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ENTROPY AT{ALYSIS OF A NEABEST.NEIGHBOR
ATTRACTfiIE / REPttLSnm EXCLUSTON PROCESS ON

ONE-DIMENSIONAL I,ATTICES

Bv Hrnorexn Yecucnt

Hiroshima University

Stationary measures for an interactive exclusion process on Z are
considered. The process is such that the jump rate of each particle to the
empty neighboring site is c ) 0 (resp., F > 0) when another neighboring
site is occupied (resp., unoccupied) by a particle, and that a + B. Acentding
as d < p or a > B tllre prooess becomes nearest-neighbor attractive or
repulsive, respectively. The method of relative entropy is used to determine
the family -/pyo of stationary measures. The mem-ber of ./, is simply
described as the probability measure having the regular clustering property

which is a generalization of the exchangeable property of measures. It is
shown that extremal points of 4 *" renewal measures. Thus the struc-
ture of stationarfr' measures for the process is completely determined.

1. Introduction. Exclusion processes are continuous-time Markov pro-
cesses on the state space %': {0,1}s, S : Zd or Rd, which describe the
stochastic movement of infinitely many indistinguishable particles on S such
that more than one particle cannot occupy the same site at the same time. A
simple exclusion process is the process such that S : Zd and each particle
executes an independent random walk with the same jump rate except that a
jump to the occupied site is suppressed. Perhaps the simple exclusion process
is at present the unique one for which the structure of stationary measures is
completely known lsee Liggett (1976) and the textbook by Liggett (1985) and
also references given therel. The main tool that is usually used in the analysis
of stationary measures for various types of simple exclusion processes is the
method of a coupled Markov process. This method is used to introduce an
order relation on the set of extremal points of stationary measures and is very
effective if the number of sites at which particles jump at the same time on.S
is 1 and/or if the jump rate of particles is independent of the configuration of
other particles. However, if the jump rate is influenced by the configuration of
other particles (the exclusion process with speed change), we encounter a
difficulty in applying the method of a coupled Markov process because the
monotonicity concerning the Feller process [see Liggett (1985), Chapter 2, for
the definitionl is not assured and hence the usual argument of the coupled
process does not hold: Even though one may make a coupled process' couples
that are created during the time evolution of that process have chances of
collapsing since each particle at the same coordinate may have a difierent jump

rate due to the difierent configurations ofthe other particles.

Received September 1988; revised February 1989.
AMS 1980 subject classiftcations. Pimary 60K35; secondary 60J15, 60125.
Key words and, phrases. Exclusion process, interacting particle systems, Markov process,

stationary measures.



ATTRACTIVE/REPULSIVE EXCLUSION PROCESS 557

In this paper we treat an exclusion process on the one-dimensional lattices
such that the jump rate of a particle is influenced by the nearest-neighbor sites
of the particle, that is, the jump rate depends on whether or not a particle
exists at the neighboring sites. More precisely, we consider a Markov process
on %'= {0,L}z whose generator is of the form

(o f ) ( " r )  :  D  { "x t (n , - rq" )  - t  Fxor (n" - tq " )
t . e Z

- rdXt (T ,+ tT*+z)  t  Fxrc (q , * r r t " * r ) ) [  f (n " ' ' * t )  -  fQ)1 ,

where a and F te fixed positive numbers (for details see Section 2). The
exclusion process defined by the above generator is the process such that if
a < p (resp., a ) B), then the edstence of a particle at the neighboring sites
has an effect which slows down (resp., speeds up) the jump rate of a particle.
So we call our process a nearest-neighbor attractive/rcpulsive exclusion
process.

The purpose of this paper is to investigate the structure of stationary
measures for the above attractive/repulsive exclusion process. (Of course, if
d : F, our process becomes a usual simple exclusion process; and the station-
ar1/ measures are equal to the totality of exchangeable measures). As a main
tool of the analysis we employ the method of relative entropy, which was used
in Holley (1971) and Holley and Stroock (L977) to prove the uniqueness of
stationary measures for the stochastic Ising model [see Liggett (1985)]. How-
ever, the argument given there does not work directly since in an exclusion
process the number of particles is preserved under the time evolution and
hence for each p, 0 < p 3 l, there exists at least one stationaqr measure pp
whose support is on the set ofconfigurations such that the density ofparticles
over Z is p, and as a result, the process has infinitely many stationary
measures. We apply the relative entropy method to determine the condition for
a probability measure on %"to be stationary (Theorem 1). We will call that
condition the regular clustering property with index B/a and write (RCP)p7.

for short. The proof of Theorem 1 is given in Section 4 and is fairly compli-
cated because of the terms caused by the coming in and out of particles across
the boundary of cylinder sets in the equilibrium equations. These terms do not
exist in stochastic Ising models. The regular clustering property is a kind of
generalization of the so-called exchangeable property of measures. The struc-
ture of measures having (RCP)" is discussed in Section 3. It is shown that the
extremal points of the set of measures having (RCP)" are renewal measures
(Theorem 2). Thus the structure of stationary measures for our nearest-
neighbor attractive/repulsive exclusion process is completely determined. In
Section 5 we state a result about a finite range interactive exclusion process on
Zr of the form

(o / ) ( " r )  :  D  ( r ,  y \c (x ,y ;n ) [  f (n " ' ' )  -  f (q ) ] .
x < y

An application of the entropy analysis to a discrete-time interactive exclusion
process such that infinitely many particles can move at the same time is
treated in Yaguchi (1939).
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2。D)einitiOns and resultse Let Z be the set of allintegers and gr be the
set{0,1}Z equipped 宙th the topolo野generated by the basic cylinder sets
j[αj….αノ]ブ

={η ≡(…・η_lηOηl …
°)∈θ■ 77ι=αι, j≦J≦ノ}, αじ …

・αノ∈

{0,1}ブ
~j+1,じ
≦ノ,じ,ノ∈Z.We setく,ノ

={j[αj・
…αノ]ブ:αj・

…αブ∈{0,1}ブ
~j+1}

andノ ={②}∪ ∪j≦ブく,ブ・The Borel■ elds generated byく ,ブ andノ are
denoted by a,ブand″ ,respect市ely.If we consider that there is a particle就
the site t i∬ηj=1,then η ∈ぐのr represents a coniguration of inite/ininite

particles on the one―dimensional lattices.By O(resp。 ,1)we denote the conag“
uration of particles on Z such that all sites are empty(resp。,occupied)that is,
0≡ (… ・0000… 0)and l≡ (… 01111… 0).

We deine a Markov process on 7,WhiCh we call a ん θα“sι―んθなんbOr
αιιrαcιιυc/rep“JSιυC cχcJ“sjοんprocess, as follows.Let us ■x α and β as
positive real numberse For each 4,ブーmeasurable function f,deine

(Ωノ)(η)= Σ {αχll(ηχ_lηχ)十βχ。1(ηκ_lηχ)
χ=j_1

+αχlηχ+lηχ+分十βχぼηχ+lηκ+2)}[バηtt κ
+リーバη)1,

where

χαルυ)={:1誰品載
'

andη κ'χ+listhe element of(2Ъ b儀五ned fromη =(… ・ηχ_lηχηχ+lηχ+2 …
°)∈ %

by exchan」 ng the values at sites χ  and χ + 1, namely, η χ'χ+1 =

(… ・ηχ_lηκ+lηχηχ+2°
… )・(Note that Ω ノiS a`る _2,ブ+2~meaSurable f.ilnction

on I_)Then lΩ  deines a IⅦarkov generator Ω  on the set C(gr)Of continuous

functions on gr[see Theorem l。 3。9 and page 27 of Liggett(1985)]e We can

explain the Markov process deined by the generator Ω  as follows: Each

particle sctttered on Z has its own alarm dock which runs independently of
the others; the clock rings the bell after the exponential holding time宙 th

parameter 2α or 2β according as the number of empty(nearest)neighbor sites
is l or 2,respect市ely;when the bell rings,the clock clears its memory and the

particle tries to move to its left‐or right“neighbOr site with probability 1/2 and
actudly moves if the target site is emptyo Note thtt if α<β (resp"α>β)
then a particlejumps more slowly(resp.,r[pidly)if there is a particle at one of
the neighboring sites.This is the reason why we ca1l our process the attrac―
tiVe/repulsive exclusion process(of course,if α=β,then our process becomes
a well―known simple exclusion process).
A probability measure ν  onフ アis called a sιαιjοんα4ソ(or invariant)″ηθαs“́θ

for the Markov process deined by the generator Ω  if it satisies

/(Sιノ)(η)ごν(η)=/(η )ごν(η)for all bounded measurttle functions f on Z
for evew ι≧0。H[ere{Sι}ι≧。is the Markov semi〔「oup corresponding to the

generator Ω o We denote byこ /the totality of stttiona]γ measures for our
exclusion process.

We will sI電r that a probability measure ν  onフ ア has the rag“ Jαr cJ“slセrJttg

proper″″jιんjんごθχ γ(>0)and denOte by(RCP)γ  if it sttisies

γ#°(laj…
・αブリン(j[αj…・αブ]ブ)=γ

チ01ubj…りりν(j[bj…
・Q』ノ)'
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for all ;la; αブ]ブ,j[bj…
・
%]ブ∈く,ブ,j≦ブ,j,ブ∈Z,宙th

αj=bj,αノ=%and Σbた,
ん=じ

where

#“υいαj…α∴)=召ん:αんαヵ+1=“ちj≦λ≦ブ~対・

T h e  t o t a l i t y  o f  p r o b t t i l i t y  m e a s u r e s  h a v i n g ( R C P )γ i s  d e n O t e d  b yろ. I t  i S  e a s y

to check that/. is equal to the set of exchangeable measures on I_

A probability measureン on gr is sdd to be ι rαEsJαιjοん(or shift)ιんυαrjαんι

if it satisiesン(■)=ν (A十 ん)for evelyん ∈ Z and A∈ 遜7,where

A tt λ={ξ≡(…・ξ_lξoξl ) e %': there exists T - ( ' n - t ? o T t "  ' )  e A

Soto ξぅ=ηjttλ fOr allじ∈Z}.

N o t e  t h a t  i f  ν i s  t r a n s l a t i o n―i n v a r i a n t , t h e n  i t  i s  n o t  n e c e s s a r y  f o r  u s  t o  s p e c i f y

the coordinates in the expressionン (j[αj…
・αノ]ブ).(For example,we will use

ν([00011])instead of ν (j[00011]J+4)・)

We endow the set of probability measures on ar with the topolo野 of weak

convergence as usual and denote by ext p/the set of extremal points of a

compact convex set p〆 Of probability lneasures on χ 、

Now we can state our results as follows.

THEOREM lo A probαbjJjヶ協θαS“″νOんgr js α sttιじ。んαryれθαs“″力rιんθ
Marλου process″jιんιんe geんθァ℃ιοr Ω ゲαんαοんJyゲ ν んαS ιんθ rag“Jαr
cJ“sたrjルg properJy″jιんじんαα β/α;ιんαιじS,ノ=ン43/α・

器 競』)脱プ
角易撃∵写
・
北勇脱弓ふ1月競_第競艦維

r acβんcごby

〓α

ノ
Σ

ト

( 2 . 1 )

μ7)([1])=ρ,     μ7)([0])=1-ρ,

μ7)([αj …・αブ001)=9μ7)(Iαj …・αブ01),

*'/ '(1", "' a,tl]) : o'up(1", "' oitl),

where q and q' is the unique pair of numbers in (0,1) satisfying

qq ' / l ( t -q ) ( r  -  q ' ) l  :  y  and ( t  -  q ' ) / (L  -  q )  :  ( r  -  p ) /p .

Rorr,ram 2.1. We can interpret the measur. p?),0 < p < 1, in various ways
according to the context in which it appears. Below we give three examples for
the convenience of readers.

1. u?) is the unique stationary distribution of the two-state Markov chain

with transition matrix ( o t .n).
\ r - q '  q '  l
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μι,γ
)iS the renewal measure on /correspondi]ng to the renewal prOcess

whose probability distribution function(p.d。■)of interarrival time is given

by

ボ0=任しず‐IIFl
μ7)iS the Gibbs sttte with the nearest―neighbor interaction on Z such that
the chemical potential Jo and the interaction potential Jl are」ven by

J。=λT{21og 9-log(1-9)丁10g(1-9′)}

and

Jl=―λT{log 9+log 9′-log(1-9)-10g(1-9′)}(=一λT 10g γ),

respectively,where λ  is the Boltzmann constant and r is the absolute

temperature.Here we say that a probability measure ν  on/is the

Gibbs state with the nearest‐ neighbor interaction on Z wlth the chemical

potential Jo and the interaction potential Jl if its conditional probability
ν{j[αj…
・αノ]ブ|ク甕ノ}(η)of j[αj…

・αブ]ブ∈く,ノ given」τ:ブ(≡the σ
‐neld

generated by形争:J,I≦J<j andノ <r≦ J)is equd to

2.

3.
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factor which depends

3。The structure of the set of regular clustering measureso ln this

section we will give the proof of Theorem 2。We postpone the prOof of Theorem

l to the next section since in that proof(more precisely,in the deinition of

relat市e entropy)we use the measure μ7)whOSe explicit form is described in
this section.

We■ rst show that if ν has RCP then it is synllnetric in the following sense.

LEMMA 3。 1. Sじ pposc α  probα bjJιJフ 爾 レθαSare フ  ο ん ″  ん αs ιんe rag“ Jαr

c J“sιθrιルg pr o p e rヶ.Tんθん

一
ααν〓几

′

・α

　

∈

一
　

　

　

．
ノ

％
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ｏ

　

　

　

　

一

α

十
　
　
　
・

α

　
　
　
・

‐α
　

刊

／
Ｌ
）

　

α

ν
　
　
　
・ι
αり

υＣｒル

Q i+ro  r l i )

ぉ柵 nflCi胤lWЪじ詰]l.tiル.Tttrメ樹lTぶ:.7ぷ温
郡∵圧十乳T聟脚11鷺ゞ町

)ピFT五[=:μ農1認]
轟l:lttIIれLlヒ[rS00・Ld usshow νもЮ01lL+p=νげ110倒じ十pね
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[ s i n c e # o r ( a a r  
' ' '  e i a ) -  # o r ( a a j  ' ' '  a t a ) l

D  , ( i - N [  r r  c k + { n c ' n - r  '  '  '  c i 1 1 0 0 c ,
" '  C p

…・Cた_lCヵσん+1 …
・τⅣ]j+3+N)

c10011ご 1ご2 …
・τN]j+3+N)

ATTRACTIVE/REPULSIVE EXCLUSION PROCESS

For c∈ {0,1}let σ =1-co Then ibr each N∈ N,

ν( j [ 0 0 1 1 ] j + 3 )

N

=Σ  Σ   Σ  νも_N[cN…・Cん+lCんCλ_1・…61001lci
λ=l cl・…cN ci・…Cん_1

…eC力_lCヵごヵ+1 …
・ごN]j+3+N)

+  Σ  ν C _ N [ c N C N - 1°
… C 1 0 0 1 1ごlτ2…

・ごN ]じ+ 3 + N )

N

=Σ
 Σ   Σ  ν C _ N [ c N…

・Cλ+ l C力Cん_ 1・
… C l l 1 0 0 C l

λ=l cl・…6N Ci・…6ん_1

…°Cん_lCんごん+1 …
・ごN]j+3+N)

c10011こ lτ2 …
・ごN]j+3+N)

N

=Σ  Σ   Σ  フC_N[CN
ん=161・ …cN ci・…Cん_1

+ Σ νC_N[CNCN_1・…

ck+ tcncn - r  '  "  c t I lO0c i

ごN]j+3+N)

・ごⅣ]j+3+N)}'
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Therefore

ν(j[0011]j+3)~ν(j[1100]j+3)

= Σ  {νC_N[CNCN-1・…C1001lτlご2

f o r e v e r y N e N .

-  u( ,  - r I t rcru-  r cll100c~lc~2
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亀…=← N - 1 N - 1

・…C持_1∈{0,1}N~1:ΣCん=Σ τた,
た= 1     た = 1

に降覗覇一Σ陽―Ct―ll
for each cl…e cN_1∈{0,1}N~1,then for evev ci・…Cル_1∈Acl…cN-1

ν(j_N[CNCN-1 …
°C1001151τ 2 …

・これ-lτ N]J+3+N)

≦ θ
2ン
(j_N[CNCN-1 …

・C1001lcicう  …
・Cλ_lσ N]j+3+N)

by RCP,where θ =γ  tt γ
~1・
Hence we have

#Acl… cN-lν(j_N[CNCN-1・
… 61001lσ lご2…

・ごN-1ご Ⅳ]じ+3+N)

≦ θ
2     Σ

      ン (j_N[CNCN_1 …
・C1001lcicぅ  …

・C持 _1ごN]J+3+N)
Ci・…C持_1∈Acl… cN l

≦ θ
2ν
(j_N[CN…

・Cl]j_1).

Thus

ン(j_N[CNCN_1 …
・C10011ご 1ご2 …

・σN]j+3+N)

≦θ
2(#Acl_。

cN-1)~1ン(j_N[CN…
・Cl]ぅ_1),

for evew cl・… cN∈ {0,1}N, N∈ N.The same estimate holds for

il驚 ミお け」卦::T:ナ IIttlλ 戚え
・説n∝ #A中 卜1≧鰤

一⊃/“

レC[0011]J+3)~νC[1100]j+3)|≦32θ
2(Ⅳ_1)~1

+ν (j_N+1[11…
0100110… ・00]jtt N+2)

十ν(j_N+1[00…
0000111… ・11]j+N+2)

十ν(j_N+1[11…
0111000… 000]jtt N+2)

十ν(j_N+1[00…
・011001… 011]j+N+2)・

Letting N→ ∞ and using the fact that ν (… 0111100110000…
0)=O and so

on,which follow from RCP,we have ν (j[0011]j+3)=ν (j[1100]j+3)・ □

P R O P O S I T I O N  3 。 1 .〃 α p r O b αb j J 況ン 醜 θαS“″ ν Oん g rん αs  ιんθ r e g “ιαr  c J “sιθr‐

jルg properlり,ιんcんν jS ιrαんsιαιjοん‐jんυαrjαんι.

ボl明Lttlす。
ulJ部
町
t llき]11亀温漁
tttnc蓬壼《龍1嵐∫燃二

<21,
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#。Kαj…・αプ)≦1。If αj…
・αノ=00110,for example,

ン(j [ 0 0 1 1 0 ] J + 4 ) =ン( j _ 1 [ 0 0 0 1 1 0 ] j + 4 )十ν( J _ 1 [ 1 0 0 1 1 0 ] j + 4 )

=ン
( j _ 1 [ 0 0 1 1 0 0 ] j + 4 )十ν( j _ 1 [ 0 0 1 1 0 1 ] j + 4 )

(by RCP and Lemma 3.1)
:  z ( , - t [00 t10 ] r * r ) .

Thus we have v(;fa; ... al;) - v(i-olai ... aiTi_) for all n e Z provided
a i :  a  j .

Now suppose ai + ar.If a, . . . a j: 0011, for example, then

z( , [oorr ] , * r )  :  i , ( , [0011 1. : jo ] , *n*o)
k : o \ -

+ , ( { r t  =  g ' ,  t r t r * ,  :  0 0 ,  T o :  I , V  n  >  i  +  2 } ) ,

and the last term is 0 by RCP. Since z(, [001].1 . '  .  101,+4+e) :
z(;-100111 ' ' ' 10];*s*r) from the above result, and since 

"({q 
e %': Ti_trti:

00, qn: 1, V n > i + 1)) is O by RCP, we have z(;[00L1],*r) : z(;_d00111,*r).
Thus  z ( , [a ,  . . .a ;J ) :v ( i - t ld i . ' .  a i l i - t )  even i f  a i *a i ,  wh ich  comple tes
the proof. c

By Proposition 3.1 it is known that in the repulsive case, that is, in the case
q) F, -luro is equal to the set ,/ which appeared in Section 3 of Yaguchi
(1986) [of course, 1 - a in that paper should be replaced by the present B/a;
and by the way present g and q' are related to a, B and 7 of that paper by
q: (7 - FXFy/a) and q': (f - By)(B/q), respectivelyl. However, the proof
given there does not cover the attractive case e < B directly, and so we give a
proof which is rather simple and valid for the both cases.

L E M M A  3。2 e  S“″ οsc  ν∈ ex t● ′αんごν≠δ。,δl。7耽θん′んθ″ “Js′cοんs施んお

9αんα9′″jιん 0<9,9′ <ls“ cんιんαι

ν(pOαj…αノ1)/ν(pαj…αノ1)≡9=ズЮq)/ン(Ю]),
フ(Iαj…αノ11)/ν(Iαj…α川)≡g′=ズ[1珂)/ズ[珂),

ルr αJJ αj・
…αブ.

(Note that ν is translation_invariant by Proposition 3。 1,and hence it is nOt

necesstty for us to specify the coordinates of cylinders in the statement of the

lemma.)
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Thenン (“M『1)=l sinceン (J“r2)=O by the

assumption that ν ≠δ。,δl.It is easy to

ζ≡」[ζI…
・
鍔]J Satisfying r<j<ノ <J

Σ ζん≧Σαんand Σ (1-ζん)≧Σ(1-αλ)
ん=r + l     λ = j         ん =∬+ l          λ = j

is countable and covers iM「1.H[ence we can take a ζ
′≡I[ζ」′ …

・
%′]J′Such that

ν(ζ
′
)>O amOng them.Since the connguration αj …

・ αブon the sites{j,。..,ノ}
can be obtained from ζ′by rearranging the coniguration ζr+1 …

・ζJ′_1 0n
the sites{」′+1,.… ,J′-1},it folloWs from RCP th就ン(j[αj・

…αノ]プ)>0°

(五)Now deine a nonnegative translation― invariant function λ  on ノ  as

follows:

i@) :  o ,  i ( t1 l )  :  , ( loo1 l )  +  y" ( [  101] ) ,

i ( toa ,  " i l ) :  " ( looo i  
" ' " i l ) ,

, [ ( [ 1  Loa , i . . . " i l ) : r ( [ 1  1ooo ,  
" , ] ) ,

L  
n - L

,i(l i l:Drl : yu([ 10ffi]), n

It is easy to check thatえsatisies the consistency condition of lneasures and
endえ tO a inite(RCP)γ measure λ on 12 úniquely.(RCP)γ .Hence we can ext

Further we have

λ( [αj…
・αブ]) <ν ( [αj…

・αノ]) f O r  a l l●≠ [αj・
… αブ]∈ ノ.

Indeed if min{αじ,αブ}=O it is obvious from(i).If αj=αブ
=1,we have,for

example,

λ( [ 1 1…
0 1 1 ] ) =γ ン( [ 1 0 1 0… 1 1 ] )

=γ{ν([0101.…11])+ν([01101・…11])

十ン([011101・…11])+・…}[byン(M2)=q

=ν
( [ 0 0 1 1・

… 1 1 ] )十 ν( [ 0 0 1 1 1・
… 1 1 ] )

十 ン( [ 0 0 1 1 1 1・
… 1 1 ] ) +… ・

<ν ( [ 0 1 1 0… 1 1 ] ) +ン ( [ 0 1 1 1 0… 1 1 ] )

= ν
( [ 1 1 ・

…
1 1 ] )

Therefore u is represented by two (RCP)" measures K1 :

and K2 - l( g)- li such as u - (1 - A( %"))q + i( %")x2

translation invariance of u and the
see that the family of basic cylinders
and

[by(RCP)γl

十ν([ 0 1 1 1 1 0…1 1 ] )十

卜y(i)]

[by ν(M2)=01°

(1-λ (gr))-1(ν―λ)

with O<λ (〃 )<1,
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which implies Kt: K2 since z e. exb ./r. Then a direct computation gives us
I : (I(g)/v(Z'\)v. Thus q : r(*'\/v(g) : z([00D/z([0D. n

Now we can complete the proof of Theorem 2 as follows.

Pnoor oF THEoREM 2. It is clear that 6o, 6t e ext ,Zr. Suppose v e. ext '/"
and z * 6o, 61; and let q and g' be those of Lemma 3.2. (Note that z is
translation-invariant by Proposition 3.1.) Then we have

1 :  v ( [ 0 0 ] )  +  z ( [ 0 1 ] )  +  z ( [ 1 0 ] )  +  z ( [ 1 1 ] )

:  su([O]) + 2(L -  q ')r( [L])  + q'v([L])  (by Lemmas 3.1, and 3.2),

and hence

(  3 . 1 ) ( 1 -ρ ) ( 1 - g ) =ρ ( 1 - 9′ ) ,

where p: 
"(ll l).Itfollowsfromthetranslationinvariance 

of vthat0 <p < 1.
On the other hand,

qq'v( loI l )  :  v([0011]) :  yz([0101])

:  7{z( [0r ] )  -  z( [orr ] )  -  / ( [0100]) ]

:  7{z( [01])  -  q 'z( [01])  -  [qz([0r])  -  qq'"(1011)] ] ,

and hence

(3 .2 ) q q '  :  v ( 1  -  q ) ( 1  -  q ' ) .

Here we have used the fact that z([01]) > 0 which follows from the assumption
v * 6n,6, and the translation invariance of v.

Let us see that (3.1) and (3.2) determine q and q' in (0.1) uniquely. Set
x:q/(L -S) and y:q' / (L -g') .  Then the equat ions become xy:y and
(L + x)/(l + y) : (L - p)/p; and the problem is reduced to finding a positive
solution r and y.If (L - p)/p ) 1, we can easily find a unique positive y by
eliminating rc, which determines x automatically. To treat the case
(L - p)/p ( 1, we have only to exchange the role of r and y. Thus a pair g
and q' is uniquely determined in (0,1). Since (2.1) defines a translation-in-
variant measure r$) on 9'ur;riqrely, we have ext.Z, c {pf)}o=o=r.

It is easy to check that {g,9} c /". Then to complete the proof, it is
s u f f i c i e n t t o s h o w t h a t { p ? ) | o < p < 1 f f € m u t u a I l y s i n g u l a r . F o r
( '  "  r t  - t r toqt ' ' '  )  e %' def i ie Xoki:  min{& > 0: qn: 1} and X,(n) -

min{ft > Xn-rG): Tn: ll,n e N. Then X,'s are random variables on(Z',1t'l))
such that lX, - Xn-tj,=N il€ i.i.d. of which distribution fo(k) = p?)({n:
X,(d - X,-{n) : kl), k e N, is given bY

一一
　

＞

ん

　

λ

ｆ

　

ｆ一９９

′

　

　

　

　

一

９

　

γ
〓

λん
1 ,

1 .
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Since Σ罵=1たん(λ)=ρ
~1,We have

μソ{η:1lL;minl」:'Iηj=ん}=
by the law oflarge numbers,which implies

μソ
lη
:1吼
|≒ ム

Ъ
=ρ

}

I n  t h e  s a m e  wりw e  h a v e

ρ l}

―

〓
　

□

ρ

　

　

ｏ

一一　

　

　

ａｒ

Ъ
　
　
製

・・ｍ
　̈
　
ｕｔｕ

ｌ

れ
　

ｍ

十

凛

″

脚μ

= 1

= 1 。

These show us that

4:The entropy analysis of exclusion processo ln this section we w111

」Ve the pr00f of Theorem lo Before gi宙ng the proof let us prep〔re some
notation.For 77=(… ° η_lη。771 …

・)∈ クr deane

χαらcご(ηχ_lηχηχ+lηκ+2)== {:  l       κ-lηχ+2:〓αbCdL
and set

N(η χ_lηκηχ+lηχ+2)=[α (χ。。11+χ 1011+χ l100+χ l101)

+β(χ。。1。+χ1010+χ。1。。+χ0101)](77κ_lηχηχ+177χ+2)・

耳lF撃
宙
寸TJtt」 響

ノ
11睡 電f■ 1満 ::Ii譜 ∴穏 ∬Tttf':ぶ

ments ofj[ζ]ブby exchanging the values at the sites χ and χ+1。For ζ=J[ζ]ノ
we denote by`Ъ,j≦χ≦ノ,the value of ζ at the site χ,and byj_1[ηj_lζ]ブthe
element ofィ_1,ブSuCh that the coniguration from j-l toノis ηj_1島

・…
島,

and so on.We remark that if we set

Щ場の={ン‐亀亀+∴+リズの11鼻魔,χ
≦ノ~乳

fOr ζ∈く,ブ,then the regular clustering property is equivalent to the condition

(4.1)   「 (κ;ζ)=F(χ;ζ
κ'χ+1)fOr all χ∈Z and ζ∈ノ.

PR00F OF THE SUFFICIENCY PART OF THEOREM lo Since nじ is a Markov
generator,we have only to show/Ωノ(η)αν(η)=O for every a,ブ_measurttle
function f[See Liggett(1985),page 51].We will show that/Ωん(η)ごン(η)=0
for evew ζ≡j[島・…島]ブ∈ど,whereんiS the indicator function of ζe SinCe

(Ω4→(η)= Σ N(ηκ_lηχηκ+lηχ+2){ル(η
κ'κ+1)_ん(η)},

χ=j-1
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we have

六Ωル×→αズ→

= Σ {「(χ;ζ
κ'χ+1)一F(χ;ζ)}

χ= j + 1

+年

二 。ュ
や
田レ九」 ・‐劃夕¬

一
呻 乃」 ・‐劃ノ》

“。

+ぃ
理。ュ
仁←
~可 如川 仁}う

一「け
一LIζ%Jブ J

+年
二。ュ漂 。ュ

や日し
~昨 ダЪ現 ‐劃打η

567

一時一I耗_憂写2■-lζb》
+ぃ

こ 。ュ漂 。ュ
仁 レ jL出 」 鰐 リ

ー「
し jL出 」 ノ瑚

≡Sl(じ,ノ)+S2(じ,ノ)十S3(じ,ノ)+S4(j,ブ)+S5(j,ブ)

=0 [by(4。 1)1,

which was to be showne□

The following proposition shows that if the set{0,1}does not have full
measure for ν∈」′thenフ(ζ)>0 1br every basic cylinder ζ.

PROPOSITION 4。 1。 Sttpο sθ ν ∈ υ′αんα ν({0,1})<1。 Tん θん ν(ζ)>Oi化 )r αJJ

ん0んθη ″ζ∈ノ0

We di宙de the proof into two steps.G市en j[ζj…・ら]ブlet us write r[釘
…・

発:在1111・:II摯.∵.憾jttfi糧電titi。::ЪttI摯FJ.密鳥」」1:
is thtt the connguration島・…与On{j,…。,ノ}iS Obtttned from鍔

・…
%by

the one‐step transition of a particle. We will write ζ
′>>ζ  if there is a

>‐chttn froΠl ζ′tO ζ:ζ′>ζ(1)> …・>ζ(λ)>ζ.

LEMMA 4.1。 〃 ν∈ノ包んごン(ζ)=0カ r sο“θζ≡j[ζj…
・
島]ルιんθん

ン(Aζ)=1,

″んθ″

義=←∈%λi∞%<庭j免びλi∞に一朝<庭jい0・
PR00F.SinCe ν∈ノ,we have/(Ωん)(η)αν(η)=0。Then by(4.2)and by
the assumption thtt ν(ζ)=O it holds thatン(ζつ=O for all ζ satiSfying
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ζ
′>>ζ  as well as ζ

′Satisfying ζ′>ζ.Since

and since ζ′>>ζ fOr every basic cylinder ζ
′in JL(ζ),the lemma follows.□

PR00F OF PROPOSITION 4.1。  Itis obvious that δo and δl are elements of″′.
Hence without loss of generality we can assume thtt ν({0,1})=0(consider the
measure[ン(0)一ν({0,1})]/[ν(ar)一ν({o,1})]instelxl ofン).Then suppose that
the conclusion isねlse,that is,フ(ζ)=O for some ζ≡j[ζj・

…
島]ノ≠。・Let Aζ

be the set introduced in the above lemma. It is clear that Aζ  is an inflnite
countable set(indeed evew η ′

vnth 77′>η  fOr sOme η ∈Aζ is an ele]mtent of

総

attained by the inite ele]mtents of Aζ ,s
is the same,we assume J=l and will

We will treat only the case that η*(∈Aζ)satisies Σ罵=_c。77オ<Σ'_j免.
Let Bれ=_がη主れη生れ+1…

・η芳]η・Since ν∈υ′,it follows that
/(Ωん2)(η)ごν(η)=O for allん∈N,and hence we have

by(4。2).However,the rehoso of the above equttion,which is a nnite summation

over χ essentially,is negat市 e because the equation

N(ηみlη∬+lηttη∬+2)(α/β)#°
(η*)為″十り

=N(η ∬_177庁η庁+lη∬+2)(α/β)#°
ぶη*)

holds for all χ∈N,and η*is by assumption the unique element which attains

the maximum of(β/α)#°Kη)ν(η),η∈Aζ.This is a contradiction.□

Now let us begin the proof of the necessity part of Theorem 1.
Suppose v and p are probability measures on *' and, that p.(() > 0 for all

nonempty t e €. The entropy of v on To = {-n, - n * L,...,n\ relatiue to p,

＋
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is defined as

Hr!"\ :  D v({)rog(v({)/pG))
( e € , o , n

D v(( ) rogv(( ) -  I  v ( { ) togp( t ) .
{ e € _ * . o  t e € _ n , n

Let v1, / > 0, be the probability measure on %'defined by

, , ( i l :  Id ,h)(s , / ) (q) ,  f  ec(e ' ) ,

where S, is the semigroup corresponding to O (of course, vo: v). What we
want to do in the following is to investigate the "monotonicity" of H7(vr) as a
function of / when pc is taken from ext.Zp7. the structure of which is
completely known by Theorem 2. Hence we fix here one F,o(+ 6o,61) from
ext /B7o and denote itby p' instead o-f p.o for short. It is easy from Theorem 2
to find'a positive constant K, such that for every ilti "' tili e. €, i 1j,

110g{μ(ζ
名″+1)/μ(ζ)}|<Xl, χ∈{J,じ+1,… 。,ノー1},

(4。3)

・↑

ｒｄｅｒ

〓 ０‥

α

一訪

ｅ
　
ｏ

・ι

ｗｈｅｒ
ｈ

ｔｉｍｅ

lb=μ[I乙島刊
…
釧 ル μCrj島刊

…
釧 ブ》|<K″

1-ζj.
to investigate the relative entropy of νι we dittrentiate Hr〆νι)乱

+  S u (  - n , n )

+ S n (  - n , n )  +  S u (  - n , n ) f  ,

which appeared in (4.2); and

αン(η)

(10g μ(ζ))ISl(一ん,ん)+S2(~ん ,ん)+S3(~ん ,ん)

where

ん
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０
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＜
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+ S n (  - n , n )  +  S u (  - n , n ) f  .
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For simplicity we set

Sf r  :  I  ( log  , ( t ) )  Su  ( -n ,  n )  and
{

(10g μ(ζ))Sλ(―ん,ん),▼
“
ζ

〓Ｚ

,  k :  1 , . . . , 5 .

We will evaluate these Se and Tu in the following four lemmas.

Lnt'l;laa,4.2. Suppose v(() > 0 for euery nonempty t e. €. Then
' l  n -2

S,-? ,  :  - ;  I  D 6( r@;( " , ' * ' ) , r ( r ; f ) )  <o,
'  x :  - n t ' L  { e € _ n . ^

where

6 ( u , u )  :  ( u  -  u ) l o g ( u / u ) ,  u , u  )  0 .

Pnoor. We have

1F,
Sr  :  e  D I  ( loez( ( ) ) ( r ( r ;  gx ' r+ t ) -  r ( r ; ( ) )

'  x :  - n + l  t

L  o - 2
*= E D ( log r ( t ' , ' * ' ) ) ( r (x ;0  -  r ( " ;  ( ' , " * ' ) )

c)
'  x , :  - n + L  (

L T,  ._  / ,  , (4" ' " * t \  \:  - r , : \ ,* ,  
I  [ t "s iZr l iJ(r(" ;  

tx ' r+ ')  -  r(r ; ())

and similarly

r  T2  -  / .  p ( r ' ' ' * l )  \ .
r ,  :  -  

;  D D l tog-; ; ; j  l ( r (" ;  f ,x+')  -  r ( r ; f ) ) .
z x : - n + t  g  \  l L \ { )  I

Then the lemma is immediate from the equation

N(t*-$**t t"L*) p(tx ' r+L) :  N(t ,-$*t"*r t ,*r)  p(t)  ,

which follows from the RCP of p. [cf. (4.1)]. n

F o r n e N l e t

U-( " )  :  E  l r ( - " ;  {n , -n+r )  -  r (  - z ;6 )  l ,
€ e € _ o _ r , o

U*(n )  :  I  l r ( "  -  L ;gn- t ,n )  - f@-  r ; f )1 ,
t e  € - o , n + r

V- ( " )  :  E  l r ( - "  -  L ; { -n - t ' -n )  - r ( -n -  r ;6 )1 ,
€ e € _ o _ z , o

V*(n)  :  D l f (nr t " ' " * ' ) - r ( " ; f )1 .
t e  € - n . n + z



αん〕1顎」1群1屁子
‐甲くar」≦2‐Kμυくんλ陶≦2‐7ズ→

PROOF. JuSt as in the proof of the above leΠ lma we have

L=一:ηL里2■g l
×「(―ん;_れ_Iη_れ_lζ]万

ら~れ+リーЦ一ん;切一Iη_れ_lζ]れ1・
Then the■ rst half of the lemma is immediate frOm(4。3)e Since

■=Σ  Σ  Σ (10g μ(_れ[ζ_れζ]れ))
η―λ-2η―ん-lζ_んζ

′∈`_2+1,2

×「(一ん-1;_れ_ダη_れ_2η―れ-lζ_れ劃万
れ~L~π
)

一Ц―ん-1;_れ_」η_れ_2η一れ-lζ_れ劃れ月

―:η]→盈ζ宅ぇ+聯←g l
×「(一ん-1;_れ_2[η一れ-2ζ一れこれ釧れ)
一「(―ん-1;_れ_2[η一れ-2みれζ一れ4れ)},

it follows from(4。3)that 17LI≦2~lK〆
~(ん
)・The same estimttes hold for 7Ъ

and■ ,respectivelye□

LEMm 4。4。 〃ン(ζ)>0/Or Cυθryんοんθη ヶζ∈グ,オんθん

S2≦ 2~1ル飼り
~(ん
)+2(α tt β)(M+1)θ

~(M~⊃
,

S3≦ 2~1ル倒り+(ん)+2(α tt β)(M+1)θ
~(M~⊃

力r eυθッM∈ N・

PR00F. JuSt as in the proof ofthe above lemma we have

t=一:ηL里れμ← |
×
「 (―
ん; _れ_ Iη _れ_ lζ覇

け れ十

り
_Ц _屁

;―れ一Iη _れ_ lζL月

( M ) ,た,ε

η]_lζ∈現L屁
~百
:蛋_lf]。ε■,_ζ∈現厖μ

'1

2

where M∈N and Σ雁′2,ん,Σ窪数1l and Σ窪数1l are summations over
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satisfying

θ
~M<ン
(ζ
~れ'ん+1)/ν(ζ)<θ

″

(4。4)          θ
M+ん≦ン(ζ

~れ'れ+1)/ν(ζ)<θ M ttλ
+1

θ
―(M ttλ+1)<ν

(ζ
一れ'~π+1)/ν(ζ)≦θ

~(Mttλ),

::1lj;IP・
By Σ廃ル名

'ん
二声 We denote the partial sum of Σ窪麦孔1 0Ver

Ц

一
ん ; 一 れ一」 η 一れ_ l ζ ] 万

け れ+ り
< Ц

一
ん ; _ れ _ I η _ れ _ l ζ L ) .

Then

一I豪1明 |
×「(―ん;_ん_Iη_れ_lζ]万

けれ+リーЦ一ん;_ん_Iη_れ_lζ]れ月

≦ Σ  (M tt λ+1)
ζ∈ノ_ん,λ

×「(―ん;_ん_」η_ん_lζ]ん)~I一ん;_れ_Iη一れ_lζ]万
けれ+り}

≦ Σ  (M tt λ+1)(α tt β)フ(_ん_1[ζ_れ_1…・ζれ]れ)
ζ∈ノ_ん,ん

≦(α tt β)(M+λ+1)θ
~(M+ん)Σ  ン(ζ

~ら~れ+1)[by(4。4)]
ζ∈ノ_ん,ん

= (α tt  β)(M +ん +1)θ
~(M +た),

which implies that

―:η翌_1。 ヨ
αttM→がり

Here we have used Σ"=。(′И+ん+1)θ
~(M十ん)≦(ルf+1)θ

~(M~1).since the

same estimate holds br Σ雁凌尻狙d Since

H.YAGUCHI

蛋軍二,2≦M Σ  I「(―ん;ξ
~れ'~れ+1)一F(一ん;ξ)|

ξ∈′_ん_1,ん

≡ Mび
~(ん
),

we obtain the■ rst half of the lemma.□

LEMMA 4。5。 〃ン(ζ)>0カ r θυθりん0んθη ケζ∈グ,′んθん

S4≦ 2~りИフ
ト
(ん)+4(α  tt β)(ィル『+1)θ

~(M~1),

S5≦ 2~りИV叶(ん)+4(α +β)(ルr+1)θ
~(M~1),

ルr eυCry M∈Ne
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PR00Fo  SinCe the proofis the same as that of the above lemma except for

亀=一:η翌」≡軍里れμl明   |
×「(一ん-1;_れ_ダη_れ_2η一れ-lζ覇

れ~けれ
)

一Ц一ん-1;_れ_」η_ん_2η―れ-lζ]れ1,

which is obt五ned in the same way as for■in Lemma 4。3,we omit details.□

For integers j,ノand χ With j+1≦χ≦ノー2,denne

Ej,ブ(χ)= Σ φ(「(χ;ζ
κ'κ+1),F(χ;ζ)),

ζ∈く,ノ

where φ(・,0)iS the function deined in Lemma 4.2。We remark that

(4.5) if r≦ j and J≧ J then EI,J(χ)≧Ej,プ(χ)(≧0),

which follows from the subadditi宙ty of φ(“,υ),“,υ>0,that is,

(4。6)       φ (“1,υl)十φ(“2,υ2)≧φ(“1+“ 2,υl+υ2),

and the fact that

Σ  Σ  「(χ;f[η」
・…ηj-lζηノ+1…・ηJ]シ

χ+1)=「
(χ;ζχ'χ+1),

ηr・
…
ηj-lη ノ+1…

・
η」

and so on.

LEMMA 4。 6。 Sttpο sc ν∈ ノ′αんごν(ζ)>0′ わr cυcryん 0んθ″筏ρ″ ζ∈ ノeTんθん

れ- 2

0≦2~l Σ E_れ,れ(χ)
χ= 一 れ+ 1

≦2~1(κμ tt  M ) (υ
~(ん
)+び
十
(ん)十 y一(ん)+7 + (ん ))

+ 1 2 (α +β)(M「+1)θ
~(M ~ 1 ) ,

(4.7)

(4。8)

ルrθυθ7 M∈ N・L pαttjc“Jαr,limれ→∞Σl二lれ+lE_れ,れ(χ)3αsιs,αんα

l i m  E _κ_ 1 ,χ( ~χ) = l i m  E _χ ,χ+ 1 (χ
~ 1 ) = 0 ,

lttLE一
κ一λ χ(~χ

~1)=1lLE一

Lχ +2(χ )=0°

PR00F.SinCe ν ∈ ノ ,((J/ごι)「Tメンι))ι=。must be O,th就 れ

―
(Sl― Tl) = S 2 + S 3 + S 4 + S 5 ~ ( T 2 + 7 3 +■ 十T5)・

Then co]m[bining Lenlmas 4.2 to 4.5 yields(4.7).If」И is taken to be l in(4。7),



574

we have

H.YAGUCHI

れ-2

0≦ Σ  E_れ,れ(χ)<(8Kμ+56)(α+β),
χ= 一 れ+ 1

since に/±(ん)|≦2(α tt β)and ly± (ん)|≦2(α+β).Hence the existence of
limれ→∞Σl二lれ+lE_れ,れ(χ)is assured by(4。5).The latter half of the lemma is
then clett from

Σ E_れ,れ(χ)≧Σ {E_χ_1,χ(一χ)十E_χ,χ+1(χ-1)}≧0,
χ=― ん+ l           χ = 1

れ- 2            ん - 2

Σ  E _ れ , れ( χ ) ≧ Σ { E _ χ _ 2 , χ( ~ χ
- 1 ) 十

E _ χ
, χ+ 2 ( χ ) } ≧

0 .  □

χ= ― ん+ l           χ = 1

PR00F OF THE NECESSIW PART OF THEOREM l.  Since δ
o and δ l are elements

of」 ′ and have]RCP,it is sumcient ibr the proof of necessity to show that

evew ν∈υ′宙th ν({0,1})=O satisies(4。1).
By Proposition 4。l we have ν(ζ)>O for evew nonempty ζ ∈ノ。For inte“
gers j,Ji and χ with J<χ<ノーl set

R≡Rj,ノ(χ)= Σ max{「(χ;ζχ'χ+1),F(χ,ζ)},
ζ∈く,ノ

r≡■,プ(χ)= Σ min{「(χ;ζ
χ'χ+1),F(χ,ζ)},

ζ∈く,ノ

and note that

R―r=Σ I「(χ;ζ
χ'κ+1)一F(χ;ζ)ト

ζ∈く,ブ

Then by the equality φ(“,υ)=φ (υ,“)and(4。6)

EJ,プ(χ)≧φ(R,r)≧ (R一 r)2/R≧ (R― r)2/(α tt β),

which is the inequality similar to that of Lemma 4.5.8 in Liggett(1985);in

particular,

E_χ_1,χ(一χ)≧ 1/~(χ)2/(α tt β), E_χ ,χ+1(χ
~1)≧ υ叶(χ)2/(α+β),

E一κ-2,κ(~χ-1)≧ y~(χ)2/(α+β), E_χ ,χ+2(χ)≧y十(χ)2/(α tt β),

for χ=1,2,… 。。Then by(4。 8)

l i mび 士(χ) = l i m  y士 (χ) = 0。

Therefore lettingん ―→∞in(4.7)yields

ん- 2

0≦1吼χ=町+lE―り(χ)≦24(α tt β)(M+⇒θ
~α~D



ATTRACTIVE/REPULS]Ⅳ E EXCLUSION PROCESS 575

As M e N is arbitrary it follows that

l im T' E-n.o(x) : o,
f , - -  t :  - n + I

and hence

E - , , , ( x ) : 0  f o r e v e r y  x e { - n  *  1 ,  -  n 1 2 , . . . , n -  2 } , 2  e  N ,

by (4.5). Therefore for every t € €-n,n, fl ) 2,

l ( x ; ( ' ' ' * t ) : r G , t ) ,  t c  e  t - n  *  1 , "  . , n  -  2 1 ,

which establishes (4.f). n

5。An extension to■ nite range interactive eЖ clusion processo The

proofs given in Section 4 can be applied to the analysis of inite range
interactive exclusion processes(speed change model)on Zl after a nlinor

change.

Let L be a positive integer and P(χ ,y)be transition probabilities for a

discrete―tilne irreducible l肛arkov chain on Zl with the property

(5。1)p(χ,y)=p(y,χ)=P(0,レーyl)and%≡ Σり(0,ん)<∞.
λ=1

For a function c(χ,y;η):Zl× Zl× ″ → (0,∞)satisfying

O<C(χ ,y;η )≦ Co fOr all χ,y and η ,

C(χ,y;・)iS a_L,χ+L∨の_L,y十二~measurable,

consider an exclusion process onフ アdeaned by

(Ωハ(η)=  Σ   ρ(χ,y)C(χ,y;η)[バη
χ'y)一バη)1,

χ<y

(χ, y )∩[ j ,ノ]≠②

翼r,`ぶ:w鮮:sWTtAtthX
aゞn prove the剛o宙ng Кsdt 0

PnoposITIoN 5.1 . Suppose
aboue process such that pG) >

(i) there is a constant K *

l -  p ( t * ' ' )  I
l l o g  -  l <p({)  I  

-

ιんθ″ 釧Jsιs α s′αιjOんαry ttθαs“″ μ ルrιんθ
O力 r eυθッんοんθリ ケζ∈ノαんα

O sacん′んαιルr αJJ ζ∈く,ブ,j≦ブ,

Kμ,  ι 十二 ≦χ<y≦ ノ
~L ,

g ・
らlプ)
…・
らIプ)

(ii)ルr αJJ ζ∈く,ブ,j≦ブ,

μ(ζ
χ'y)c(χ,y;ζ

χ'y)=μ(ζ)C(χ,y;ζ),

j十二≦χ<y<ノ ーL

s  K* ,  i  <  Jc  < i ;

(reuersibility condition) .
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Then a probability rleasure v on Z' is stationary for the process if and only if
it satisfies (ii) replacing p" by ,.

of c and p having the above property we can glve an
associated with a Gibbs state relative to a finite range pair
., J"I (we put J"*u_ 0, k € N, for convenience):

+  D  J k - u T u & k +  I
u 1 i < k < j  i < l ? < j < u

where Er,i(d is a normalizing constant.

However, we do not know at present the way of determining the structure of a
corresponding family of measures satisfying condition (ii).

The above proposition shows us that if the coefficient c(x,J; l) is the same,
then so is the totality ofstationary measures regardless ofthe arbitrariness of
nG,yl having the property (5.1). And so just as exchangeable measures for
simple exclusion processes out '/, can become a family of stationary measures
for various nearest-neighbor interactive exclusion processes. For example, we
have the following.

Pnoposrrrou 5.2. Let

山ｂＯｒｐａｎＯ
ｄ
ｎＯ
　
　
　
　
　
　
′

Ｃ
　
Ｏ
　
　
　
　
ん

ｅ

ｔ

　

　

　

α

ｗｈ。ｓ刺　　鶉

Ｆ

　

Ｌ

Ｆ
　
　
０

日ＨＨ

■u_ヵ αんη“
)1,

c ( x ,  y ;  n )  -  y

in the aboue. Then, the
exclusion process ls equal

-  {xn(n"- :zt)*  xn(nf l r+r)  *  xn(ny-ny)* xn(nf ty+r)}

set of stationary rrLeqsures fo, the corresponding
to uly for euery pG, y) with (5.1).

Rsuanx 5.1. Our argument essentially relies upon the derivation of the
form

(cf. Lemma 4.2), where

Q ( u , u ) :  ( u  -  u ) l o g ( u / u )  a n d  f ( * , y ; t ) :  c ( x , y ; ( ) r ( ( ) ,

and does not go through if the symmetricity of p(x,y) in (5.1) does not hold [if
p(x,y)+p(y,.r) for some r and yl. However, we think that the entropy
analysis is still effective for that as5rmmetric case.

１

一
２
一
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APPENDD(

In this Appendix we will sketch the proof of Proposition 5.1. Since the proof
is almost the same as that of Theorem 1 except for the existence of additional
probabilities p(r,/), we will in the following mainly be concerned with the
crucial part ofthe proof.

It is easy to check that if a probability measure v on *' satisfies condition
(ii), then it is stationary for the process. Indeed if we set

f ( ' ' Y ; 0 :  { c ( r ' Y ; t ) ' G )  
i f  i + L  < t c + Y  < i  -  L '

\ O otherwise,

condition (ii) is equivalent to

f  (x ,Y ; f  )  :  f ( r '  Y ; t ' 'Y )  fo r  a l l  x ,  Y  and ( '

Using the dominated convergence theorem, we have for ( e €r, ,

J@ Dtrl d"(n)

-4Kη)]αン(η)

y)一「(χ,y;ζ)}
j + L≦ χ<y幻 一L

十 Σ ρ(χ,y)Σ {「(χ,y;(ξζ)κ
'y)_F(χ,y;ξζ)}

χ<y≦リーL       ξ ∈ζ`_L, J - 1
χ<j+L , j≦ノ

十 Σ p(χ,y)Σ {「(χ,y;(ζξ
′)κ
'y)_F(χ,y;ζξつ}

j + L≦χ< y      ξ ′∈/ J・+ 1 ,ノ十L
χ≦J i , J i一L < y

+  Σ   ρ (χ,y)
χ<j+L,ノ ~L<y

{χ, y )∩[ j ,ブ]≠⑦

× Σ   Σ  {「(χ,y;(ξζξ
′)χ
'y)一F(χ,y;ξζξ′)}

ξ∈4_L, J _ lξ
′∈6+1,ノ十L

≡G柱(じ,ブ)十 G2(じ,ノ)+G 3 (じ,ノ)+G 4 (じ,ブ)

= 0 ,

where we have denoted ξ ∩ζ by ξζ and sO one
N e x t  f o r  a  p r o b a b i l i t y  m e a s u r e  ν o n  2 f  d e i n e  r Tんan d  νι a s  i n  S e c t i o n  4 .
Then we have

う

　

什

η

　

　

ｙ

ん

　

０

ゴ
社

　

Ｆ

η

　

　

Ｘ

ル
　
　
Ｊ

為
　

し

く

　

　

ｐ

ｒ

ノｙし

　

Σ

ρΣ
的
一一　
　
　
〓

岳“Tル討同
where

S√=Σ (10gン(ζ))Gλ(j,ノ)and a～=Σ (log μ(ζ))Gλ(じ,ブ).
ζ∈ノ_ん,ん                     ζ ∈ノ_ん,ん

４
▼
ん
ト

４
Σ

ト
〓 Sf― a～ ,
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For ん∈ N,ん > L , l e t

A万={(χ,y):χ<y,χ<

A方={(χ,y):χ<y,一ん

A芳={(κ,y):χ<一ん+

Aち={(χ,y):一ん十L≦

H. YAGUCHI

- n + L , - n < y < n - L l  ,

+ L < J c 1 n , n - L < y l  ,

L , t u  -  L  <  y ,  { * , y }  n  f - n , n f  +  A l ,

r c < y < n - L \ ,

and set

and

W~(ん)=Σ ρ(χ,y)2_L,れ(χ,y),
A万

w十(ん)=Σ ρ(χ,y)D_ん,y+L(χ,y),
A方

w士(ん)=Σ ′(χ,y)2_L,y+L(χ,y),
A方

Z * (ん)

Z ~ (ん)

z十(ん)

Z± (ん)

Σ

錫

いた

朽

「Ｌ

対

いた

鳩

一一　
　
　
一一　
　
　

一一　
　
　
〓

p ( x ,  y )  E  - n , n ( x ,  ! )  ,

p ( x ,  y )  E * - r , n ( * ,  ! )  ,

p ( x , y ) E - n , ! * " ( * , ! ) ,

p ( x ,  y )  E * - L ,  y * " ( x ,  ! )  ,

where

Dj,ブ(χ,y)= Σ I「(χ,y;ξ
κ'y)一F(χ,y;ξ)|,

ξ∈く,ノ

Ej,プ(χ,y)=Σ φ(「(χ,y;ξχ'y),F(χ,y;ξ)),
ξ∈く,ノ

for j,ノand χ,y with J十二≦χ<y≦ ブーL.We re]mark that W~,W+ and
W tt are bounded vだth respect toん.In fact we have 2χ_L,ん(χ,y)≦26。by(5el)
and hence

W~(ん)≦ 2co Σ ρ(χ,y)≦2coL Σ p(χ,y)=2coL%,
χ<y                χ <o≦ y
χ<L,0≦ y

and so ono Then just like LeⅡIInas 4.2 to 4.5 we can prove

Sf― Tl～=-2~lZ*(ん),

ITダ |≦ 2~lκ μW~(ん ),  IT3~|≦ 2~lKμ W十 (2),  17L～ |≦ 2~lκ μW± (ん),
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and

Sダ≦2~¬ビW~(ん)+23L+1(M+1)θ
~(M~1を
。L%,

S「≦2~lMW+(ん)+23L+1(M+1)c~(M~1を。L%,

S√≦2~lMW士(ん)+23L+1(M+1)θ
~(M~1を
。%,

for every M∈ N.Therefore if ν  is stationtt for the process,it holds that

O≦ 2~lZ*(ん )

≦2~1(κμ tt M)(V~(ん)十W十(ん)+w士 (ん))

+3・23二十1(M+1)θ
~(M~1を
。L%

[c■(4。7)].In particular,we have limん →∞Z*(ん )<∞ ,which implies

lim Z~(ん )=lim z+(ん )=lim Z± (ん)=0・

Indeed we have only to use the fact lim- -tZ*(m + n) - Z*(n)) > Z-(n).
To complete the proof of Proposition 5.1, it is sufficient to show that the fact

limo--Z-(n'):0 implies lim,-*p'-(n):0 since the rest of the proof is
almost the same as that of the necessity part of Theorem 1. Let {ep}p.* and

{lr}a=* be sequences of positive numbers satisfying

e p J o ,  I u 1 -  a n d  D  t p ( o , l )  <  
" n .l > l t

Using the inequality

Eχ_L,れ(χ,y)≧ |「(χ,y;ξ
χ'y)+

it follows from Z-(n) --+ 0 that

l im I  p (x ,y )D*- r , .o ( ic ,y )2  :0 ,
o t *  

l \ n

and hence

j t y_  E  p@,y)D" -z ,o (x ,v )  :0 ,
* l t ;ngr-x<tul

for every fixed lu since #{(r, y) e L;i y - x < lp} is bounded with respect
to n. Dividing the summation in lf-(z) into A" n {y - x < lel and A; n

{ g - x ) l p } , w e h a v e

0 < l imzunw-(")  = r"o 
* . r ,Pr,o=rok,y\  

< 2csLep,

! - x > l t

and consequently limo--W-(z) : 0.
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