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Introduction. The Virasoro algebra I is the Lie algebra over C of the
following form:

(1)

with the relations

″ = Cθ“O Cθ6,

～ "+幌

θ6∈the center of the Lic dgebra″.

r + :  I C e * $  h - C e o @ C e ' 0 .
n 2 L

Σ
直

(2)

(3)

The Lie algebra of this bpe was first appeared in the dual string model of
elementary particle physics (cf. S. Mandelstam [12]). Quite recently the Virasoro
algebra was used to analyze critical phenomena in the two dimensional statistical
physics (cf. A. A. Belavin-A. M. Polyakov-A. B. Zamolodchikov [1]).

Introduce the triangular decomposition 9: n* @ b @ n- of 9,where

By V.G.Kac[81,for each(λ ,C)∈ C2,there e対 sts ttl irreducible ymodule

L(乃 ,C),uniquc up to tt isomorphsm,with the follol面 ing propeityo There exlsts a
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1014 A.TSUCHIYA AND Yo KANIE

n o n z e r o  v e c t o r  υ(λ, C )∈L (乃, C ) , C a l l e d  a  v a c u u m  e l e m e n t , s u c h  t h a t

( 4 )         ■ +υ(乃, C ) = 0 ;

θoυ(乃,C)=力υ(λ,c), θ6υ(乃,C)=ευ(乃,C);

び(″)υ(乃, C ) =二 (乃, C ) ,

where 17(″ )denOtes the umversal enveloping algebra of〃 .

If tt and c tte real numbers,there exists a nondegenerate hermtian bi‐ hnear

fOrm(,)On二 (乃,C),uniquc up to a constant factor,宙 th the following

properties:

(5) {",θ“υ}={θ_ノ,υ}(“∈Z)and{“,θ6υ}={θ6",υ}・

It should be remttked that this hermiti田lp減 五ng is not necessa五ly posit市e"

deinite.

Then the problem of unitanty is stated as follows: When is thc hermtian

ptting〔,)pOSidVe‐dendte?
It is easy to show that if the hermitian p五五ng{,)iS pOSiave‐deinite,then we
get(Cfo PrOposition l‐4)

(6) 力>O and c>0。

Using the so called KaCs determinant formula, we get easily the following (cf.
Proposition 1-5):

PnoposrrroN L. For h > 0 and c 2 1., the hermitian pairing {,} oo L(h, c) is
positiue-definite.

This proposition was known to many people, for example, V. G. Kac [9].
For the range {(ft, c) e R2; h > 0,0 < c < 1.}, D. Friedan-Z. Qiu-S. Shenker

[4] asserted the following important results:

Assertion 2. Let h )0 and 0<c<L. If the hermitian pairing {,} ot
L(h, c) is positive-definite, then (ft, c) has the form

( 7 )  ε
= 1 - 狙d 乃 =

[(′+2)′
―
(J+1)g12_1

(′+1)(J+2) 4(′+1)(′ +2)

forぶome′ =1,2,… e and lく クく′く′.

P.Goddard―A.Kent一D。Olive[6]constructed operators of the Virasoro
algebra″,J宙ng unitary representttions of e″corresponding to the cited central
charge c=1-6/(J+1)(J+2),thrOugh the so‐called coset space representa―
tions associated to the quartermon proJective space 正 五P′

~1. We apply their

operators to the levd l integrable hghest wdght hodules L(A)of the ttmne Lic

dgebra of type Cり,狙d decomposc L(A)as a mOdule oveF the Subdgebra of
type Cll)+CP.,then we getthe m五 n result of ths paper.
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THEOREM 3。 Far θυθッ (力,c)げ 滋θル脇 (7),滋 θ ttθttJ′Jα“′αJ万4g{,)お

′“J″Jυθ―aゲ“J′θ.

This paper is orgamzed as fomows.In§1,we Summttze the known results
abOut ymOdules L(力 ,C)and their u五 tanty.In§ 2,we sulnm面 ze the known

factsめout the ttnne he dgebra oftype ol)狙d thdr integrあle hghest wdght
modules L(A).In§3,we introduce a subalgebra Cll)+や、and segal operators
woroto the pair(g,f)=(01),Cll)+Cβヒ)。We decompose the level l integrttle
hghest weight module L(A)of g intO the sum ofintegrttle hghest modules of t

as a femodule,狙 d show that the Virasoro algebra≦ ′acts on the space′ク(A;t)
of t‐singular vectors in L(A),where a vector is called t‐ singultt if it is

狙五hlated by any element of■+∩ te ln§4,we show thatノ (A;t)is decOm_

posed into the direct sum of some二 ′(力,C)'S COrresponding to the values(7)with
multiphcity frec,鉦 ld each L(乃,6)宙 th the valuc(7)occurS inノ (A;t)for SOme
dominttLt integral wdght A oflevel lo Ths proof is car五 ed out by calculating the

branchng coemcients of the decomposition of the t― module L(A),and by

companng the chfracters of the ymodule JL(力,c)COrresponding to the values
(7).
The authors express thdir hettrty thanks to Professor M. Jllnbo for explicit

computations of the bran面 ng coentcients。

§1.Unitarizable highest weight representations of the VirasoЮ algebra

(1。1)√鴨 α“θ̀力Jas α“グ滋θJr JrraあcJbル g"θ″Jθ“お.In ths pttagraph,we

summanze the known facts about representations of the ヽ rirasoro algebra

((Cf.V.G.Kac[8],F.Lo FdJn一 D.B.Fuks[2],A.Tsuchya一 Y.Kade[13]).

The Иrαsθ“αむθb″″ iS the Lic algebra over C of the follo宙ng form*:

( 1 - 1 )
″=Σ  Cθ“① Cθ6,
″∈Z

with the relations

(  m 3 - m

( t -2 )  
l l " ^ ,  

e , l  :  (m -  n )e- *n  +  
- f  

s^+n,oe 'o  (m,  n  e  7 ) ;

[e[ e the @nter of the Lie algebra 9.

The dual space b* of theabelian subalgebra b: b@): Ceo @ Oe[ of.9 is
identffied with O2 by setting for (h, c'S e C2,

( n , c ) ( e ) :  n  a n d  ( n , c ) ( e ) :  c .

For each (h, c) e. C2, the left and right gmodules M(h, c) and Mt(h, c) with
cyclic vectors lh, c) e M(h, c) and (c, hl e Mf(h, c) are defined respectively by

*The sign of the commutation relation is opposite from the one in A. Tsuchiya-Y. Kanie [13].
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the following defining relations:

( t - l )  e , \ h , c )  : 0  ( n r - L ) ,  e o l h , c ) :  h l h , c ) ,  e ' n l h , c ) :  c l h , c ) ;

( c , h l e - n :  0 ( n > - L ) ,  ( c , h l e o :  h ( c , h l ,  ( c , h l e ' s :  c ( c , h l .

They are called Vermn modules with highest weight (h, c) e \*.
The bilinear pairing called the uacuum expectations

(1‐4)

(1‐6)

( )  :  u r ( h , t )  x  M ( h ,  t )  +  C

is uniquely defined by the following relations:

(1 -5)  (c ,  h lh ,c )  :  1 ;

( u e l a )  :  ( u l e u )  ( e  e 9 , u  e .  M t ( h , c ) ,  u  e  u t ( h , c ) ) .

For each multi-index M : (*r, frz,...) of nonnegative integers with llMll :
Eirrj^i ( oo, we define the elements e*(M) and, e-(M) of U(9\by

θ+(″)=θrlθr2… 狙 dθ _(″)=.… θ窒うだI・

Then the Verma modules lイ(λ,c)and ir†(乃,c)have the following bases over
C:

(1-7)    {IⅣ,λ,C〉=θ+(Ⅳ)1乃,c〉;|IⅣII<∞}⊂ν(λ,6);

{〈θ,あ,″|=〈C,力lθ+(″);‖νll<∞}⊂ν†(力,C)・

The modules y(乃 ,c)and″
†
(乃,C)have Z‐ grading of the forms:

(1‐8)ν (乃,C)=Σ場(乃,c)and ν†(乃,c)=Σ瑚(乃,c),
グ>0                         グ >0

where

場 (力, C ) =Σ  C IⅣ ,あ, c〉 a n d珂 (力, c ) =Σ C ( c ,あ,ν l .
‖ⅣI I =グ                    | lν l l =グ

Then

dim iら(力,C)=dim瑚 (λ,c)=′(グ),

where ′ (グ)iS the number Of the partitions of the integer グ . Moreover the

decompositions(1‐ 8)are alSO the weight space decompositions of the≦ rmodules

ν (力, C ) a n d  ν
†
(λ, C )宙 t l  КS p∝t  t oり. T h e  S u b s p a c e s場(乃, c ) a n d瑚 (乃, c )

bdong to the same wdght(力 +グ ,c)∈ C2=り
*.
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With respect to this grading,the vttuum expectation〈|〉is hOmogeneous in
the sense that〈"lυ〉=O unless deg“=deg υ.
For each integerグ >0,consider the′ (グ)× ′(グ)‐Square mat五 x∠ グ(乃,c)=

(И′(乃,C)r)denned by

(1‐9)

(1‐
10)

Иグ(λ, C ) F =〈 c ,λ, M IⅣ ,力, C〉 ( | lνl l = | IⅣI I =グ)・

Then the matrix Aa(h, c) is a symmetric matrix and its determinant is given by
V. G. Kac:

PnoposrtroN 1-1. (V. G. Kac [8]). For each d > 0,

グ

d e t復 グ(λ, c ) = C O n飩 .ュ

票
% ,た力(乃' C )ズ

グ~°

,

where const. means a posititse constant and

(1-11)

2  ( -  c -13 , - .  - \  l , -  - . )  ( * ? -n7 \ '
ar, ,o,(h,")  :  n \o 

*  ; ln i  
-  r )  + , (k&z- t ) )  -

Define
follows:

(r-rz)

the subspaces I(乃 ,C)and f† (λ,C)Of iイ (力,C)and ″
†
(力,C)as

I ( h ,  c ) :  { ,  =  M ( h ,  t ) ;  ( u l u )  -  Q  f o r  a n y  u  e  M f  ( h ,  c ) } ;

/ t (  h ,  t ) :  { ,  =  M t ( h ,  c ) ;  ( u l a )  -  0  f o r  a n y  u  e  M ( h ,  c ) } .

Then we get

PROPOSITION l‐ 2.Lθ ′(λ,C)∈ C2。

( 0 )∬ (乃, C )α“グf†(乃, C )α″ 乃θ″θgθ“θοt t  s " bψαεω グ ″ (λ, C )α“グν
†
(乃, C )

raψθαJυθJy.

0」 (乃,C )αだ f†(λ,C )α″ “傷 ′“αJ″ η″ ″ s"b“θ励魅 a/″ (乃,C )αだ

ν †(力,C ) r aψθε″′υθ夕.

(五)劉 りθ gγθ′Jθ“′ ψ αεω L(乃 ,C)=」 И(乃,C)/1(力,C)α “グ L†(乃,C)=

ν†(乃,C)/f†(乃,C)α″′rraあεJbルメ“θあJas。

(i五)動 θ υαε""“θ″“″′Jθ“ルε′θルω滋“″ノ

(1-13)      (|〉 :」(λ,C)×L(λ,C)→C

α“グおλθ“aga“θθ富 ″Jtt raψθα ra ttθ graJli“gL(λ,C)=Σグ>。ニグ(乃,C)α“グ
」(乃,C)=Σ′>。聴(力,C).
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(■)0″滋θ ttθ“θgθ“θθtt εθttpο“θ“お,滋θ′αJrJ“ダ

(1‐14)       (|〉 が二ち(乃,c)×Lグ(乃,c)→C

α″“θ“dege“θ“′θル″α″グ>0.

(1。2)磁 J′αriiZαbJルク.Denne the anti―C―linett anti‐automorphism of the uni―

versal enveloping algebraび(≦′)Of the Lic algebra〃 :

(1‐15)          J:び (″ )→ び(〃 )

by the forinulac:

J(θ“)=θ_“(“∈Z)狙 dJ(θ6)=θ6・

And for each(乃,C)∈ R2,denne lmti‐C‐linett isomorphism of vector spaces

(1‐16)       J:ν (乃,c)→ ν
†
(力,c)

by setting σ(ly,ヵ,C〉)=(C,乃 ,ν l fOr all ν With‖ν ll<∞ ・Then this map J

satisnes the f。1lowing relations:

(1‐17)

(1-19)

(1‐20)

0~(1乃,c〉)=〈C,力|;

o ( e u )  -  o (  u ) o ( e )  ( ,  =  U ( g ) , u  e  M ( h , t ) ) .

For each (h, c) e R t, define the hermitian pairing

( 1 - 1 8 )  {  , }  :  M ( h , t )  x  M ( h , t )  - -  C ,

by setting

{ u , r }  :  ( " (  u ) l u >  ( u ,  ,  e  M ( h ,  t ) ) .

Then by Proposition L-2, we get

PnoposrrroN 1-3. Let (h, c) e R 2.

(i) The hermitian pairing (1-18) factorizes through

{  ,  }  :  L ( h ,  t )  x  L ( t t ,  t )  - -  C ,

and this pairing is homogeneow with respect to the grading L(h , c) : E a , sL a(h , c).
($ On the homogeneow components, the pairing

t  ,  )  a i  L a ( h ,  r )  x  L a ( h ,  t )  - +  c

is nondegenerate fo, all d > 0.
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positive-definite.

PnoposrrloN
positiue-definite,
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(面)動 θ ttθttJ′Jα“′αJrJ“g(1‐19)Sα″:げes ttθルJJawJ“g″
滋′Jθ″s:

(1‐21)   {1乃,C〉,1乃,C〉}=1;

{ u ,  e - * u }  :  { r ^ r ,  u }  ;  t  u ,  e ' o u \  :  { r ' o u ,  u )

( m  G  Z ,  u ,  u  e  L ( n ,  r ) ) .

the hermitian pairing { , } on L(h, c) afe not necessarily

L-4. Let (h, c) e lR2. If the hermitian form {,} on L(h, c) ,s

then we get

h > - 0  a n d  c ) - 0 .

Proof. For each n 2 l,

n 3 - n

{ " - , l h , c ) , e - n l h , r ) }  :  { l h , c ) , e o e - , 1 h , " ) }  :  2 n h  +  y z  , .

Hence the positive-definiteness of { , } implies 2nh -t (n3 - n)c/L2 > 0 for all

n 2 l. qed'

The following assertion, easily obtained from the Kac's determinant formula
(1-10), is known to many people, for example, V. G. Kac [9].

PnoposrrroN 1-5. If h > 0 and c > 1, then the hermitian form
is positiue-definite.

Moreover by deeply using the Kac's determinant formula,

Qiu-S. Shenker [4] got the following assertion:

Иssθr″Jθ“ 1‐6。 (D.F五 ed狙
一Z.Qiu一 So Shenker[41).Let Oく ε<l and力 >0.

If thc hermtian form{,)On二 (λ,C)iS pOSit市 c―den五 te,then(乃 ,C)haS the

followlng form

狙 d 乃 =
[(J+2)′

一
(J+1)α 12_1

(1-22)c=1-
(′+1)(J+2) +( t+  1 ) ( /+  2 )

f o r s o m e  l : 1 , 2 , . . .  a n d l  <  q < p  <  / .
Their proof of this assertion is very complicated, and it seems that the detailed

proof does not appear yet. It is desirable that a simple proof of this beautiful

formula should be given.

$2. Affine Lie algebras of type Cfl). In this section, we summarize the basic

known facts about affine Lie algebras of type CIt) and their irreducible represen-

tations after V. G. Kac [10].

( , )θ″L(λ, C )

D. Friedan― Z.
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(2。1)二たαJgabκ o/″θ Cr・Lct a be the simple he algebra over C oftype q
(′==1,2,。…)e We take the following realzation ofこ:

(2‐1)

where

こ=3わ(′,C)=́{И∈gI(2′,C);ИJ+」レ1=0},

J =に
島 討

祖d脚 輸 … 江血

(2‐3)

=δjノ(1くJ' ノ<J)e Then the setÅOf

(2‐2) A :  {  t (e i  t  r ;Xr  < i  <  j  <  / ) ,  *2e, (1

歌り猟几1,現:bλ77滅 」融監=Ls‰∫ム
=2→Jυω α Jηル“α
θθおおgi iυθ“鰐

A* :  t r ,  t  e r  (1  <  r  <  j  <  / ) ,2 r , (1

For etth α∈△,denne the element Eα∈こby the following:

(i)鳥 =Eb―与+′,J+′       fOr α =偽―り (1くJ≠ノく′);

(ii)Eα=島,ノ+′+ら,j+′, E_α=島+′,ノ+辱+′,J

for α=偽+%(1く J<ノく′);

(iii)Eα=島 ,′+′, E_α =島+′,′   fOr α =2■ (1くJく′)。

Putこα=C Eα for each α∈ム,then we get the root spЖe decomposition of ι
as

(2‐4)           こ =み①Σこα.
α∈△

w」[llilllξlillt露&;:∫
f△and the half sum β E=告Σ}α∈△+α of pOsitive roOts ttre

(2‐5)    θ 〓2εl狙 d β=′εl+(′-1)ε2+… ・+助・

D)enne theこ_inva五antsymet五 c bihnear form(,)onこby

(2‐6) ́        (χ ,y)=tr(χ y)  (χ ,y∈ こ),

where tr means the tr“e as an dement of gI(2′,C)。Lct ν:う→う*be the hne霞
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isomorphsm denned by(フ(力1),力2〉=(λl,あ2)f°r乃1,λ2∈う°For α,β∈う
*

put(α,β)=(ν
~1(α
),ν
~1(β
))e Then we get

(2‐7)   (乃 J,乃ハ
=2δ′ブ,(εj,%)=告δJノ (1く J'ノく′);

″(ち)=2ら  (1くノくJ)・

ThS O‐invamttt form(,)Onり*iS nOrmalLed in the sense that(θ,θ)=2。
The dud Coxeter number g ofこis denned by

g=告 (θ,θ)+(θ,う)=1+(θ ,β).(2-8)

町l編:ま∴1比稚漫∴豚鷺蹴tomoThsmあ。d ttc he dgめraこby

(2-9)  あ。(Eα)=E_α(α∈ム)and O~。(乃J)=λ′(1くJくJ)・

Then the real subspaЮこ。=(И ∈こ;あ。(∠)=―И}iS a cOmpact real fo■..1

0fこ.

(2。2)J“ θ LJθ αJgab″arクPθ crK⊃・The nontwisted amne Lie dgebra g
associated toこ=βわ(′,C)iS denned by the following formulac amd is called of
type CD:

(2‐10)   g〓 こOC[′,″
~1]O CCO Cグ

,

Iχ(“),ノ(4)]=[χ ,ノ](“ +“ )+“ δ“+“,。(χ,ノ)C;

[グ,χ(“)]=“ χ(“),IC,χ (“)]=[c,グ ]=0  (“ ,4∈ Z),

where χ(“)=χ O″
″for χ∈0。

り];∫ 謝 =£ 鷲t鳳 群 Tふ lttattf%.‰ 椒 p難 守11
considered as a subspace of り* by Setung〈α,c〉=〈α,グ〉=O fOr α∈り

*.

Deine the dements δ ttnd α。∈り
*by

〈δ,う〉=〈δ,c〉=0,(δ ,グ〉=l and α。=δ
―θ.

The set△of roots of(g,り)iS giVen as

( 2‐1 1 )   △
= A r e∪ A i m ,

A " :  { k 6 * y ; k e Z , " f  = A } t

N - :  { k 0 ; k e  z \ { 0 } } .
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And the corresponding root spaces are given as

(2‐12) gたδ+γ=こγ③″
た
 (た ∈Z,γ∈△),

gたδ=う③′た (た∈Z＼{0})・

The set Π={α。,αl,・…,α′)」VeS a Simple root system of△,and the set△+
of corresponding positive roots is w五tten as

(2‐13) A* :  { k6 *7 ; k>  0 , yeAu  {0 } }  UA* .

Then the Lie algebra g has the triangular decomposition:

(2‐14)

Extend

following:

(2‐15)

g=■_①り①■+; ■士=Σ  gttα.
α∈Δ+

(,)On i tO the symmetric g‐ invanttt bihnett form(,)on g by the

(χ(“),ノ(4))=転+“,。(χ,ノ) (“ ,4∈Z,χ,ノ∈こ);

(C,χ(“))=(グ ,χ(“))=0;

( r ,  r )  :  (d ,  d )  :  0 ,  (c ,  d )  :  1 . .

Then (,) is nondegenerate on ! and on g, in particular we can define an
isomorphism v: \ + b * by (r-r(tt), h,) : (h, h,) for h, h, e. \.

The simple coroots oI(O < i < /) are defined by oI : 2v-r(a,)/(a;, a;). De-
fine the fundamental weight A, € b * (0 < I < /) by

〈A′,げ〉=δヴand〈A′,グ〉=0 (0く J,ノくJ).

Then wd have

(2-16) り*=り *① CAoo Cδ .

Consider the dement ρ∈り*deined by

〈ρ,αy〉=1(0くJく′)狙d〈ρ,グ〉=0,

then we get the importtIIt rda■ on:

(2‐17)          ρ =gA。+β,

where g is the dual Coxcter number of o。
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Let Q : Dt,-ola,be the root lattice of g and Put Q*: Lt,:oZ 
"sc,. 

And put

P -  t r  =  b* ; (^ , ,  " I )  
ez  (o  <  t  <  t ) )  and

p* :  { } ,  e  p ;  ( I , " I )  >  o(o *  r  q  / ) } .

The elements from P (or P*) are called integral weights (ot dominant integal

weights respectively). Then we get

(2‐18)

′

P=Σ  ZA′① Cδう2狙 d
j=o

′

P+=Σ Z>。A′O Cδ.
J = 0

The 物 ′gra`写, ″
″of(g,り)iS the subgroup of GL(り

*)generated by

〔為;0く J<′},Where the dements為∈GL(り
*)are deined by

(2‐19) rr・(λ)=λ―〈λ,αy〉α′ (λ∈り*,0くJくJ).

Let″be the subgroup of ″generated by(4;1,1=ゝtlЪ掘l、1lI:iV:;う*狙d ixes each dement of Cδ e CAOo The groupフ
c t t  b e  c a n o m c圧Ⅱy m e n d n e d宙t h  t h e  W e y l  g r o u p  o f

(2‐20) t i / :G tx { t r } ' ,

弯ImS」せ絆淵常  ′α∈“ω by tte brmula
(2-21)      ′α(λ)==λI 〈λ,C〉α

―
 ((λし,α)■告(α,α)〈λ,C〉)δ,

then wc have

t o '  t p  :  t , . +F  and  t n ' , ) :  w tow-L (α,β∈う*,W∈″).

Introduce the subgroup T of. GL(h*) defined by

J

r={′α;α∈″},Where y=Σ z2偽⊂う
*

j = 1

副 th e  W e y l  g r o u p″i s  t h e  s面白di r e C t

″ x r .

ｇ

　
　

∈

Then T is a nonnal subgrouP of W,
product of W and T:

(2-22) w:
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Finally introduce the anti-C-linear anti-automorphism o of the Lie algebra
deined by

(2‐23) 0~(χ(“))=o~。(χ)(―“) (χ ∈0,“∈Z);

あ(C )〓 c  a n d  ぁ (グ) =グ 。

(2.3) Integrable highest weight modules. In this paragraph, we discuss repre-
sentations of the affne Lie algebra g of type CIt). e left g-module Z is called a
highest weight module with highest weight A e I, *, if there exists a nonero vector
o € V, called a uacuum oector, such that

(2‐24)

and

t r+D :  0  and hu  :  (4 ,  h ) ,  (h  €  b ) ;

/ =び ( g )υ,

whereび (g)denOtes the universal envё loping algebra of g.Then/has the

weight space de∞ mposition:

ア=Σ 4,
λ∈り*

where 4=(υ ∈4カυ=〈λ,力〉υ(力∈り)).Let P(7)denOte the set of weights
Of tt then we have

(2‐25) P(7)={λ ∈り*;dim 4≠0}⊂A-2+.

The formal character of a highest weight module V is defined by

(2o26) chv:  I  d imV\e\ .
I€P( ' / )

A highest weight g-module Z is called integrable, if any element of go acts
locally nilpotently on V for each c e Are. This definition of the integrability
seems a little sstronger than the one given in V. G. KaCs book [10], but ttrese two
definitions are indeed equivalent with each other since every real root is a
W-cnnjagats of a simple root.

For each A e b*, there exists an irreducible highest weight g-modules I(A)
with highest weight A, unique up to isomorphisms. We fix a vacuum vector
un e L(A). By a result of V. G. Kac [1.0], the highest weight module Z(A) is
integrable, if and only if A e P*. Furthermore, any integrable highest weight
module is isomorphic to r(A) for some A e P*. Hence the module .L(A) with
A e P* may be called integrable highest weight module with highest weight A.
For A € P*, & : (4, c) is a non-negative integer and is called the leael of It.

The following assertion due to H. Garland [5] is very important for our work.
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PnoposrrroN 2-1. For each A e P* with (It, d) e R, there exists tmiquely a
positiue-definite hermitian Iorn {,\ on L(It) with the Iollov,ing properties:

{ u 1 ,  u n }  :  1  a n d  { u ,  a u }  :  { a ( a ) u , a \  ( u , a  e  z ( A ) ,  a  e  8 ) '

Remark that we take the hermitian form {, } as anti-C-linear in the first

argument.
The character of the integrable highest weight module Z(A) was determined
by V.G.K霞 (sec[101)aS fOnows:

PROPOSITION 2‐ 2。 .Lθ″A∈ P+.

Ｗ
θ″ｅｄΣ

ψＷ

／

／

／

＋Ａ″
θ

“
　

中

動
　
　
ｄｅ(2‐27)

and

(2‐28)     Σ
″∈ ″

(2‐29)

(2.4) Casimir operator. In this paragraph after v. G. Kac [1.0], we introduce
the Casimir opetator O for the affine Lie algebra o of type Cfl).

For each c € A*, choose a basis {u'o, . . . ,uf ;" \  of  g '  and let  {41-o, . . . ,u!"o\
be its dual basis of g-" with respect to (, ). And choose dual bases {oto. . ., ut*z}

a n d  { u 1 , . . . , u t + 2 \  o f .  \ .
Define the Casimir operator Q bY

働L(A)=Σ
″∈ ″

d e t (″) ` W (ρ
) =θρ
 Π ( 1 -θ

~α
)″
“′′(α)

α∈△+

′                 ご α

Ω=2フ~1(ρ)+Σ 崎ノ+2Σ  Σ“lα"1・
ノ=1 d € A +  j - L

Then the Casimr operator Ω  does not depend on the choice of dual baseso And

the operator Ω  cal ttt on any highest weight gomodule.

PROPOSITION 2‐ 4。(V.Go KAC[101).レ ′/bθ  α highω″″θlign′g‐“θグ"ル ″J滋

λ′ノω″Wθ̀ノ″λ∈り
*,滋θ“鰐α″ηθκわrθ“/″θ力αυθ

Ω=( (λ,λ) + 2 (λ ,ρ) )ガ/・

§3。Consm■on of unitaw represent面ons

延  蜃盤 聾1職獅脳菫∫菫』耳
Let a be the simple Lie dgebra of type Cr,and let g be the』風ne Lie dgebra of

type CrCD・
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For each χ∈こ,deine the formal Laurent sc五es受(z)by

(3-1)        受 (Z)=Σ χ(“)z~“
~1。

″∈Z

Deine the″θ″“α′θrder′資M″ε′of elements from e=こoc[′,″
~1]by

甲  べ  中

織t漱焦編  itAfaF瞥
農
er‖
留数tり′議

Consider the fOrnlal Laurent se五es of operators dcIIned by

(3‐3)

I

s(r ) :  I  Za,( r ) f r iG) :  + I  Za"G)f r , ( r )Z
j : L  a e A

:  I  S ( * )  z - ^ -2 .
z

Then its coefficients are written as

I

(3-4)  s ( * ) :  I  I  i " i ( - r )u , ( r *m) l+ I  I
j : L  r e Z  a e L ,  r e t

Z u" ( -  r )u , ( r  *  * )  :

T h e s e  o p e r a t o r s  S (“)' s  t t e  i n d e p e n d e n t  f r o m  t h e  c h o i c e  o f  e l e m e n t s "α,%祖 d

“ノ
's.By the deinidon of the nomLJ Order products: :,the operators S(“

)
c t t  a c t  t t y  h J e s t  w e l g h t  g―mo d u l e e
These operators S(“ )werC htroduced ttstly by Ge Segal,and血 由 f01lowhg

p r o p e r d e s  t t e  p r o v e d  h  V . G . K霞劉nd  D . H . P c t e r s o n [ 1 1 ]。

PROPOSITION 3‐ 1. ル ′χ ∈ こα“グ“ ,“ ∈ Z.Z膿 刑

IS(“ ),受(z)]

[ S (  m ) ,  * ( " ) l :  - 2 ( g  +  c ) n x ( *  +  n ) .

PnoposrrroN 3-2. I*t ffi, fl e Z. Then

[s (  m) ,  s (n ) l  :  2 (m -  
" ) (g  

*  r ) s (  m  +  n )

dim &
* 

n 
(* t  -  m)d-  +n,o4(g + c)c.

Ｚ
＾
χ

１＋“＋
グ

一ル
Ｚ

“Ｚε＋ｇ
２
〓
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By Proposition 2-4 and (3-4), easily we get

PnoposITIoN 3-3.

S ( 0 )〓 Ω-2(g + c )グ ・

Now define the oPerators

1(3-s) r(^): f f is(r) 
(*ez); r '(o):

Then by Proposition 3-2, the operators T(m)(m e Z) and

following commutation relations:

1027

dimこ
一―一――ε

g + c

r′(o)satisfy the

(3-6) 口  H 弧 潜 →+準

[r(“ ),7′(0)]=0  (“ ,“∈ Z).

Consider〔 m integrあ le hghest wdght g‐ module L(A)Ⅵ 注th A∈ P+乏 nd

〈A,グ〉∈Ro Letた=(A,c〉be the level of A.

PROPOSITION 3-4.И s qフθ″α″θrS θ″ L(A),

0  70=露 た″o
(五)   {",7(―“)υ}={r(“)“,υ} (“ ∈Z,",υ∈L(A))。

PrOイ  The statement(D is de額 ,since c=た liJL(A)On二 (A).

(五)Put"α =(E″ E_1)f°
r帥山α∈ム'then“α∈gα ttd("α ,"_α)=1

hvttant bihett fo■ .ニュ(,)iS pOSidК
‐

;二:1範(lμ厳1管J零,税話稚
(“) ) =“J(―“)( 1 < J < J ) f O r  a n“ ∈

y w e  g e t  t h _ a t  o ~ ( S (“) ) = S (― “), h e n c e

緊智注F∴潔ず貯1lf:表1編S子:I'二踏I,月.g ttd tt υ
∈L脳:

Ю∫
・
2s鮒鮮〔紹1  轟窮i・

α“η熔“滋ガm LctムdenOte瞥
12.1),狙 d decOmpose the root system Δ
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as△=△1

(3o7)

Deine the

(3‐8)

A.TSUCHIYA AND Y.KANIE

∪△2∪△⊥,Where

△1={±2εl};

△2={±2ぅ0くバ′),士(偽土→0くJ<ノく′)};

ム上〓{土(■土→0くバめ}・

subspaces うl and ぅ20f う by

う1=C力1祖 d う2= Cカプ.
′
Ｔん
だ

And deine the subspaces il and i2 0f a by

(3‐9)  11〓 う10Σ こα and i2=う20Σ こα0
α∈△l                α ∈△2

C i蝋    ぎ   I盟1鼻驚轟1奮dttle:翼潔紺主d tte decomp面■ons o‐動JVe tte rO∝

ぶ寵話='ll:∫ 嗽 J£鯖x二:蹴黒f群乱士
as

(3‐10) i r : r '  a n d  i z : U -  1 ) e 2 + . . .  * t , ;

0L : 2et and 0z : Ztr.

The restriction (, ) to i, x i, giues a i,-i1ya6-t symmetric bilinear form on l,
(i : l,?), qod iq normalized in the sense that (0,,0,) : 2 (i : L,2').

Put i : i, + ir, and define the subspaces t1, i2 ana t of g as follows:

t l = 1 l  o  c [′,′
~1 1 0  C C O  Cグ

;

t 2〓 12° C[′,′
~1 ]①
 C c O  Cグ ,

and

t : i oO [ r , r - 1 ]  eCceCd .

Then these spaces tr, t, and t are Lie subalgebras of g, and are invariant under
the anti-C-linear involution cu. Since i, and i, are orthogonal with respect to (, )

(3‐11)
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and [tl, l,] : 0, we get

(3-L2) [ i ,  e c[r ,  { t l , I ro c[ t ,  t - t ] l  :  o.

From the afrne Lie algebra t, (i : 1 or 2) of type CID (p: 1 or / - 1
respectively), we define the operators T,(m) (m e 7) and t'(0) just analogously
as T(m) (m e Z) and I'(0) from g. Then we have

PnoposrtroN 3-5. (P. Goddard-A. Kent-D. Olive [6]). For all m, n € V,

(i)

(五)

[Tl(“),■(4)]=0;

[r(“)一 写(“),写(4)]=0  (J=1,2).

proof. The statement (i) is clear from the commutativity (3-L2). Now we

prove (ii). Fix , (, :1,2\. From Proposition 3-1, we get

I r (* ' ) , ' (k) l  :  -kx(m + k) and l r , (*) , ' (k) ]  :  -kx(m + k)

for x e i, and m, k e Z, hence

l r (*)  r , (*) ,  "(L) l  
:  o.

This implies (ii), since T,(n)'s are constructed from x(kXx = i,, k e' Z).

Now define the operators

(3‐13) ■L(μう=T(“)一Tl(“)一■(“) (“ ∈Z);

・0=1讐―‖T計IQ
where gJ is the dual Coxeter number of i′ (J=1,2),狙 d in Our case,gl=2 and

g2=′ °Then by(3‐ 6)and PrOposition 3‐ 5,casily we get

PROPOSITION 3‐ 6。 (Po Goddard一 Ao Kent― D.01市 e[6]).Fθ
r α〃 “ ,4∈ Z,

L  “ “切 +準

IT.(“),■(0)]=00

Furthermore by the constnlction of 71(“ ),WC have

PROPOSITION 3‐ 7。 Lθ ′χ ∈ fα “グ“ ,4∈ Z.動 θ“

q.eod.

I T . (″),χ(4) ] = O  α“グ [町(0) ,χ(4) ] = 0 0
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And by the same way as in the proof of Proposition 3-4, we get

PnoposnroN 3-8. For all m e Z and i: L,2,

a(r, (m)):  r , ( -m) and o(rJm)) :  T,(-*) .

(3.3) t-singular aectors. Now take a dominant integral weight A e P* with
k: (It, c) > 0 and (A, d) € R. Then the integrable highsst weight g-module
Z(A) has a left l4module structure by defining

(3-r4)

(:-rs)

7(θ“)=1■ (“)(“∈Z)狙 d π(θ6)==丘 (0).

By Proposition 3-8, the %module ( L(L), n) is unitary in the sense that

{ u ,  n ( e  - ^ ) r }  :  {  r (  e ^ ) u ,  u }  a n d  { u ,  n ( e ' J ,  }  :  {  r (  e ' J u ,  u }

for all m € Z- and u, u e L(A).
Since c : kid L,') on Z(A), we get

" (e ' ) :  
r j  (o)  -  c( t ,k) idr<n, ,

where

I  z t2+ t
: ( l , k ) : l l . r . r

\

In particular, for k : 1 we have

3 2 ( t -  r ) '+  ( t -
2+k  l +k レ・

c ( l , L )  :  1 ( t+  lX /  +z) '

Olive pointed out that these central chargesNote that P. Goddard-A. Kent-D.
appear in this coset representation.

Set n*(t) :  tr+ o t,  thenwehave t :  n_(t) o b o n*(t).
Now introduce the subspace 9(It; t) of. t-singuhr aectors in I,(A) defined by

(3-16) s (A ;  t )  :  { u  =  z (A ) ;  n * (  t ) u :  0 } .

By Proposition 3-7, this subspace Sr(L; t) of Z(A) is invariant under the actions
of. 9. b the space 9(L; t) has a left gmodule structure which is unitary with
respect to the positive-definite hermitian form {, } restricted to g(tt; t).

Since [!, n*(t)] c n*(t), the space g(lt; t) is also !-invariant and has the
weight space decomposition with respect to !:

(3-r7\ e(It; t) : I v^(It; t) : I e^(It; t),
le6r  l 'eP(A; t )

where P(A; t) denotes the set of weights of 9(It; t).
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Lct π:り*→う*denote the orthogonal pr●ectiOn with respect to(,).And put
F ( A ; t ) = ( 7 (λ ) ;λ∈ P ( A ; t ) }⊂ う

* O  F o r  e a c h  λ∈ F ( A ; t ) , s e t

v (L ;  t , l )  : 29x (A ;  t ) ,
(3‐18)

where the sum ranges over{λ∈P(A;t);π(λ)=λ)・Then

ノ(A;t,1)={“∈ノ(A;t);力"=(1,あ〉"fOr乃∈う},

and the subspacesご ジ
'(A;t,λ

)iS invanant under the action of y,since

lみ,■(“)]=[ら,■(0)]=0 (“∈Z)・

"2∵・鴇)°あ三資lザ≦宅
…キ【:lblludbasesofう

such that"μl∈うl and
Proposition 3‐ 3 and the fact that

■+(t)ノ (A;t)=0,We get

PROPOSITION 3‐ 9。 乃 rA∈ P+,′ "″た=(A,c〉 。動 θκ

O 鰐 α“″θ″′θr θ“ノ(A;t)

Ω

・ (0)=2(J+1+た
)~グ
~

(iりDθεθИυ″θλ∈F(A;t)″ ス
=11

θ“″ (A;t,λ),

(A,A)+2(ρ ,A)

"1(0)“1(0)+2フ
~1(β
l)

2 ( 2 +た )

γノ(0)“ノ(0)+2ν
~1(β
2)

2 (′+た )    ・

+λ2∈うr°う夕,滋θ“″α4ηθκ′θr

(11,ス1)+2(βl,11)
2 ( 2 +た )

(12,12)+2(β 2

′
Σ
μ

r上(0)= 1z ( t+  1  +k )

2 (′+た )

This proposition shows that the operator 71(0)Onご 7(A

―グ。

up to a constant.

(3.4\ Branching law. In this paragraph, we show that the subspace g(Iv; t)

of the g-module Z(A) describes the branching law of Z(A) as a t-module.

―

　

　

＞

、
ガ
一　
　
　
一λ

一λ

一
　

　

　

ｔ
，
is equal to―グ
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At first, define the subset P*(t) of P - z-Lg o D'r:rzrj o cE by

( ru )  P* ( t )  :  { ^ :  k ;o  +
\

n j e j * a E ; k 2 \ > 0 a n d

k  2  n r . ) -  r l 3 ) -  " '  ,  n , ,  O \ ., ]

Elements from P*(t) are called dominant t-integral weights.
By the same way as in the case of g-modules, we can define a highest weight

t-module with highest weight tr e g * due to the triangular decomposition
t - n - ( t ) @ b e n * ( t ) .

The Lie algebra t has the root space decomposition t : b o EceA(t)t" with
respect to the maximal abelian subalgebra b. Then the set A(t) of rootd 6r (t, I1)
is given by

(3-20) A ( t )  :  { a  €  A t  0 o  c  t } ,

and to : go for a e A(t). Then define the set A*(!) of real roots of A(t) as
A*( t ) :A*nA( t ) .

The highest weight t-module z is catled integrable, if for each c e A'"(t) any
element a e to operates locally nilpotently on z. For each tr e I1*, there exists
an irreducible highest weight t-module z(t, l,) with highest weight tr, unique up
to isomorphisms. By the same method as for g-modules, it can be shown tlat tne
highest weight t-module Z(t, l,) with highest weight tr e b * is integrable, if and
only if l, e P*(t), and that any integrable highssl weight lmodule ii isomorphic
to l(f , tr) for some tr e P*(t).

The integrable highest weight t-module z(t, l,) can be constructed as follows.
Write tr e P*(t) as tr : /cAo + Ej:f i"i * a6, and put

t r1  :  f tAo  *  n rer *  aD and t rz :  f tAo  *  n rer *  . . .  *np1,

then trt and trr are dominant integral weights of t, and t, respectively. Let
Z(t,,l,,) be the integrable highest weight t,-module with highest weight 1,,
(i: 1,2). Define the t-module Z(f,l,) by

(3-2r) L ( t ,  I )  -  L ( t r ,  I r )  @ c  L ( t r ,  r r )

with the following t-action:

(3-22) x r (  m ) ( u ,  a  u )  :  x ! ( * ) u r  8  u r ;

x z ( m ) ( r r @  u r ) :  u L @  x z ( * ) r r ;

c ( u ,  A  u ) :  k u r @  u z )

d ( u , @  u ) :  d u r S  u z *  u r  I  d u 2 ,

ノ
▼ん
戸
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for x, e 1,, u, e Z(t,, tr,), i : L,2 and m e Z. Then it can be shown that the left
t-module Z(t,l,) is the integrable highest weight t-module with highest weight
L e P*(t) .

Now we can apply the complete reducibility theorem of V. G. Kac and D. H.
Peterson (p.1] Propositton2.9), since A*(t) c A'". Hence we get

PnopoSruoN 3-10. Take an element A e P*. Then the integrable highest
weight g-module.L(A) is, as a !-module, uniquely decomposed into a direct sum of
integrable highest weight t-modules.

Note that for each tr e P*(t)

{u  e  L ( t , I ) ;  n * ( t )u  :  o }  :  cu r ,

where u1 is a vacuum vector of. L(t,I). Fix a vacuum vector u1 of Z(t; tr) for
each tr e P*(t) in the following. Then by Proposition 3-7, we get

PnoposrrroN 3-1,1. Let It e P *. Then
(1) P(f ,  A) c P*(t) .
(n) Define the linear map

(3-23) o :  E  L( t ,  t r )  @a ex(A;  t )  +  L (A)
t reP(A;  t )

by the formula

o ( ( a u ^ )  @  u ) :  o u

for ae (I(t), ueg^(It;t) and u'ris thefixed uacuum uector of L(t,)t'). And
introduce a t-module structure in El.r(a;tyZ(t, l') o"9^(It; t) by

a ( a  I  u ) :  o o  @ ,  ( a e t , u e g ^ ( h ; t )  a n d u  e  I ( f  , I ) ) .

Then this linear map O is an isomorphism as t-modules and commutes with
Segal operators T(m),Tr(m),Tt(n) for any m e Z.

(3.5) Unitarity of Virasoro modules. Now we restrict ourselves to the level L
case. Let A e P+ be a dominant integral weight with (4, c) : 1 and (4, d) : 0,
then A is one of the following / + 1 elements:

A o ,  A 1  :  A o  +  t 1 1 . . . !  A l :  A o  +  e t  +  "  '  * e t -

Now recall the facts on weights:

P (A ; ;  t )  c  P* ( t )  n  P ( l r ) ,  p (A ; )  .  A ;  -  e * ,
I

Q * :  I  z  > o a j )
j : 0

α。
=δ -2ε

l,  α l=εl― ε2,・…,  α ′_1=ε ′-1~ε ′,  α ′
=2ε
′.



1034 A. TSUCHIYA AND Y. KANIE

Then easily we get

PnoposrrroN 3-12. For each j with 0 < / < l,

与→⊂卜竹+iCz・・l―…″∈乙0

0<s< / - I , a2

与→⊂←+二中が∈乙09く 。一L

The m五 n theorems of our paper are the followlng:

THEQREM 3‐ 13。 Far aα働 ノ″J滋 0く ノ く ′,

(DP(Aノ;t)={rεl+Σ;=lε′+1;r,s∈Z,0く″く1,0くsく′-1,″+∫≡
ノ(mOd 2)}.

ノ出,箸(f:″ぉ1:甥λ万″L就鷺Lあ観競1社ε傷滋彰傷維
お′Jε

(3‐24)

ε = 1 - a n d  h :
(′+1)(J+2) 4( t+  t ) ( r+  z )

We宙 1l prove this theorem in the next scction(4.4)。From Theorem 3‐ 13,casily
we get

T H E O R E M  3‐1 4。 F a r  θαε乃′,P , 9∈ Z″ J滋′>lα “グ1く gく ′く′,滋θ i r r e―
あεJbルメ“θカルL(乃(ち′,α), C (′) )あ鰐 αS′r"ε″"″げ α"“J″αッ 〃“θ励た,″乃θ″

(3‐25)

α″グ

C(′) = 1 -
(J+1)(′ +2)

[(J+2)′
―
(J+1)ク 12_1

い「ズm→・

r+S≡ノ(mOd 2)}。

力(′;′, 9 ) = +( t+  lX /  +2)
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Proof. In the case where I 2 2, this is an immediate consequence of Theorem
3-1,3. Let / :1,  then c(1):0 and h(I ;1,1):0. I t  is known that Z(0,0) is
nothing but the trl;vial 9-module O, hence Z(0,0) has a unitary 9module
structure.

§4.Branching law of L(A)woret.(C∫
1),Cll)+可Pl)

( 4。1 )動 `たル4αJθ“S・ In [ 1 1 ] , V・G e  K a c  a n d  D . H o  P e t e r s o n  h aⅣe  s h o w n  t h a t

the chttacter of L(A)is expressed as a quotient of altemating sums of classical

theta functions。

Introduce coordinates(τ,"1,…・,“J9″)inりby

(4‐1)         λ =2π√
=11-τグ+二 "ノ乃ノ+″ε

)(≡
り,

and identifyりwith C′+2={(7,",″))O COnsider the dolm減n yinり denned by

y={乃 ∈り;Re〈δ,あ〉>0),then y is w五tten as

y=4× C′×C;  4={τ ∈C;Im τ>0}。

W五te γ∈Σ;_lR%as γ
=Σ
;=12乃%,then we get

′               J

(γ,γ)=lγ12=2Σザ and〈γ,"〉=2Σ乃%,
ノ=1                 ノ

=1

薦1塞 ヂ|メ  討携ザ詢 t We den“

1035

qed。

(4‐2)

where {*) : exp(2r,H *). Note that M:t}i:rZ2e. Then the theta function
@n,p(r, z) is exPressed as

′

%,た(7,")=二牝,2た(7,り,

件→  中 J=F夏メ:‐綺4
f o r″∈ Z,た ∈ 2Z >。 祖d( 7 ,υ)∈ / 1× C O

”γた＋γγた
Ｔ
　
一
（
Ｚ

ｅ

ノ
Σ
辮∈

〓”τ％

(4‐3)
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the following alternating sum of theta functions:

Иμた(Ъ→=ル■d中)°ズの計(Ъ→

Z >。. L c t  λ= (たA。+λ +αδ)∈ P+宙 t hた > 1 , t h e n  b y

of二 (A)

l l  + Fl '  lp l '
. T ^  :  *  a ."A  z (k  +  g )  29

1036

Also introduce

(4‐5)

f o r  p e F  a n d  k e
(2-20,2L) we get

↓
　
　
　
　
　
　
　
〆
　
　
確
　
　
　
　
　
　
。ρ・
ｖｅ

メ
　　　　　一　物　　ａ
　
　
　
　
＞

ヽ

αｌ

ノ

　

　

　

　

　

一

　

ｈｅ

＋

　

　

　

　

　

　

θ

　

　

ｔ

ｒ
Ｆ
　
　
ケ　』

ψ　　　　　　　　　　鰤

″
　

ｒｂ

　
　
　
　
　
〓

〓
Ａ
　
　
　
　
　
ｃｔｉ

ｖｅ
　
　
　
　
　
Ａ

Ｍ。ｒｅ。
的

Ｆ。ｒｂｙ
Ｏ
　
職
０

(4-9)

Moreover the denominator identity (2-28) can be rewritten as (see M. Jimbo-T.
Miwa [7] (2)-6"):

(4‐10)

′

∠β,g ( 7 ,“) =η ( 7 )′
( 1 ~′)Π
θ(7 , 2 " J )

′= 1

× Π  θ(7,"J+りθ(7,"′
―
%),

1く'<ノくノ

where η(7)iS the Dedehnd's eta function denned by

(4‐11)    η (7)=91/24「I(1_9″);  σ=e[T],
″>1
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and

(4‐12)

fOr(7,υ)∈ 4× CO

(4。2)の 新'cJθ“おげ b″“働J″gル ″.Now we restrict ourselves to the level l

caseo Ttte a dolmn劉■integral wdght Aノ=A。 +εl+・…+句(0くブく′),then

１

一
２
＋“＋τ

１

一
２
＋κ

１

一
２

ｅ
一Σ
直
〓τ

θ

(4-13) 働ЦAp(力)=el―Sげ+′lχ;(7,")

as a funct ion of.  h: (  r ,u, t)  € Y, where XIi(r ,u) -  X'r ,)(r ,u) and

By Propositions 3‐1l and 3‐12,we get

PROPOSITION 4‐ 2.

1 ′ -1

(4-15) L(Aノ)=ΣΣ Σ  L(t,λ)Θる(Aノ;t)'
″=OS=077(λ )=λ(″,S)

α“グ ′気(Aノ;t)=0 "“ less π(λ)=λ (r,S)=rε l+Σ ;=lεJ+l α“グ

(mod2)。

( 4 - 1 4 )

r + , s = = _ j

Since tl and t2 are also the affine Lie
respectively, so we can define analogous
Cartan subalgebras bt of t1 and hz of tz

b t :  { ( "  ,  u ,  t )  €  b ;  u ,  -  0 }  a n d

where u : (ur, u') and ut -- (uz,. . . , uI).
For r : 0, 1 and s(0 < s < / - 1), set

algebras of same type Cr(tl and CPt
objects in the paragraph above" The
are imbedded in h as

h z :  { ( "  ,  u ,  t )  G  b ;  q :  0 } ,

(4-16)  t r l  :  Ao *  reLe P*( t r )  and 12, :  Ao *  I  t , * , .  e  P*( t r ) .

Then the characters of L(tr, trt,) and L(t.r,t ) are given as

chr ( r r ,  I , , ) (  r ,uL , t )  -  e l  - t xJ  +  t ]x i ( r , r r ) ;

chz ( t r . , r ? l (  r , u ' , t ) :  e [  - s1 r r  *  , 1X1- t (  r , u ' ) ,
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where Xt, *d 1l-1 denote il1s a6malized characters of Z(tr, f1") and L(lz,X2,)
respectively, and

( J _ s ) 2

4 ( J + 1 )・

r     l 4J-1
S導=万 ~面

 and s《
=  24  ~

L c t  λ= A。 +λ (″, S )一αδ∈P+ ( t ) , t h e n

L(t,λ)=L(tl,碑―αδ)Oc L(t2,4),

hence by the dennition(3‐ 22)of t‐aCttOn,we get

働 L(t,λ)(乃)=C[― ″]働L(11,導_αδ)(7,"1,″)磁L(t2,ス)(T,"′,″).

For each intreger r,s,ノ(r=o,1,0くSくJ-1,0くノくJ),Set

(4‐17) E( j )  r ,  s ;  r ) :  I  e l a r l d im  %no+ t1 r , s ) - c6 (A r ;  t )

(note E(j; r, s)r) : o unler, ;; ,  :  j(mod z)),and

(4-18)

where

θ(ノ;r,s;τ)=els(ノ;r,s)τIE(プ;r,s;7),

S(ノ ;r,s)=SAJ.~S導
~S鳩 ・

Then by Proposition 4‐ 2,we get

PROPOSITION 4‐ 3。

1  l - L

x' i ( r ,  u) --  I  I  e( i ;  r ,  s,  r )xt , (r ,  ur)x i- t ("  ,  u ' ) .
r : 0  s : 0

get

ITroN 4-4. (i) e(j; r, si r) : 0 unless r * r :7 (mod2).
* s = j (mod2), then

t ( l  +  2) (s  + 1)  ( /  +  lX, r  +  1) ) '
4(′+1)(′ +2)

=Σ el{(′+1)(′+2)42+((′+2)(s+1)一(′+1)(プ+1))“}TI
″∈Z

一el(ノ+1)(S+1)τ]Σ el{(′+1)(′+2)“2
″∈Z

+〔J+幼い 1)+(′+⇒(プ+⇒)“}TI・

The proof of ths proposition will be glven in the paragraph(4。 5).

け
　
（（／一、（
‐ 位 電 →
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Remark 4-5. This proposition allows us to represent e(j; r, s; t\ by theta
constants as

q (r) 
" 

( j ; r, s ; r ) : 811+ zys+ 11 -(,+ lxj+ 1),4,* r11r* ry ( ", 
0)

- 0(l*rx"*t)*(r+lxi+1),2(r+1111* ry ( ",0) 
'

(4.3) Character formula for the Virasoro algebra. F. L. Feigin-D. B. Fuks [3]
determined the composition series for Verma modules of the Virasoro algebra 9.

So we can write down the character formulae for the irreducible l?modules
L(h, c) for all (h, c) e. O2. Here we give it in a suitable case for our work'

Now we are interested in the case

c - c ( l ) : 1 and
( t +  1 ) ( / +  2 )

h : h ( l ; p , q ) :
{′(J+1)一α(′+2)}2_1

+( t+  lX /  +2)  )

I + 2, 0 < q < I + 1). For an integerfor integers l, p, q(l > 2, 0 < p
put

乃(J ;′, 9 , 4 ) =
{ p ( t  +  1 )  -  q ( t  +  z )  *  n ( l  +  lX /  +  2 ) } '  -  1

4 ( t+  1 ) ( / +  2 )

then h(l; p, q) : h(l; p, q,0).
Here we fix I > 2 and use abbreviation

L ( p ,  q ,  n )  :  t ( h ( t i  p , Q ,  n ) ,  c ( l \ ) ;  M ( p ,  q ,  n )  :  u ( n ( t i  p ,  Q , n ) ,  c ( l ) ) ,

f o r  i n t e g e r s  p , Q , f l  ( n > - 0 , 0 < p < l + 2 , 0 < q < l + 1 ' ) .  S e t  F : l + 2 - p
and Q :  I  + |  -  e, then0 <t < I  + 2,0 < 4 < I  + l ) .

Bf F. L. Feigin-D. B. Fuks [3], we get the resolution for the lPmodule
L(h( l ;  p,  q),  c( l )) :

“>0 ,

0-Цぁらの一Щあらの
ス x 区 ←

Ix i   :li XI

話1占;[キヽイl響ぶtJ,場乱黒1ま1'と」耀1:ツ『脂!猛
by the resolution above,we get
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PROPOSITION

ε=θ (′)α“グ乃

脚
　
卿陶
　
卜計祐

Ａ
・

滅

Ｊ

　

　

一岬

脚　
卿物

′“″

ｃＨ‐
　
Ｌ
‐

Σ
蔵

YA AND Y.KANIE

P , 9 (′ > 1 , 0く ′く J + 1 , 0く gく ′) ,

θ[″{′(′+1)一ク(′+2)}+″
2(′+1)(′+2)]μ

・“

ヽ
力
　
　
〆

　

一
θ

ち

　

三

＜

４

〓

Π
ｄ

，６．
バ
　
　
一口
び

Far

′,9

力μ+cμ

ch r1tr, ,1
1 -

(4.4) Proof of Theorem 3-13. By Proposition 3-9(ii), we get

―θ卿
二
θレレα+り+″+場+′C+W+劉

1.

(4-1e)

(  t 2+3 t -4  \
r , ( 0 ) :  { r ( r ; r , . " \ . . r -  

-  
|  

-  a  on f ( I t , ;  t , l ( r , s ) ) .
\  " '  24 ( t+DQ+2) t

Thus T, (0) acts on each summand of (415) as - d up to a constant. Recall that
7j (0) acts on the whole Z(Ar) as c(/,l)rd (see (3-15)). Hence we can identify
et' : 4rl and neglect the term e"y'. Denote by ch(j; r, s; r) the character of the
9module ,?(L j; t, tr(r, s)) as a function of r, tlen by (4-L7,19), we get

I t  1  1  \  Ich(i ;  r ,s;  r)  :  'Lt ' t ; '  r ,  s) + u 
-  

4(t  + DO A), lut t ,  
r ,  s;  r) .

Then by Proposition 4.4,we get

一   け 去1向け バ→

″∈Z

―e[(ノ+1)(S+1)τ]Σ el{(J+1)(′+2)42
″∈Z

+α′+幼 い ⇒+(J+⇒ (ノ+lll“}J。

Hence by Proposition 4。6, c乃(ノ;r,s;7)coinCides 宙th the character of the
irreducible」解module L(λ(J;ブ+1,S+1),C(J)).Thus we get Theorem 3‐13 by
PrOposition 4‐2.

(4。5)P“げげPrηωJ″Jθ″イイ*.Here we use the fol10wing complementary

decomposition formula for(CrCl),Cll)+C晟 )g市 en by M.Jimbo― T.Miwa[7,

*C)alculations in this paragraph〔re due to Profo Mo Jilnbo.
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(4‐20)
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I

q ( r ) - ' '  f l  a  ( r , r ,  -  
" t ) e ( r ,  

u i  -  
" I )i : 1

: L, det dx'nr(r, u) xt+( r , ut),
6  e @  1 a 1

η(7)~νΠθ(7,特+"†)θ(7,特
―“†)

′=1

′

=Σ (-1)′づχ;(7,“)χ♭略+c_ハ式(7,"†).
ブ=0

1041

"†)Σ(-1)′
~1~Sχ
:~1(7,"′)

S = 0

where the sum Σ′extends over σ∈C′+l such that σ(1)< …
・ <σ (′),狙d if

σ(J+1)=ブ +1(0く ノくJ),then

Aσ =Aブ and Aち=′襲 )+(′
―
Jilεl〓凡 +(J一 JibAL

Note that“†,Al,εI額 e the corresponding notions for Cll)。Hence

(4‐21)

By substituting′ → ′-l in(4‐ 21),we get

′

Σ(_1)ト
ノχ;(T,露)χ九+α―ハ式(7,γ

†)
ノ= 0

=η(7)~2θ(Ъ"1+メ )θ(Ъ“1-

χ:Aお+(′-1-s)At(―,"†).

Then by Proposition 4-3 and the linear independence of normalized characters

x|-t (o < s < / - 1) of c,t1)', we get

(4-22)

I T

I I G t)' 
- t, ( j ; r, s ; r\ yL,(r, u1\ yrilyto + 1r - i1 r1(r, ut )

"t-0 r:0

:  (  -  r) ' - t  
- '  

q(r)- '  0 (r ,  u,  + ut)  0 (r ,  nr -  ur )  x l" , r t ,*1r-r  -"yrr1 (  r ,  zt  ) .

In the following, we use the notation

χた,ノ(7,“)=χ,。+(た一ブ)Al(7,")    (0くノくた)



for the normahzed character of the levdたirreducible representation L(JMLO+

(た一ノ)Al)of Cll),then by(4‐6,10),χた,ノ(7,")iS mOre exphdtly Jven as

t4‐231私 ルa=

in particular

( 4‐2 4 )   χ l ,″( 7 ,α)θ( 7 , 2“) = 0 2 - r , 6 ( 7 ,“) - 0 2 -″, 6 ( T , ~ " )

f o r  r = 0 , 1。

In these notations,(4‐22)is reW五tten as

′  1

ΣΣ(_1)ノ
+S+lθ
(ノ;r,s;T)χl,1_r(T,")χ′,ノ(7'υ)

ノ=Or=0

=η
( 7 ) - 2θ( T , " +υ )θ(τ, "― υ)χ′_1 , s ( 7 ,υ) ,

hence by(4‐ 24)

(4‐25)

′  1

ΣΣ(-1)ブ
+S+lθ
(ノ;r,S;7)χ′,ノ(7,υ){01+r,6(7,")-01+″,6(7,~“)}

ノ=0″ =0

=η
( 7 ) ~ 2θ( 7 , 2 " )θ( 7 ,γ+υ )θ( 7 , "― υ)χ′_1 , s ( 7 ,υ) .

N o w  w e  c o m p a r e  t h e  c o e m c i e n t s  o f  e [ " ]劉■de [ 2 " l i n  t h e  a b O v e  e q u a h t y ( 4‐2 5 ) .

At first note the expansion:

0 ( r , 2 u ) 0 ( r , u  *  u ) 0 ( r , u  -

1042

and the

(4‐26)
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|“＋
１

一
２

＋た

τ

一
（∠

ｅ
封

　

「

＋

１

一
２
＋

( 4 +

= Σ (-1)た
+“+“

た,“,″

Euler's identity

+(2k  +  m *  n  +  2 )u  +  (m

Π(1-グ)
″>1

=Σ (-1)たク(3た
2+た)/2

た∈Z
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Then the equality for the coefficients of e[ uI in (a-25) is

I I r I

I  ( -1 ) . , r * s * t r ( , r ; 0 ,  r t  r ) x , ,  j ( r , u )eL ,  . |j : o

1043

=η(7)~2χ′_1,s(7,υ)Σ(-1)た
+1

た,“

×Σ
“∈Z

χ′_1,s(7,υ)01,2(7,υ)・

e (  j ; 0 ,  s ;

=η (7)~101,2(7,

Comp are the coefficients of e[(/ - i + 1) u]
j - s is even and

た２

τ
　
一
（
∠

ｅ + “

:)27+2(“

3た2+た +:)＋
１

一
２
＋

+21た +

１

一
２
＋＋“

Ｆ′
Ｈ
Ｈ
＝
い

ｅ

+1)1“

“ +

１

一
２

=η(7)-2χ卜Ls(Ъυ可:|二(―ず+leli4■τl

絲

切
げ

〓一ｅ
‐

　
ｅｎｂｙ＜
　
′
Σ＜．
脚

Ъ

( 7 ) ~ 1

7){θ′_Ji+1,2(′+2)(T,

υ){θ′_ち2cJ4り(7,

u )  -  & r - i + r , z ( t + r > ( r ,  - r ) )

u )  -  8 / -  s , Z ( t * r l ( " ,  
- r ) ) .

in this equality, then we get that

位 眈   耐

=″Σ
ze T(1三弓ド
三L_″c(J+

一
Jこし ■=+′+ + 2(′+1)}2,

1){“+1))2+

+1))2

T(J+ }2
“(′ +7(J
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hence

θ(プ;0,S;7)η(7)

= 】E ciT{
″∈Z

―e[(ノ+

１
州
ｊ

↑

Ｆ
ｃ‐一」

バ
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I(プ+1)(′+1)― (S+1)(J+2)]2

4 (′+ 1 ) ( J + 2 )

J+1)(′+2)+爾 I(プ+1)(′+1)一 +lXJ+211}l

1)(s  + 1)1 
:  r r l r t * 'Q 

+ 1X/  + 2)

+* l ( j+  lX/  + r )  + (s  + 1)( /  + z) l )1.

Similarly by comparing the coefficients of e[2r] in (4-25), we get

I

I  (  -  1) i * ' * ' " (  j ;1 ,  s ;  r )y1, r ( r ,  r )  :  n( r ) - 'x , - r , , ( r ,  a \&o,r ( r ,  u) ,
j -0

then by using (4-23) and comparing the coefficients of e[(/ -7 + L)r], we get that
7 - s is odd and the formula f.or e(j;l, s; r) is of the exact$ same form as for
θ(ノ;0,S;7). q.eede

( 4。6)2 4 sθ r′raあεおa/J“″grαbルカ砲ЙgSr“θ励加 a/∠ダ
リ.we t a k e  g = C l l )

=∠
F)h thS paragraph.Consider the tensor product L(Al,″ )③ 二〈A′_1,s)Of

the level l and′-l integrあ le highest wdght g‐modules,where

A′,ノ=ハ0+(′―JibAl (0くノく′).

Decompose it into a direct sum of levd J integrあ le hghest weight g‐modules,

and deine the branching coemcients σ(ノ;r,s;7)by

(4‐27)

I

XL, , ( r ,  u ) x , - r , , (  r ,  u )  :  L  A (  j ;  r ,  s i  r ) x , ,  j ( r ,  u ) .
' / :0

Then we get the following remarkable identity:

PnoposrrroN4-7. Forintegers l ,r,s, j  (2 < /,0 < r < 1,0 < s < /- 1,0 <
,r < /),

d(j; r, s; r) : e(j; r, s; r).

Proof. In $4.5, we get

(4‐28) Σθ(プ;0,s;7)χ′,ノ(7'")η(7)=χ′_1,s(7,")'1,2(T,");
ノ=0

′

Σθ(ノ;1,S;7)χ′,ノ(7ル)η(7)=χ′_1,s(7,")'。,2(7,")・
ノ= 0
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Hence by the definition (4-27) and the linear independence of. {711,tQ,u);
0 <7 < /)), it is enough to show

(4-2e) XL, , ( r ,  r )T ( " )  :  0 r  - r , zG ,  u ) .

By the formula (-24) and 0(T ,2u) : 8r,o(r, u) - I -r,o(r, u), the formula (4-29)

turns to be

?( " ) {  &r - , ,  o ( r ,  u )  -  &r . , " ,oG,  -  r ) \  :  8 r - , , r ( r ,  u ) {$ r ,oQ,  u )

& - r .o ( r ,  u ) \

Now the Euler's identity (4-26) implies

r , ( " )  :  8 r , r r ( r ,0 )  -  07 ,12( " ,0 )  :  -0 r , r r ( " ,0 )  +  r l r r , r r ( r ,0 ) .

Then we can show Q-29) by the product formula of theta functions:

2

& o .z ( r ,  u )  S  6 ,o ( r ,  u \  :  L  &  o ,  * ro -  u , t  ( r ,  0 )  &  r ,  *  o  *  u ,u ( r ,  u ) .
j - 0

q.e.d.
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Added. After the submission of this paper, the authors were informed of the
following two papers. P. Goddard, A. Kent, D. olive, unitary representations of
the virasoro and super-virasoro algebra (preprint, 1985 now pubtshed in comm.
Math. Phys. 103 (1986), 105-119.) and V. G. Kac, M. Wakimoto, (Initarizable
highest weight representations of the virasoro, Neueu-schwarz and Ramond alge-
bras (prepint, 1986). They also constructed unitary representations of the
virasoro algebra corresponding to Friedan-Qiu-Shenker paxameters by using
representations of the affine Lie algebra ,4f1).
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