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§0. Introduction 

The purpose of the present paper is to give central limit theorems 

for piecewise linear transformations ([6]), which are generalizations of 

P-transf ormations and which belong to a class of number-theoretical 

transformations with "dependent digits" (cf. [4]). The central limit 

theorems for ones with "independent digits" are studied by many authors 

([1], [7] etc.). However, the cases of 'ヽdependentdigits" seem to be 

not studied. These cases are more complicated than the cases of''in-

dependent digits". 

In [2] it is shown that the P-transformations have Ornstein's weak 

Bernoulli property. Then it is easy to see by an analogous way to [2] 

that our transformations also satisfy the weak Bernoulli condition. 

Therefore Ornstein and Friedman's theorem implies that the natural 

extensions of our transformations are isomorphic to the Bernoulli shifts. 

But we never know how to construct their Bernoulli generators. Hence 

the classical central limit theorems for the Bernoulli shifts imply no 

concrete result for our transformations. 

We modify the method, which is used in [2] to prove the weak 

Bernoulli property of P-transformations, to show that the natural genera-

tors of piecewise linear transformations satisfy Rosenblatt's strong mixing 

condition. Thus we obtain central limit theorems. By virtue of the good 

properties of our generators, we obtain concrete results, namely if f 
is of bounded variation or Holder continuous, we get the central limit 

Communicated by H. Yoshizawa, December 10, 1973. Revised October 22, 1974. 
* Department of Mathematics, Kobe University, Kobe. 
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theorems for the process {f(Tix); i=O, 1, 2, ... }. Our results include 

the central limit theorems for P-transformations as special cases. 

The author would like to express his hearty thanks, to Prof._ Haruo 

Totoki, and Mr. Shunji Ito, and Mr. Yoichiro Takahashi for their en-

couragement and advices. 

§1. The Piecewise Linear Transformation and Its Symbolical Properties 

First of all, we prepare several notations, definitions and properties 

of piecewise linear transformations ([6]). 

Let P=(P。,P1, …, PP) be a (p+ 1)-tuple of real numbers, satisfying 
P-1 

い 1for O~k~p and I: 釘<1~f 叩. We define a partition R 
k=O k=O 

= {ri}i=o,1, ... ,p of the interval [O, 1) by 

r0=[0, p計），

i-1 i 
ri=[ L似1,L似り， i= 1, 2, …，p-1, 
k=O k=O 

P-1 
rp=[ :E P已 1)'
k=O 

and a mapping T: [O, 1)→ [O, 1) by 

Tx={J。X, XEr。,

Tx=似x-図Pk1), x E ri, i = 1, 2, …, p. 

Then T is called a・ p1ecew1se lmear transformation. If Po= P 1 =…=P 
P' 

this is a /3-transf ormation. 

It is easy to see that the partition R is a generator in the strict 
00 

sense, i.e. V T→ R = e, where e denotes the partition into individual 
i=O 

points. The transformation T can be represented by a subshift u on 

the one-sided infinite product space AN, where A= {O, 1, …，p}. Define 

a mapping n: [O, 1)→が by

(nx)(i) = j, iff Tix e ri. 

Let Y be the image n([O, 1)) and X its closure in the product space AN 
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with the product topology. It is obvious that Y and X are invariant 

under the shift u. We also denote the restrictions of u to Y or X by 

the same notation u. 

We define the lexcographical order in AN. For convention, we set 

Tnl=lim T叶，
t↑ 1 

叫，旬r(l)=maxX,

where max X denotes the maximum element of X with respect to this 

order. We define a mapping p from X onto the unit interval [O, 1] by 

oo ro(i)-1 

p(w)= L f3(w[O, i))-1 L /3-;;1, 
i=O k=O 

where 

知 [O,i))= { 
似 o)/3ro(1)・・・Proci-1),

1. 

(i~1) 

(i=O) 

In this situation, we can show the following three lemmas. They 

correspond to Proposition 3.2, Lemma 4.4 and Proposition 3.4 respec-

tively. They can be proved by the・same methods as [2], so we omit 

their proofs. 

Lemma 1. We have the followings. 

1) (Jo冗＝冗oTon [O, 1). 

2) 冗： [O, 1]→ X is an injection and is strictly order-preserving, 

i.e. t<s implies that冗(t)<冗(s).

3) po冗 isidentity on [O, 1]. 

4) pou= Top on Y. 

5) p: X→ [0, 1] is a continuous surjection and is order-preserving, 

i.e. m<m'implies that p(m)~p(m'). 

6) The inverse image p-1(t) of t e [O, 1] consists either of one 

point冗(t),or two points冗(t)and sup冗(s). The latter case occurs only 
s<t 

when Tnt=O for some n>O. 

7) p(w) is one-to-one except a countable number of points we X. 

By virtue of Lemma 1, we can get enough informations about 



284 HIROSHI lSHITANI 

([O, 1),-T) by -studying properties of (X, a) .. Let us analyze (X, a). 

First the elements of X can be characterized by 

Lemma 2. We have 

X={weANlanw砂 P for all n~O} . 

We call (a。,a i, …, an-1) Eが aword in X, if there is m e X such 
that a0 = m(O), …， an-i =m(n--1). The concatenation of two words a 

=(a。,... , an_ 1) and b =(b。,... , bm-1) is defined by 

a*b=(a。,... , an-i, b。,... ,bm-1)-

For convention, we introduce the empty word <p and we define <p*a 

= a*<p = a for any word a. 

Let 

Wn={(a。,…,an-1)la。=ro(O),…， an-1 =ro(n-1) for some roe X}, 

W炉={(a。，…,an-1)l(a。,... , an-2, an-1 + 1) E W,,}, 

and for u e Wk, k~O 

Wn{u)={ve WnlU*VE Wn+k}, 

W~(u)={ve W仰IU*VE W~+k}. 

We understand Wc。=W8={</>}. 

Lemma 3. For any k~O and any word u e Wk, we have 

n 
Wn(u)= V WJ(u)*wp[O, n-j) U {max Wn(u)}, 

J=l 

where 

畷 j)={ 
屈(0),…，叫j-1)) (j~l), 

</> (the empty word) (j = 0) , 

and 

WJ(u)*Wp[O, n-j)= {v*wp[O, n-j)lv e Wプ(u)}.
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Now, we shall prove the following fundamental estimation, where 

we use the notations 

[u] ={we Xl(w(O), …, w(n-l))=u} 

for u E wn, and 

R(u)=the length of the interval p([u]). 

Lemma 4. For an arbitrary ct>O, there exists a constant C≪such 

that 

J 
sup sup I(L /3(v)-1)-R(u)/3(u)M-1]~Can-a 
k~O ueWk veW~(u) 

for all n~1, where f3(v) = f3v(o)/3v(1)・・・Pv(11-l) and 

00 

(1.1) M=  LP屈 [O,n))-1Tnl. 
n=O 

Proof. Let u e Wk be fixed. If v e Wわ(u)*叫，[O,j) for some O~j 

~n -1, then we have 

R(u*V) = p(max { m E XI(叫0),…, m(n+k-l))=u*v}) 

-p((U*V*(O, 0, …)）） 

の 叩(j+m)-1
=f3(u)-1f3(v)-1(L {J(mp[J,j+m))-1 L 尻り

m=O . k=O 

= [J(u)-1 [J(v)-1 Ti 1. 

Therefore if u E w~-m*叫，[O, m), then using Lemma 3 we obtain 

R(u)= L R(u*v) 
veW n(u) 

n-1 
(1.2) = L L {3(u)-1P(w)-1P(wp[O, j))-1T札

j=O weW~_/u) 

+P(u)-1p(wp[m, m+n))-1Tm+n1. 

Let us consider a formal power series; 
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a:; n-1 
l: 1n(l: l: P(u)-1p(w)-1P(wp[O,j))-1Ti1). 
n=l j=O 

weW~_/u) 

This series clearly converges for ltl < 1 and its value is equal to 

00 00 L tip(wp[O, j))-1T札 L tip(u)-1 
j=O i=1 

I: PCw)-1. 
weW?(u) 

Hence, we can deduce from (1.2) that 

L P(v)-1= tP(u)R(u) 
1-</>(t) 

-gu(t) 
veW~(u) 

ふ1n

where 

gu(t)= 1-t -1 ym+nl, 
1 -</>(t) n~1 
Z: 1np(叫,[m, m+n)) 

and 

(1.3) 
叫,(n)-1

</>(t)= L tn+1[3(wp[O, n))-1 L ft已
n~O k=O 

But the series in (1.3) converges in a neighborhood of the unit disk and 

1-</>(t) has only one simple root at t = 1 in a disk 

for small e>O, because 

{teCI ltl<l+e} 

1 -</>(t) 
1-t 
= Ltnp(wp[O, n))-iTnI. 

n~O 

Noting </>'(l)=M, we can see that 

00 

fu(t)= L tn[(L {3(v)-1)-f3(u)R(u)M-1] 
n=l veW0(u) 

n 

= P(u)R(u)t _ P(u)R(u)t 
I -<fa(t) (1-t)efJ'(l) 

-gu(t). 

Consequently, fu(t) is analytic in {t e Cit# 1, ltl < 1 +e} 

singular point t=l is removal. Since P(u)R(u)~l and 

and 

{l(wp[m, n+m))-1rm+n1~(flmiiJ-n, Pmin=min{P。,…，印>1,

the 
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the ex-th derivative J~a:)(t) of fu(t) is uniformly bounded; precisely speaking 

we have 

sup sup sup IJ~cx)(t)I < + oo. 
k~O ueWk ltl& 1 

Using the estimation 

n(n-1)…(n-rx+ 1)1(:E [J(v)-1)-[J(v)R(u)M-11 
veW~(u) 

= 1(2記）平f炉(rei9)e-inoa01~戸 supIJ~a)(t)I 
o ltl~1 

for 0< r< 1 and n~O, we obtain 

sup sup sup n(n-1)…(n-r:x+l)I(L {3(v)-1)-{3(u)R(u)M-11<+oo, 
k~O ueWk n~1 veW0(u) 

n 

which proves the lemma. 

§2. An Invariant Measure and the Strong Mixing Condition 

We shall introduce an invariant measure of a piecewise linear trans-

formation defined in§1. First of all, notice that the Lebesgue measure 

on [O, 1) is transformed to the measure dp on X by the correspondence 

given by Lemma 1. Let us define an operator S by 

S¢(叫= I: 佑lcp(a*叫，
aeA;a*coeX 

where </>(w) is a function on X. Then, we can easily get the foil owing 

lemma. 

Lemma 5. We have 

~i/J(w)S如）dp(w)=~ 知(aw)如）dp(w) 
X X 

for any </J(w) E L1(dp)=L1(X, dp) and if,(w) E L00(X, dp). 

We omit the proof, because it can be shown in the same way as 

the case of p-transformation (c. f. [2], Lemma 5.1). This lemma implies 
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that the measureμ(A)三)h(w)dp(w) is invariant under u if and only if 
A 

Sh(w) = h(w) (a.e.). Furthermore, we can easily check that 

00 
h(ro)=M-1 L f3(wp[O, n))-1l{u"roふ｝伽）

n=O 

fulfils Sh(w)= h(w) and) h(w)dp(w)= 1 (c.f. [6]), where M is given by 
X 

(1.1) and IA(w) denotes the indicator function of the set A. Thus, we 

get an invariant measure of a 

µ(A)=~h(w)dp(w). 
A 

Lemma 1 implies thatμop―1 is invariant under T. For simplicity, we 

denoteμop―i byμ 血dEµ(f)=~fdµ. 

In the sequel, ク（の(0),... , w(n-1)) stands for the sub-a-field gener-

ated by ro(O), …, w(n-1). Now we can prove the key lemma: 

Lemma 6. For any~>0 and any positive integer k, there exists 

Yik) such that 

00 6 

L ylk)芹<+oo, 
k=l 

and 

IISk+n<fJ(w)-Ep(</J)h(w)II 00~Y;;(k)ll</JII oo 

for all non-negative integer n and all <p(w) E ffe(ro(O), …, ro(n-1)). 

Proof. Lemma 3 guarantees that 

Sk十n<jJ(w)= L P(w)-1</J(W*叫J{w*weX}伽）
weWk+n 

＝竺 l: P(v)-1厄 [0,j))-1 </>(V*wp[O, j)*W)I位Jroふ｝（叫
j=O 

Let us define 

vew0 k+n-j 

m 

Sk+n(m)cp(w)三 L L P(v)-1P(wp[O, j))-1</J(V*Wp[O, j)*w)I{(Jicop~co}(w) 
j=O vew0 k+n-J 
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for m~k + n. Then, we have 

IISk+n<fJ(ro)-Sk+n(m)</J(ro)II 00 

k+n 
~11</Jlloo L L P(v)-1P(wp[O, j))-1 
j=m+l vewo 
k+n-J 

k+n 
= II c/J II oo I: /3(叫，[O,j))-1 I: /3(v)-1. 
j=m+l vew0 k+n-J 

289 

Since :E /J(v)-1 is uniformly bounded because of Lemma 4, we have 
vew0 k+n-j 

l!Sk十帰(w)-Sk+n(m)<J>(w)II00~K』 </>IIoo(Pmin)-m, 

where Pmin = min {P。,P1, ... , Pp}> 1 and K1 is an absolute constant. 
We now assume m < k. Then, since the function </J(叫 dependsonly 

upon the first n coordinates, we get 

m 
Sk+n(m)<{J(w)= L L </J(u) 

j=O ueWn 
L P(u)-1 P(v)-1 P(wp[O, j))→ I£t:1Jrop~ の}(w).

veW~-iu) 

Let 

I m 
h(mJ(w) = - L P(wp[O, j))-1 /{<1伍狂lw).

M j=O 

Using Lemma 4, we have 

IISk+"(m)rjJ(w)-E p(,jJ)h<m)(w)II 00 

m 

;;:; 11</Jlloo L P(rop[O, j))-lJ{aiwp~wiro) L P(u)~1 X 
j=O veW n 

m 

x I(l: /3(v)-1)-/3(u)R(u)M-1I 
veW~_,<u) 

~11</Jlloo L fJ(wp[O,j))-1I{<1icop~co}(w) L {J(u)-1C≪Ck-j)-1X 
j=O ueW n 

m 
~Ca(k-m)-all</Jlloo L P(rop[O;j))-1 L P(u)-1, 

j=O ueW n 

where C~is given in Lemma 4. Combining Lemmas 3 and 4, we can 
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easily prove that sup L P(u)-1~K 2 < + oo. 
n~OueWn 

Consequently, 

11sk+n(m)</J(w)-Ep(</J)h(m)(w)II C()~K2CaCk-m)-(%11¢11 co・ 

On the other hand, it is clear that 

IIEp(</J)h(m)(w)-Ep(</J)h(w)II oo~KiPmin)-叫I</>II oo 

for some K3>0. Taking m=[k/2] and a>(2+J)/J, we get our asser-

tion. 

We have prepared enough to show the strong mixing condition 

([1], [5]). 

Lemma 7. For any b>O <,md any positive integer k, there exists 

IX;;{k) such that 

00~ 

:E etlk)四 <+oo
k=l 

and 

lμ(A n Tー(k+i)B)-µ(A)µ(B)I~cxa(k) 

i-1 
for all k~1, i~1, A Eク(VTゴR)and all measurable set B. 

j=O 

Proof. It is enough to prove our assertion for sufficiently large i, 

sinceμis invariant under T. For an arbitrary positive integer k, there 

obviously exist a positive integer mk and a function hi w) such that 

hi w) depends only on (w(O), …, w(mk-1)) and 

llh(w)一ら(w)IIい(dp)砂 (k),

where y.,(k) is given in Lemma 6. Then we have 

μ(An Tー(k切 B)-μ(A)μ(B)

＝＼い(w)IP―1iuk+iw)dμ(w)-)い (w)dμ(w))い (w)dμ(w)
X X 
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=) I弘鴫(m)Ip-1a(uk+iw)dp(m) 
X 
p 

+) I -1A(m)(h(m)-hk(m))Ip-1a(ak+im)dp(m) 
X 
p 

士fp-1A(鴫 (m)dp(叫Ip-1ん）h(m)dp(m) 

ー＼い(m)(h(m)-hlm))dp(m)μ(B)
X 

=) [Sk+i(J p-1A(鴫 (m))-Ep(Ip-iA(鴫 (m))h(m)]Jp-1a{m)dp(m) 
X 

+)い(m)[h(m)-h砂 ]Ip―ia(ak+im)dp(m)
X 

ー！い(m)[h(m)-h砂 ]dp(m)μ(B).
X 

291 

If i~mk, then I p-iA(ro)hlro) eク(ro(O),…, ro(i -1)). So we can make use 
of Lemma 6 and we get 

lμ(A n Tー(k+i)B)-µ(A)µ(B)I~3ylk)llh(ro)IIoo, 

which proves Lemma 7. 

§3. Central Limit Theorems 

Now we are in the position to state our results. Let 

叱(z)=~にexp[一~]dt
for d>O and 

叱(z)={ 1 

゜
(z>O), 

(z~O). 

First, combining Lemma 7 in§2 and Theorem 18.6.2 in [1], we get 

the following 

Theorem t. If 
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(1) f(t)EL2H(μ)=L2H([O, 1), μ) for some b>O, 

<Xl k-1 

(2) L llf-E』flV y-iR)IILO(μ)< + 00, 
k= 1 i=O 

where 0= -j--店},then 

00 

(3.1) 炉 =Eμ(J-EμJ)2+2L見[(f(t)-E』)(f(Tit)-E』)] < + oo, 
j=1 

and 

(3.2) 
l n-1 ！巴t{--=L (f(Tit) -EμJ) < z} =丸(z)'
✓n i=O 

at every continuity point z of叱(z).

Next we shall be concerned with the central limit theorem with 

respect to Lebesgue measure入. The f ollowi_ng relations between the 

invariant measureμand Lebesgue measure J. can be easily shown, using 

Lemmas 5 and 6, and noticing 1/c;-£h(w);-£c for some c>O. 

Lemma 8. We have 

lµ(B)-A(T-kB)I~ylk)入(B),

for all measurable set B・in [O, 1) and all positive integer k. Hence 

l尻(g)-Elg(Tkt))I~yik)llgllい(l) l 

for all g e L1 (A)三じ((0,1), A)=L1(μ)三じ([O,1), μ) and all k~O. Notice 

that ylk) is given in Lemma 6. 

Let 

I n-1 
z~1 > = ---= L [f(Tkt) -Eμf] 
,Jn k=O 

1 n-1 
z炉=-=  L [f(Tkt)-Eふf(Tkt))]. 
,Jn k=O 

Lemma 9. For any f E L1(l)=L1(μ) and any real number r, we have 
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lim IEµ[exp(iてz~1>)]-:-E1[exp(i't'Z~2>)JI=0. 
n→OO 

And the convergence is uniform in the wide sense. 

Proof of Lemma 9. We have 

丸[exp(iTZ~1))]-E1[exp (i-rZ~2>)]1 

~IEµ[exp(iTZ~1>)] ーム[exp (iTZ~1))]1 

+I凡[exp(i-rZ~1>)]-E 1[exp (i-rZ~2>)]I 

叫 I-exp{圧t[f(Tkt)-EμJ]}I 
✓n k=O 

＋叫I-exp{~ ±[f(Tkt)-EμJ]} I 
✓n k=O 

iて n-1
+ I (Eμ-Ei) exp后晶 [f(Tkt)-Eμf]} I 

＋叫1-exp{江t[f(Tkt) -Eμf]} I 
✓n k=O 

叫 I-exp{長羞[f(Tkt)-Eif(Tkt)]}I 

＋叫I-exp{長孟 [EµJ~Eif(Tkt)]}, . 

293 

Using Lemma・g and the ergodic theorem, and putting r=[Iogn], we 

get the assertion of Lemma 9. 

Thus we get the following 

Theorem 2. Under the conditions (1) and (2) of Theorem 1, ・(3.1) 

holds and we have 

(3.3) ~i~l{ぷ芦 [f(Tkt)-E;.(f(Tkt))]} =知）

at every continuity point z of <Piz). 

Remark 1. If v is an absolutely continuous measure with respect 
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to ;. and dv/dA is uniformly continuous, then we can prove an analogous 

assertion to Lemma 8, i.e. 

lµ(B)-v(T-kB)I~e(k)J.(B) 

for all measurable set B and all positive integer k, where e(k)→ 0 as 

K→ 00. 
00 

If L e(k)< + oo, then we can get the central limit theorem with 
k=1 

respect to v in the same way as the proof of Theorem 2. Even if 
00 

L e(k)= oo, we can prove the central limit theorem 
k=i 

！児 4ぷ~: [f(Tkt)-Eμ/] <z}= <I>d(z) 

by a little changing of the method. 

Finally we get the following concrete result. 

Theorem 3. If either 

(a) f(t) is a function of bounded variation, 

or 

(b) f(t) is Holder continuous, 

then the conditions (1) and (2) of Theorem 1 are satisfied, and conse-

quently the conclusions of Theorems 1 and 2 hold. 

Proof. (a) Since 0= 2+J 戸 <2, it is clear that JI·IILo(µ)~II·IIL2(µ) ・
k-1 

Therefore we calculate II f-Eμ(JI V T→ R)II in the sequel. 
i=O 

L知）

Let Var(/; r) denote the total variation of f(t) on the interval r, 
k-1 

and Varf = Var(f; [O, 1)). Putting Rk= V r-iR, we have 
i=O 

llf-Eμ(JIRk)IIL2(μ) 

疇ふ(d心贔f(t)-f(s))μ(ds)丁）}
互

;;,;(L)μ(dt)[Var(f; r)]2) 1 
reRk r 

1 1 

~(Var /)2(I: μ(r) Var(/; r))2, 
reRk 
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where 

µ(r)~c入(r)~c(Pmin)-k

for every r e Rb since 1 / c~h(co)~c and the diameters of r e Rk・are less 

than (Pmin)-k. Thus we get 

ーと
II f-Eμ(f IRk) II L2(µ)~C ・ (Varf)(Pmm) 2, 

which proves our assertion. 

(b) Instead of II・IIび(μ),we shall estimate II・IIL .. (µ)• We have 

II f-Eμ(f IRk) II L00(μ) 

= max ess. sup I / (t) I reRk ter ―詞~f(s)µ(ds)I 

~max ess.sup [ I reRk terµ(r)~,lf(t)-f(s)lµ(ds)J. 

Since f(t) is Holder continuous, we have 

lf(t)-f(s)I~K(diam r)≪ ~K[(Pmin)a;]-k 

for some rx>O, K>O and for all t, s er. 

Consequently, we get 

II f-Eμ(f IRk) IIL00(µ)~K[(Pmin)czJ-k• 

Clearly, this is enough to conclude Theorem 3. 

Remark 2. If there exists a positive integer q such that Tql = 1, 
q-2 

then it 1s easy to see that (T, V r-kR) is a mixing Markov endomor-
k=O 

phism. Hence, the natural generator satisfies the uniformly mixing condi-

tion (c.f. [1]), and so the central limit theorem holds for a wider class 

of functions. For example, if 

~: IJ(t)-f(t+h) I 2dt=o(Iog-2-e iz) 

for some e > 0, then the conclusions of Theorems 1 and 2 hold for f. 
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