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Abstract

This paper is concerned with giving explicitly the invariant density for a class of
rational transformations from the real line R into itself. We proved that the invariant
density can be written in terms of the fixed point zp in C \ R or in terms of the
periodic point zp in C\ R with period 2. The explicit form of the density allows us
to obtain the ergodic properties of the transformation R.

1 Introduction and main results

A various kind of 1-dimensional transformations have been found to have absolutely con-
tinuous invariant measures ([3]). However, there are not many transformations whose
densities are explicitly known. The aim of this article is to prove that a rational transfor-
mation R(z) on the real line R, under some assumptions, has an invariant probability
density (1/7)Im (1/(z — 29)), if there exists zg = zg + iyg € C\ R with R(z9) = 2o or
with R(z9) = Zo. Precisely, we have the following theorems, which we shall prove in the
second section by using the factor theorem.
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Theorem 1. Assume that R(z) = h(z)/g(x) is a rational transformation from R into

itself with the following properties:

(1) g(z) = [1—;(x — ax) for some a1 < az < -+ < ay.

(2) h(x) is a polynomial with real coefficients, deg (h(z)) < n+1 and h(ax) # 0 for

all k.

(3) The restriction R; of R to the subinterval (aj,a;j+1) is monotonic for each j =

0,1,...,n, where ag = —o0 and a,.1 = 00.

(4) There exists zo = xo + iyp € C\ R with R(zy) = zo, or with R(z) = Z.

Then

[%hn ! ﬂR@»Mr:/whn L f@)de

0o T — 2o — 0o T — 29

(1.1)

holds for any essentially bounded real-valued function f(x). Hence the probability measure

dp = (1/m)Im (1/(x — 2p)) dx is invariant under R.

Theorem 1 can be rewritten as the following Theorems 2 and 3.

Theorem 2. Suppose that for some o« > 0,8 € R,by >0 (k=1,...,n)

b,

T —ag

R(x)=ax+ (3 — Z
k=1

Suppose also that there exists zg = xg + iy € C\ R with R(z9) = z9. Then

fﬂm]ﬂmmmz/mm L f@)de

0o r — 2y — oo r — 2o

holds for any essentially bounded function f(z).

Theorem 3. Suppose that for some o < 0,8 € R by <0 (k=1,...,n)

R(x):ocx+ﬁ—z i
k=1

— x—ag

Suppose also that there exists zg = xg + iy € C\ R with R(z9) = Zy. Then

[ﬂm]ﬂmmmz/mm L f@)da

o T2 oo T —2p

holds for any essentially bounded function f(x).



We will also use this result to study the ergodic properties of (R, u) on R, where
i is an absolutely continuous probability measure with a density (1/7)Im (1/(x — z)).
Note that we clearly have

1 Yo d T — To
Im = 5 5 = - arctan
r—z2 (T —20)%+ Yo dx Yo

for zg = xo + iy € C\ R. Denote

o(x) = arctan (“’ — ””0) .

Yo

Then we can prove that the transformation T'(t) := p(R(p"(t))) on (—7n/2,7/2)
preserves the normalized Lebesgue measure A and that (7, A) is isomorphic to (R, ) (see
Lemma 2.1 in §2). Hence, the above results enable us to get the ergodic properties of the
transformation R on R from those of 7" on (—7/2,7/2) .

As in Lemma 2.1 in §2, it is also clear that T is piecewise monotonic. The piecewise
monotonic transformations on the finite interval have been widely investigated by many
authors. In particular, if the piecewise monotonic transformations on the finite interval
are uniformly expansive, then it has been shown that they have good ergodic properties
([4],[5],16]). In Lemma 2.1 we give the relation (2.15)

P A
T = Ty — et @)

Consequently, combining the relation (2.15) with the known results, we can easily
prove the following Theorem 4, where N(0,02)(y) (¢ > 0) stands for the distribution
function of Gaussian measure with mean 0 and variance o? and N(0,0)(y) stands for
that of Dirac measure. Examples that satisfy the assumptions of Theorem 4 will be found
in Section 3.

Theorem 4. (1) Suppose that R(x) satisfies the assumptions in Theorem 1. Suppose
also that the inequality

inf [ — zof” R( )‘>1 (1.2)
m —_— 5 Xz .
z¢{a1,a2,....,an} ’R(.I') — Zo|2

holds. Then for all p-integrable functions f the limat
1 n—1
T 3 f(RM) =5 £ (2) (13)
k=0

exists pi-a.e. and the set {f*(x): x € R} consists of M points for some M € N.



(2) Moreover, if we assume further that f(x) is a function of bounded variation on
R and that v is a probability measure on R with a density dv/du with respect to p, then
there exist ¢; > 0 (i=1,2,... ,M) with Zz‘]\io c;=1 and 0> 0 (i=1,2,...,M) for which

n—1 M

: 1 .

Jim v {7 SO (f(RR) = f1(@)) < y} =D _aN(0.0)(y) (1.4)
"o i=1

holds for all continuity points of the right hand side. If we assume further that o;2 > 0

(i=1,2,...,M) and that (1 + 2*)(dv/dzx) is of bounded variation, then we have

M

v {% k:o( f(RFz) — f*(2)) < y} 3 ;N (0,0:%)(y)

sup < (1.5)

yeR

slo

for some C' > 0.

(3) If R(z) satisfies the above assumptions and if deg(h(z)) = n + 1, then we
have that (R, u) is exact and M = 1. Hence, the central limit theorem holds for the
transformation R: if f(x) and v satisfy the assumptions in (2), then the limit

lim ~ { : (f(R"z) —u(f))} dp =: o (1.6)

n—oo N
k=0
exists and

n—oo

lim v {% ;(f(Rkl‘) —plf) < y} = N(0,0%)(y) (1.7)

holds for all continuity points of N(0,0%)(y). If we assume further that o* >0 and that
(1+ 2?)(dv/dz) is of bounded variation, then there exists a constant C > 0 such that

1

v {% k;o(f(R’“x) —u(f)) < y} — N(0,0%)(y)

sup < . (1.8)

yEeR

e

holds for all n € N.

2 Proofs

In this section we prove Theorems 1, 2, 3 and 4. First we show that Theorem 1 is derived
from Theorems 2 and 3.



2.1 Proof of Theorem 1

Because g(z) = [[;_,(z — a;) for some a1 < ay < --+ < a,, deg(h(z)) < n+ 1 and
h(ay) # 0 for all k, the rational function R(x) = h(x)/g(z) can be rewritten as

n

R(x):ax+ﬁ—z i
k=1

— X — Qg

(2.1)

This shows that
lim |R(x)| = 00
T—ay
and
lim R(z) = — lim R(x)

zTag xlag

for all k =1,2,...,n. These properties and the assumption (3) in Theorem 1 imply that

the restriction R; := R|(q,q,,,) is increasing for all j = 0,1,...,n, or decreasing for all
7=0,1,...,n. Hence we have

a>0,b,>0 (k=1,...,n), (2.2)
or

a<0, b,<0 (k=1,...,n). (2.3)

Denote Cy ={z€ C|Im(z) >0} and C_ = {2z € C|Im(z) < 0}. If the inequali-
ties (2.2) are satisfied, then it is easy to see that R(C,.) C C; and R(C_) Cc C_. And
hence R(zy) = Zo implies zo € R. Similarly, the inequalities (2.3) show that R(C,) C C_
and R(C_) c C, and that R(z9) = 2o implies zg € R. The above arguments ensure us
to get Theorem 1 from combining Theorems 2 and 3.

2.2 Proof of Theorem 2

First we prove Theorem 2 in the case of « > 0,0, > 0 (k = 1,...,n). In this case
it is also easy to see that R; is increasing and R;((a;,aj41)) = (—00,00) for all j =
0,1,...,n. Hence there exist inverse functions Rj_1 such that R(Rj_l(y)) = y holds for
all j=0,1,...,n and for all y € R. The equations R(R;'(y)) =y are rewritten as

yg(R; ' (y) — (R (y) =0 (2.4)

for all j = 0,1,...,n and for all y € R. Note that in this case yg(z) — h(x) is a
polynomial in x of degree n + 1. The factor theorem shows that

yg(z) = h(z) = —a ]z - B} (v)) (2.5)



holds for all y € R. Differentiating the equation (2.5) with respect to y, we get
g(x) =Y (B ) [[(=— B ().
i=0

Dividing this by (2.5), we have

Put x = 2y, and we get

olo) 5~ ()
yg(z0) — h(z0) — R(y) — 2 (2.6)

Because h(zy) = 2z09(z0), the left hand side of (2.6) is equal to 1/(y —z2p). Thus we obtain
the key equation

LN B0
Imy_zo—;l R (2.7)

Note that the function Im(1/(x — zp)) is essentially bounded and integrable on R, since
Zp is not a real number.
Now we have

n

/_OOIm ! f(R(x))dx—Z/aiHIm L f(R())de

0o T — 2 =0 i T — 2o

for any essentially bounded function f(z). Since R;(a;+0) = —oo and R;(a;4+1 —0) = oo,

we get
n aj+1 1 B co M (R:l)/(y)
; /a e zOf(R(x))dx B /_oo ZO ImWf(y)dy- (2.8)

. (W) — =
The key equation (2.7) enables us to obtain

/wzlmwﬂy)c@: /mlm L )y, (2.9)

R; (y)—Zo o Y20

which completes the proof of Theorem 2 in the case « >0, b, >0 (k=1,...,n).

If a=0,b,>0(k=1,...,n), the same result can be proved by modifying the above
argument. In this case Ry((ag,a1)) = (8,00) and R,((an,ans1)) = (—o0, 3), however
we have R;((aj,a;41)) = (—o0,00) forall j =1,2,...,n—1 as before. If y € (3, 00),the
equation (2.4)



holds for any j = 0,1,...,n — 1. On the other hand, if y € (—o0, 3), the equation (2.4)
holds for any 7 = 1,2,...,n. Note that yg(z) — h(x) is a polynomial in = of degree n,

since o = 0. Instead of (2.5) we have
oo (LA L e

Differentiate the equation (2.10) with respect to y. Then we get the equation

o) = {H?‘S (v = B ) + (B =) i (B W) [Tl = BT @),y >0
[T = B ) + (8= ) ZL B O) Ll - B W),y <8,

Jj=1 J

As before, divide this by (2.10). Then we have

_ {1/<y B+ ISR W)/ (RN (y) —2),  y>8
(y—0)+ S (R )/ (R7Ny) —2),  y<p.

Putting x = 2y, we obtain, as before,
Lo { Uy =8+ 5 (BT W)/ (R y) — =), y>5
V(= 8)+ (B (9)/(R7 () —20),  y <P

Yy— =0

Therefore, the equation, corresponding to (2.7),

Im
y<p

(
1 :{ >y Im ((R; ),
y—z | e Im (B )/ (R (y) — =0)) .

has been proved.

We have
o az+1
I d = f(R d
/_ m v Z / [ (R()dz

(L’—Zo

(e 9]

for any essentially bounded function f(z). Remark that in this case Ry(—o0)
Ro(a; — 0) = 00, Ry(a, +0) = —o0, and R, (co
Ri(a;y1 —0) =00 for i =1,2,...,n — 1. Then we have

; /C:Hl Iml‘ — ZOf(R(aZ))dgj
S A i S [ F )
- i=0 /ﬁ : R;l(y> - Zof(y)dy * ;/OOI R;l(y) — Zof(y)dy

The equation (2.11) shows that the right hand side is rewritten as

[t [ gy = [ iy

7

W/ (B W) =), y>p (2.11)

= B,
) = 3, however R;(a; +0) = —oco and



This enables us to have the result in question

/Oolm ! f(R(:v))d:v:/OOIm L e

2.3 Proof of Theorem 3

The proof of Theorem 3 is similar to that of Theorem 2. Hence, we sketch only the
difference.

First we consider the case a < 0,0, < 0 (k = 1,...,n). As in the first case of
the proof of Theorem 2, however R; is decreasing, R;((aj,aj+1)) = (—o0,00) for all
j=0,1,...,n and R(Rj_l(y)) =y holds forall j =0,1,...,n and all y € R. Therefore,
we also have (2.4)

yg(R; ' (y)) — h(R; ' (y)) = 0
forall 7 =0,1,...,n and all y € R. The same argument as the first half of the proof of
Theorem 2 allows us to have the equation (2.6)

9(20) v~ (B
(20) a Z

yg(z0) — h Ri(y)— 2

holds for all y € R. However, we have h(zg) = Zpg(2o) in this case. Therefore, the left
hand side of (2.6) is now equal to 1/(y — Zp). Remarking that

1
= —Im

_ Y

Y— 20 Y—Z0

Im

we obtain the analogous equation to (2.7) ,

Zlm i /< )| (2.12)

— 20 -
1=0

Now we have

n

/_OO - ! —F(Rla))ds =Y /+ - ! —(R(a))da

o0 i=0

for any essentially bounded function f(z). Since R;(a;+0) = oo and R;(a;+1—0) = —o0,
we get the equation, corresponding to (2.8),

B R LCICE = e

zl(y _ZO




The key equation (2.12) enables us to obtain

[ E g = [ it

Rz_ — 20 0o Y— =0

which completes the proof of Theorem 3 in the case a <0, b, <0 (k=1,...,n).

Second, we consider the case of &« =0, by <0 (k=1,...,n). As in the second case
in the proof of Theorem 2, Ry((ap,a1)) = (—o0,3) and R, ((an,an+1)) = (5, 00), however
we have R;((aj,aj11)) = (—o0,00) for all j =1,2,...,n —1. When y € (3,00), the
equation (2.4)

yg(R; ' (y)) — h(R; ' (y)) =0
holds for any j = 1,2,...,n. On the other hand, if y € (—o0, 3), the equation (2.4) holds
for any 7 = 0,1,...,n — 1. Note that the polynomial yg(x) — h(x) in z is of degree n,
since o = 0. Instead of (2.10) we have

(y=B) I (@ =R (),  y>p

i) = = { TG R, 2 (219)

This shows

o) = { Wi~ B30+ (=0 S ) Lt — 200>
[ = 250 + (9= ) S0 () ) [[ale = B0, v <6

As before, divide this by (2.13). Then we have

9() _ { /(y—p)+ Z?:I(R;1>,/<y)/ (Ri'(y)—x), y>p
(y—B8)+ >y (R )/ (R () —z),  y<pB.

Put x =z, and note that h(zy) = Zog(z0).

Then we obtain, as before,

Recall that

Therefore, the equation, corresponding to (2.11),

1 X Im (R ()] (20— B () y >3
b=z { Y Im (BT (0)/ (20— B7'w)),  y<B (2.14)

Im

has been proved.



As before we have

/_OOIm ! f(R@))dx:Z/_amIm L f(R(2))de

00 T — 29 T — 2o

for any essentially bounded function f(z). Remark that in this case Ry(—o0) = f,
Ro(a; —0) = —o0, however R;(a;+0) = 0o and R;(a;+1—0) = —oc0 for i =1,2,...,n—1
R.(a, +0) =00, and R,(cc) = . Then the equation (2.14) ensures us to have

i Qi+1 1
; /az Imx — ZOf(R(a:))dx

n 3 R~_1 / n—1 —co R._l ’
- / Im%ﬂy)dw; / Im%ﬂy)dy

This shows the result in question

/OO Im ! f(R(x))dz = /00 Im ! f(z)dx.

—o0o T — Z0 —oo

2.4 Proof of Theorem 4

Recall that zy = xo+iyy € C\R satisfies the relation R(zg) = 2o or R(z) = Zo. Theorem 1
shows that dyu := (1/7)¢ (z)dz is an invariant probability for the transformation R where
@(x) = arctan{(x — x¢)/yo}. Define the transformation 7' on the interval (—m/2,7/2)
by T(t) := o(R(p71(t))). Then we can get the following Lemma, which is a key to the
proof of Theorem 4.

Lemma 2.1. Assume that the conditions on R in Theorem 1 are satisfied. Then (R, 1)
is measure theoretically isomorphic to (T, \), where A denotes the normalized Lebesque
measure on the interval (—mw/2,7/2). Moreover, T has the following properties:

(1) T preserves the normalized Lebesgue measure A.
(2) The restrictions T'|(p(a;)p(airs)) (4=0.1,...,n) are monotonic.
(3) T|(p(a)paisr)) (1=0,1,...,n) are smooth and

, |z — 29|
T =
O = TR = P

holds for all t ¢ {p(a1),p(as),...,p(an)}, where x = o= 1(t).

R (z) (2.15)

10



Proof. Recall that we have

I 1 Yo d . T — To /( )
m = = — arctan = ().
r—z0 (r—x0)2+y?® dzx Yo 1

This is followed by

AA) =L / " a(di = / " Lilp(@)¢ (@)dr = p(p (4)).

us T J oo

(NE]

Hence, we have that A\(A) = u(p~1(A)) and (R, ) is measure theoretically isomorphic
to (7, A). This immediately shows the assertion (1), since R preserves u.

Because R|(;0,,,) (1 =0,1,...,n) are monotonic and ¢ is increasing, T'|(s(a;)p(asi1)) (8 =
0,1,...,n) are also monotonic. Recall that ¢(z) := arctan{(z — x¢)/yo} and hence
0 1(t) = ro + yo tant. Then we easily have

T'(t) = ¢ (R ONR (7 )™ (1)
— Yo / 1 an2
~ (R(p7Y(t)) — x0)2 + yozR (¢~ (1)yo(1 + tan”¢)
_ (.T - xO)Q + y02 , .
= (R({L’) _ x0>2 +y02R ( )
|z — 29/

~IR@) 2P
where x = ¢~1(t). This completes the proof. O

R (x),

Lemma 2.1 shows that the dynamical system (R, ) on the real line R is isomorphic
to (T,)\) on the finite interval (—n/2,7/2) and that (7T, \) is piecewise smooth and
piecewise monotonic. The relation (2.15) implies that if the assumption (1.2) is satisfied,
then the transformation T is piecewise expanding and smooth enough.

On the other hand it is already known that such 7" has a finite number of absolutely
continuous ergodic invariant measures Aq, Ag, ..., Ay and the other absolutely continuous
invariant measures are convex combinations of them (cf. [4], [5] and [9]). Birkhoff’s ergodic
theorem shows that if f € L'();) then

o1
lim —
n—oo N,

S (Tt = / Fin (O ae)

holds. Note that the supports of ergodic measures are mutually disjoint and that the
normalized Lebesgue measure \ is also a convex combination of Aj, Ao, ..., Ay

Hence if f is a A-integrable function, then f is A-integrable for all i = 1,2,... M.
This observation shows that for a A-integrable function f

lim % S AT = ) (hae) (2.16)

11



holds and f ffd)\ for A a.et € supp{\} (i = 1,2,...,M). Now, let f be
a p-integrable functlon on R. Then f o ¢! is Aintegrable function on the interval
(—=m/2,7/2). Hence, replacing f by fow™' and t by o(z) in (2.16), we can get the
relation (1.3). This shows the first part of Theorem 4.

In order to prove the second part, we apply Theorem 1 in [6] to the transformation
in question (see also [5]). Hence, if f is a function of bounded variation defined on the
interval (—m/2,7/2) and if 7 is an absolutely continuous probability measure, then there
exist nonnegative constants ci, ¢, ..., cy with Zf\il cg=1land 0>>0 (i=1,2,...,M)

for which
1 n—1 ~ _
lim o< — Y (f(T*) — f*(t } ciN(0,0:%) (2.17)

holds for all continuity points of the right hand side. If we assume further that o2 > 0
foralli=1,2,..., M, and that dv/d\ is of bounded variation, then

7 {% ; (F(T") = f<(t)) < y} - Za-N(O,af)(y)

k=0

sup < — (2.18)

yeR

for some C > 0.

Let f(z) be a function of bounded variation on R. Then f(t) := (fop 1)(t) is also
a function of bounded variation, because p~!(¢) is strictly increasing. Suppose that v is
a probability measure on R which is absolutely continuous with respect to u. Then it is
clear that the probability measure (A) := v(¢ 1A) is absolutely continuous. Note that
we have

{te(ﬂ/27r/2 \/_Z( f()) }
n_l( f*t)>§y}

k=0

:(Vogp_l){tE( T/2,m/2) ;

-

: (foe™) (TFp(x)) = (fop ") (¢(x))) < y}

(f(R*z) — f*(2)) < y} :

Therefore we get the relation (1.4), combining (2.17) and (2.19).

12



On the other hand we have
dv
(A :/ —(z)dx
W=/ ="
Y ~1y
- [ Fe o @
= [ S O+ a0y
A d.T

- [ Ee o)w (1 + (%)) 7

This shows that the total variation of dv/d\ is equal to the one of

T — To 2\ dv
1 —(z).
yo( +( " ))dx(x)
Therefore, if (22 +1)(dv/dz) is of bounded variation, so is d/d\. This and (2.18) show
the inequality (1.5) of Theorem 4.

In order to prove the last part of Theorem 4 we remark that if deg (h(z)) =n+ 1,
then a # 0 and hence R((a;,a;11)) = (—o00,00) for all ¢ = 0,1,...,n. This implies
that T'((p(a;),¢(ai41))) = (—=7/2,7/2) for all i =0,1,...,n. Thus the transformation
T from the interval (—7/2,7/2) into itself is piecewise C?, piecewise expanding and
piecewise onto. Then it follows by the Folklore Theorem ( Theorem 6.1.1 in [3]) that such
a transformation is exact (see also [1] and [10]). Therefore the number M of absolutely
continuous ergodic measures for T' is equal to 1. Hence the third part of Theorem 4 is
proved.

3 Examples

We consider examples and applications in this section. First we prove the following
proposition, which gives a sufficient condition for the existence of zy € C\ R with
R(Z()> = 20-

Proposition 3.1. Let

n bk
R(z)=arx+ 3 — 3.1
W=artg->t (31)
and 0 < a <1, b, >0k =1,...,n), a1 < ag < -+ < a,. Assume further that
a; < (B/(1 —«)) and a, > (B/(1 — «)) and that
pt/3 4 pl/3as

11—«

holds for i =1,2,...,n— 1. Then there exists zy € C\ R with R(z) = 2.

13



Proof. Putting ¢ (z) =2+ (6/(1 — «)), we easily have

! x))) = ax — Y b
VRO =00 = =)
Remark also that R(zp) = 2o if and only if
VTR (20 — (B/(1 = @))))) = 20— (B/(1 = a)).

Hence we can assume that § = 0 without loss of generality:.

First we prove that the equation x = ax—>";_, (bx/(x — ay)) has n—1 real solutions.
In fact we have for a; < x < a;41

<R<x>—x>’=2(b—’“—<l—a>

— (x— ag)?

bi bit1
T (@—aw)? (- a)?
_ P enly

(@i+1 - ai)2

—(1-a)
(1—a).

The assumption (3.2) shows that the right hand side is greater than 0. Hence, G(x) :=
R(z)—x is strictly increasing in (a;, a;+1). On the other hand, as b, > 0(k =1,2,...,n),
we clearly have R(a;+0) = —oo and R(ag1—0) = oo. This implies that G(a;4+0) = —c0
and G(a;11 —0) = co. Therefore, R(z) —x = 0 has a unique real solution in (a;, a;;1)
foreach i =1,2,...,n — 1.

The assumptions a; < 0 and 0 < o < 1 ensure us to have = < ax < R(x) for all
x € (—o0,ay1), and hence R(z) —x > 0 in (—o00,a;). Therefore, R(z) — 2z = 0 has no
real solution in (—o0,a). Similarly, we can get that there is no real solution in (a,,, c0).

From the above arguments we have obtained that the equation R(x) —z = 0 has
n — 1 real solutions. On the other hand the equation R(z) —x = 0 clearly has n + 1
solutions. Therefore there is zp € C\ R with R(z9) = 2. This completes the proof. [

Remark 3.1. The condition (3.2) is the best possible in the following sense: Consider
the transformation R(z) = ax — (v —a)™' — (v + a)™', where 0 < a <1 and a > 0.
Then it can be easily proved that R(x) has zy € C\R with R(zo) = zo if and only if the
condition (3.2) is satisfied.

We consider some examples using the above proposition.

Example 1. Let us consider the transformation R(x) = azx — bz~ with 0 < a <1 and
b > 0. Putting ¢(x) = Vbx, we get v~ (R((x))) = ax —x~'. Hence, we can assume
b =1 without loss of generality. However this transformation R(x) = ax —x~1 satisfies

14



the assumptions of Proposition 3.1, we directly get that the fized point zq of R in C is
20 = iyo = i\/1/(1 — «) in this case. Theorem 2 shows that dp = 7~ 'Im (1/(z — iyo)) dx

1s an tnvariant probability for the transformation R.

Let us consider the transformation T(t) := o(R(p™1(t))), where o(x) := arctan(z/yo).
Using Lemma 2.1 we have

Do |z — 202

0= gy =
. \x — Zo|2 ’ -
= TR — R
_ |z — o[ (o ‘
PR ey o ERCY (33)
_ o+ 1/2?
ot (1 (z0)P
ax?+1

a2+ l-a
For 0 < a <1/2 we have the estimation

ar?+1 - axr? +1 1

2224+ 1—a " afl-a)r2+1—a 1-a

)

since a <1—a. If 1/2<a <1, then we have

ar’ +1 ar® +1 B
a?x2+1—a o222+«

1
o

Hence, the transformation T on (—7/2,7/2) is uniformly expansive. Precisely, we have

al—«

/ 1 1
T(t)zmin<—, )>1

for all t # 0. Therefore, R(z) = ar —x ! (0 < a < 1) satisfies the assumption of
Theorem 4 and the conclusions of Theorem 4 are valid for (R, ).

In the case o =0, we have

() = t+m/2, (—7/2<x<0),
Ct—n/2, (0<z<m/2).

Put A= (—7/2,—7/4) U (0,7/4). Then we have T"'A = A and \(A) = 1/2. Hence
neither (T, ) nor (R, u) is ergodic.

Note that the relation R(iyy) = iyo is regarded as —R(iyo) = iyo. Thus we get the
following example from Example 1.

15



Example 2. Let us consider the transformation

b
R - — -
(x) oz + .

with 0 < a <1 and b > 0. As is in Ezample 1, we can also assume b = 1 without
loss of generality. Remark that the transformation —R(x) is the one in Example 1. This
fact shows that R(zy) = Zo holds for zy = iyo = i\/1/(1 — «). Thus, Theorem & can be

applied and hence

1 1
dp = —Im -
™ T — 1Yo

dx

1s an invariant probability for the transformation R. The analogous argument allows us

to have . )
—T'(t) > min (—, ; ) > 1,

0% —

and hence the same results as those of Example 1 hold.

If the number n of poles is more than 2, it is generally not easy to get the desired
estimation of |T"(t)|. However, there are some examples that satisfy the assumption of
Theorem 4.

Example 3. Let us consider the transformation

1 1
r—1 z+1

R(x) = ax —

with 0 < o < 1. We can easily get that R(iyo) = iyo, where yo = /(1 +a)/(1 —a). As
m FExample 1, we obtain
T(t) a(x? = 1)+ 222 + 2
22?2124+ (1—a)22+ (1 —-a)(1+a)

(3.4)

The right hand side of (3.4) is not smaller than

a(z? —1)% + 222 + 2 .
(1-—a){a(z?=12?+(1—-a)z?+1+a} ~ 1 -«

for 0 <a<1—a. For 0 <1—a < « the right hand side of (3.4) is greater than or

equal to

a(z? —1)% + 222 + 2 21
a{a(z? =12+ (1—-a)r2+1+a} ~ o

Therefore, if 0 < a <1, we also get the inequality

/ 1 1
T(t)Zmin(—, >>1

al—a«
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forall t ¢ {—m/2,p(—=1),p(1),7/2}. If a =0, then it is clear that the right hand side of
(3.4) is equal to 2 and

2t+71 (—7/2<t< —7m/4),
T(t) =<2t (—m/4 <t <m/4),
20—m (m/A<t<m/2).

Consequently, Theorem /4 can be also applied for these transformations.

Example 4. Consider the transformations

1
+

R(z) = —
(@) = —azt 5+ =

(3.5)
with 0 < o < 1. Because the transformations —R(x) are those in Example 3 and have
the fived point iyy (yo # 0), we have R(iyo) = iyo, where yo = /(1 + )/(1 — ). Hence,
Theorem 3 shows that R has the invariant probability density yo/m(x* + yo?). Similar
arguments allows us to have the parallel results to those of Example 3.
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