 1.66 | 1.21
E10133 A |0.998 [ 38320 [ 15.60 | 37.81 | 85.08 [ 1.002 | 0.86 | 0.72 [ 1.42 | 1.02
E10333 383.80 | 15.60 | 37.78 | 8524 | 1.004 | 278 | 074 | 2.00 | 1.49
E10533 B |lower | 38320 | 15.64 | 37.73 | 84.87 | 0.999 | 321 | 080 | 191 | 152
E10150 A | 0997 [ 38320 [15.64 | 37.93 | 8489 [ 1.000]0.99 [ 0.79 [ 1.77 | 1.39
E10350 383.50 | 15.60 | 37.70 | 85.18 | 1.003 | 260 | 088 | 227 | 1.99
E10550 B 383.30 | 15.61 | 37.77 | 85.04 | 1.001 | 402 | 0.84 | 329 | 2.77
E15125 574.00 | 1563 | 37.87 | 12722 | 1.498 | 1.05 | 053 | 2.71 | 1.44
E15325 573.90 | 15.62 | 37.88 | 127.24 | 1.498 | 2.36 | 0.54 | 291 | 1.57
E15525 upper |_573.80 | 15.63 | 37.78 | 127.16 | 1.497 | 340 | 0.62 | 3.00 | 1.85
E15133 1348 | 573.60 | 15.66 | 37.87 | 126.89 | 1.494 | 098 | 0.63 | 1.71 | 1.07
E15333| A 57420 | 1562 | 37.82 | 127.38 | 1.500 | 2.56 | 066 | 2.62 | 1.73
E15533 lower | 573.40 | 15.62 | 37.90 | 127.16 | 1.497 | 3.71 | 0.72 | 243 | 1.75
E15150 1354 | 574.50 | 15.63 | 37.88 | 127.30 | 1.499 | 0.91 | 0.71 | 2.28 | 1.61
E15350 | 57350 | 1563 | 37.88 | 127.11 | 1.497 | 249 | 0.81 | 2.11 | 1.70
E15550 573.60 | 15.63 | 37.93 | 127.13 | 1.497 | 3.17 | 081 | 2.16 | 1.74
E20125 765.70 | 15.61 | 37.72 | 169.98 | 2.001 | 0.93 | 031 | 3.63 | 1.13
E20325 765.00 | 15.63 | 37.88 | 169.57 | 1.997 | 2.04 | 0.37 | 430 | 1.59
E20525 upper |_765.40 | 1559 | 37.73 | 170.07 [ 2.003 | 3.11 | 0.39 | 4.11 | 1.60
E20133 1.737 |_165.80 | 15.59 | 37.77 | 170.17 | 2.004 | 0.96 | 040 | 3.64 | 1.44
E20333 765.60 | 15.58 | 37.78 | 170.18 | 2.004 | 2.39 | 0.48 | 3.39 | 1.63
E20533 A |lower | 765.20 | 15.60 | 37.85 | 169.96 | 2.001 | 3.36 | 0.53 | 3.39 | 1.78
E20150 1.740 | 764.80 | 15.61 | 37.73 | 169.69 | 1.998 | 0.86 | 0.60 | 3.14 | 188
E20350 765.70 | 15.59 | 37.72 | 170.12 [ 2.003 | 1.82 | 0.70 | 2.51 | 1.75
E20550 765.20 | 15.58 | 37.73 | 170.10 | 2.003 | 248 | 0.70 | 3.19 | 2.23
E24125 1109.70 | 15.96 | 37.98 | 240.83 | 4073 | 0.79 | 0.09 | 9.48 | 0.83
E24325 | C 1110.00 | 15.97 | 38.05 | 240.76 | 4072 | 2.48 | 0.11 | 10.73 | 1.22
E24525 1109.00 | 15.95 | 38.03 | 240.90 | 4.075 | 436 | 0.12 | 9.76 | 2.62
E24525' upper [71077.20 | 15.62 | 38.13 | 238.94 | 2.811 | 3.93 | 028 | 5.07 | 1.42
E24133 | 2.513 ["1077.00 | 15.59 | 38.12 | 239.37 | 2.816 | 1.10 | 025 | 5.80 | 145
E24333 1076.80 | 15.62 | 38.12 | 238.85 | 2.810 | 3.41 | 034 | 3.64 | 1.23
E24533 lower | 1076.80 [ 15.55 | 38.08 [ 239.93 [2.822 | 547 | 035 | 3.48 | 1.23
E24150 | 5 497 | 1109.90 [ 16.02 [ 37.97 | 240.02 [ 4.060 [ 0.74 | 0.17 | 1234 [ 2.1
E24350 : 1107.50 | 15.99 | 38.07 | 23999 | 4.059 | 248 | 023 | 3.80 | 0.88
E24350' B 1078.00 | 15.51 | 38.12 | 240.71 | 2832 | 241 | 044 | 358 | 1.56
E24550 | C 1109.20 | 15.95 | 38.00 | 240.96 | 4.076 | 447 | 0.23 | 2.08 | 0.49

e: eccentricity, [: length, t: tchickness, w: width, A: slenderness ratio, A: normalized slenderness ratio,
k,: stiffness parameter, P,/P,: maximum strength, F/P,,,,,, F/P,: supporting force

21



22

Hidekuni FUKAO, Shosuke MORINO, Jun KAWAGUCHI and Sizuko KUWADA

loading at the subdivision point j, respectively, and Axy and Ax; the lengths of the subdivided elements of the upper
and lower portions, respectively. The central difference expression of the curvature ¢; at the point j is given by

’” Yy I‘Zy.+y._1
¢EI.=‘yj.—.f—————‘l+ -—ijz 4 (5)

where Ax is equal to Axy or Ax; depending on the position of the point j.

The numerical integration scheme to analyze the load-deflection relation is as follows, referring to the
flowchart shown in Fig. 5 : First, trial values are assumed for the bending moment at 1st point M; and the axial
force P for a given value of the displacement yy;,.» at the bracing point, and the moment-curvature relation under
the axial load P is independently calculated for the cross section of the compression member using the fiber model.
Suppose that the integration proceeds to the point j and the quantities M, y; and ¢; have been determined at all
points from 0 to j. Then, the deflection y;,; at the point j+1 is determined from Eq. (5) and then the bending
moment M;,; from Eq. (3) or Eq. (4). The curvature ¢;,; corresponding to M;,; is determined from the moment-
curvature relation. After repeating this procedure up to the point #, the bracing point, if the value of the deflection
yn is not sufficiently close to the value of y,;,., the procedure should be restarted with another trial value of M.
Otherwise the same procedure is continued up to the point 2n, the lower support, and if the value of the deflection
y2n is sufficiently close to zero, the converged solution is obtained. Otherwise the procedure should be restarted
with another trial values of M; and P at the beginning. In the numerical calculation, the moment-curvature relation
was determined from the mathematically-expressed stress-strain relation obtained by curve-fitting the results of
the tensile test shown in Fig. 3. The initial deflection was assumed to be zero. The value of n was taken equal to

100, and the convergence criteria set for y, and y2, were ly, - Ygiven! < Ygiven /500 and Iyl < 1/1 06, respectively.

MAIN LOOP LOOP A LOOPB

START
e [Cacuueris |
Give |, i '
Vsiven [ LooPB | [ModifyP] |for 1<j<n
4 Calculate M;
i Calculate ¢, from M-¢
Increase for n<j<2n
y given Calculate Al] '
Calculate ¢; from M-¢ | Calculate y,, , | l Modify y, |
N
No
Calculate y;

Fig. 5 Flowchart of Analysis
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4. Results and discussion

4.1 Load-deflection relations

Non-dimensional load-deflection relations of each specimen are shown in Figs. 6(a)-(d), where the deflec-
tions at several points along the length of the specimen are shown, and x denotes the distance from the upper end,
and y the lateral deflection. The deflection at the brace is indicated by the black triangle.

The deflection reversal after the maximum load occurred in the specimens braced at midpoint except for the
specimen E15350. In the case of the specimens with A = 2.0, the shift of the deflection mode occurred, from a half
to a full wave of sine curve, right after the yielding started in the compression member, and the compression load
suddenly reduced. In the case of specimens with bracing points [, /I = 0.25 and 0.33, the deflection reversal was
observed after the load reduced to 80 to 60 % of the maximum load, as the bracing stiffness increased, but its
amount was rather small.

Sample results of the analysis are shown in Fig. 7 compared with the test results. In the case of E15125, the
analysis shows very high accuracy. However, in the case of E15150 which was braced at the center and involved
the deflection reversal, the converged solution could have been obtained only a little after the point of the maxi-
mum load. The reason of the non-convergence after the maximum load point is not yet clarified.

4.2 Deflected configurations

Deflected configurations of each specimen at several loading stages are illustrated in Fig. 8(a)-(d). Black
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Fig. 6(a) Load-Deflection Relations (A =1.0)
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Fig. 6(b) Load-Deflection Relations (A=1.5)
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Fig. 6(c) Load-Deflection Relations ( A =2.0)
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Fig. 7 Comparison between Results of Test and Analysis

triangle indicates the position of the intermediate lateral brace. Each configuration is identified by the loading
stage indexes Ppy, Pxx, and P,,q, Which correspond to the loading stages at the maximum load reached, the load
reduced to XX% of the maximum load, and the end of the test, respectively.

The shift of the deflection mode from a half to a full wave of sine curve occurred after the maximum load
in the specimens braced at midpoint. Especially in the specimens with A = 2.0, a rapid shift of mode occurred right
after the yielding started. Only the specimen E24150 maintained the mode of a half sine wave after the maximum
load, but the deflection reached the capacity of the displacement meter, and thus the final mode was not detected.
In general, the bracing point deflection at the maximum load became smaller, and the shift of the deflection mode
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occurred more clearly, as the bracing stiffness increased. The deflection reversal occurred at the bracing point or at
the upper portion higher than the bracing point in some of the specimens with bracing points I, /] = 0.25 and 0.33,
but its amount was small and the effect on the mode shift was very little.

Sample results of the analysis are shown in Fig. 7 compared with the test results. As mentioned before, in
the case of E15150, the converged solution could not have been obtained after the maximum load point.

4.3 Bracing force

The ratio of the bracing force F to the maximum load P, is plotted against the non-dimensional axial load
P/Pyin Fig. 9. It is generally observed that the bracing force ratio at the maximum load becomes larger, as the
slendemness ratio increases, and as the bracing point parts away from midpoint.

In Fig. 10, the values of F/P,,,, are plotted against the values of k,, where F/P,,,, indicates the value of the
bracing force ratio when the axial load reached the maximum value. The value of F/P,,,, is not much affected by
the value of k., and it becomes larger as the bracing point parts away from the center, in general. In the conven-
tional design, the bracing force is usually taken equal to 2% of the axial strength of the compression member' ), but
the test results show that it was a little larger than 2% even in the case of the specimens braced at the center, since
the value of k, was rather small. In the case of specimens braced at the quarter point, the bracing force ratio does
not change much with the change in the bracing stiffness.
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Fig. 8(a) Deflected Configuration (A =1.0) Fig. 8(b) Deflected Configuration (A=1.5)
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4.4 Maximum strength

In Fig. 11, the values of the maximum strength P,,./Py obtained from the tests are plotted against the values

of A, which is the normalized slendemness ratio calculated for the buckling length equal to I, (see Fig. 1). The solid

line indicates the column curve specified by ALJ Standards for Limit State Design of Steel Structures”":

Ac Spkc P.=P, ; phe =0.15
;\‘c-p)\«c
pxc <AcSeAe P,={10-0.5 exc_Plc Py > ehe = 1/V06 6)
(1 P
che < Ae P‘_(l.lec) y

The ratios of P, to P, are listed in Table 5, where P, is the strength of the centrally-loaded compression member
calculated by Eq. (6) taking the buckling length equal to /,. On the other hand, the values of P,..,/Py are plotted

against A, = (I/i)(/o,/E /% in Fig. 12, where I, is the effective buckling length determined by analyzing the

overall elastic buckling strength of the model shown in Fig. 1 with e = 0. The slope deflection method derives the
buckling condition of this model as follows:
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Fig. 8(c) Deflected Configuration (A=2.0)

Fig. 8(d) Deflected Configuration ( A = 240)
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Ni=§inZ -7 cosZ,

Z, =1, % ZZ=[b\/Ef}

Effective length i is obtained by substituting P,, which is the solution of Eq. (7) for P, into Eq. (9).

l,=nJEI/P,

The values of P,,,/P; are also listed in Table 5, where P, is the strength of the centrally-loaded compression

member calculated by Eq. (6) taking the buckling length equal to J;.

The maximum strength of the compression member plotted against the slenderness ratio A, in Fig. 11
exceeds the column strength curve in many cases, while those plotted against A; show a good agreement with the
curve given by Eq. (6). It becomes known from Table 5 that the brace works more effectively as the bracing point

approaches to midpoint, and as the bracing stiffness increases.

A 1,/1=025
. 1,/1=033
e 1,/1=050

A,

2

3

Fig. 11 Relations between Puo/Pyand A,
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Table 5 Maximum Strength

1

2

3
Fig. 12 Relations between P,./Py and Ag

specimen k, P.../P, P../P, specimen k, P,../P, P ./ P,
E10125 0.96 1.021 1.024 E20125 0.93 0.840 0.849
E10325 2.70 1.025 0.964 E20325 2.04 1.006 0.796
E10525 3.50 0.992 0.924 E20525 3.11 1.052 0.761
E10133 0.86 0.933 0.892 E20133 0.96 0.844 0.870
E10333 2.78 0.962 0915 E20333 2.39 1.023 0.882
E10533 3.21 1.031 0.978 E20533 3.36 1.121 0.928
E10150 0.99 0.931 0.931 E20150 0.86 0.954 0.984
E10350 2.60 1.040 1.040 E20350 1.82 1.115 1.112
E10150 4.02 0.995 0.995 E20550 2.48 1.115 1.112
E15125 1.05 0.928 0918 E24125 0.79 0.986 1.064
E15325 2.36 0.940 0.848 E24325 2.48 1.276 0.967
E15525 3.40 1.074 0.944 E24525 4.36 1.322 0.900
E15133 0.98 1.000 1.002 E24133 1.10 1.057 1.021
E15333 2.56 1.055 0.965 E24333 341 1.428 1.038
E15533 371 1.148 1.037 E24533 5.47 1.496 1.045
E15150 0.91 0.963 0.977 E24150 0.74 0.807 1.032
E15350 2.49 1.095 1.094 E24350 2.48 1.090 1.142
E15550 3.17 1.093 1.092 E24550 447 1.113 1.166
E24525' 3.93 1.493 1.047 E24350' 241 1.051 1.062
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5. Conclusions

38 specimens of the eccentrically-loaded compression member braced at an intermediate point were tested,
whose normalized slenderness ratios were 1.0, 1.5, 2.0 and actual slenderness ratio 240, and load eccentricity was
taken equal to i/20 + I/500. The following phenomena were obtained from the tests.

1. The deflection reversal at the bracing point tended to more clearly appear in the members with longer length,
with larger brace stiffness, and braced at the point nearer to the center.

2. The bracing force ratio at the maximum load was not much affected by the brace stiffness, and it became larger
as the bracing point parted away from the midpoint, in general, and it became larger than 10% in the case of the
specimens braced at the quarter point.

3. The ratio of the maximum load obtained in the test to the calculated strength became larger as the brace stiffness
increased and the bracing point approached to the center. The bracing efficiency becomes better as the bracing
point approaches to the center.

4. The solution of the analysis, which satisfies the equilibrium at each subdivision point along the member length
and determines the deflection based on the moment-curvature relation, very well traced the experimental behavior
of the longer specimen with smaller brace stiffness, but the converged solution was obtained only a little after the

point of the maximum strength, in the case of some specimens which involved the deflection reversal.
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