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Cohomologies of Lie Algebras of Vector FieldS

with Coemcients in Adjoint iRepresentations

Foliated Case

By

Yukihiro KeNtB*

Introduction

Let (M, F) be a foliated manifold. We have a natural Lie algebra
g(M,.F) of vector fields locally preserving the foliation 9, and its

ideal f(Mr F) of vector fields tangent to leaves of 9. Ilere we

art interested in the fint cohomologies of I (M, fi) and .9- (M'

F) with coefficients in their adjoint representations. This work is

in a series of F. Takens' work [7] and the author's t3], t4]. In

this paper, we use the latter for the general reference.

Our main result is

Main Theorem (i)Hl(プ (′4〃 );プ (′К 夕))=00

(ii)Hl(夕 (ノК 〃 );夕 (′4夕 ))笙 プ (y,多 )/″ (M,多 )・

If Lr is compact,多 (14夕 )iS identical with the Lie algebra of

vector nelds preserving/。   There are compact foliated manifolds

(γ,ど多)Such that Lrl(6π(y,多 );グ (γ,多 ))are Of din■ension r for

a n y″ (0≦r≦∞)・

The cOntcnt Of this paper is arranged as fol10wsO In§1,we intrO‐

duce Lie algebras y and/ for a standard foliation On a eucildean

spacc,and study their stFuctures. In §2,we investigate properties of

der市ations Of y andごπ,and in§3,we pゃ Ve Main Theorem for y

andノ
´
(flat case)・ In§ 4,we g市 e the pr00f of Main Theorern and
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some examples.

All manifolds, foliations, vector fields, etc. are assumed to be of
C--class, throughout this paper.

§1。 Lie Algebras y and タ

1。1。 Notations a■d iDeinitiOnso Fix a coordinate systerrl xl,。。。,

711」
五鷹 lirぢ :‖  軍 ilrFlη T仁 =1■ =

ら∴ た,…。for″1,。。。,″p,and Greek indices α,β,…・for yl,…。,y9,
Otherwlse statedo Put

g:  {E f , ( r ,y )0 , i f , (s ,y )  a rc  C- - func t ions  o f  c , ,  . . . , s? , ! , , . . . , ! "1 ,

g': {f.s"(y)O"; s"(y) are C*-functions of !,, . . . , !,1,

I :{*9' (ar vector spaces).

Then they are subalgebras of the Lie algebra w of all vector fields

?n V, and { is an ideal af 9.

Let .9 be a standard codimension-q foliation, defined by parallel
p-planes: yr:constaf l t r . .  . ,  yo:constant,  in V. Any vector f ie ld X
in 7 is tangent to leaves of F, and x is called leaf-tangent Let
O, be the one-parameter group of diffeomorphisms generated by
Ye.9, then f, transforms every leaf to some leaf for each trand, y

is called foliation preserving.

Denote by 7, or Trrthe subalgebra of ,T of all vector fields in
{ whose coeff ic ient funct ions depend only on tLr, . . r f i r ,  or ! t>. . .s
y", respectively.

Here we summarize the facts which will be applied later.

Lemma l。1。 (グ)L`′ X∈野.1/E∂j,二η=0カ rα″グ=1,… 。,夕:
ιんθη Xグ sグπグψθπグθπ″9/ιんθ Zrttbルs″1,.。。,ら・

(ググ)E″ ″,y′]=0,α ηグ E夕 ″,y]⊂ 夕・

(グググ)Lθ ι X∈ 〃。 J[∂ ′,X]∈ 〃
′
力r αJJグ,ιんθπィ グSグηグのθπグθπι

げιんθ“rれら″s″1,0-,ち。
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Tんθπ E氏珂=二 ωんθπ∬=Σ ″̀∂:∈″″・

1/Ett yα∂:]=0/ar αJJグαπごα,ιんθπ X=0。

(グυ)Lθ ′X∈ タッ.

(υ)レ ιX∈ 〃
′
。

This can be proved by elementary calculations.

1,2. Vector Fielils with Polynomial Coefficients. The vector
t c

field X: t f,@, y)At+ i s"@, y)0" on V is said to be with polynomial

"o.m.i.r, i i '  
i f utl t,<*ii i  and g"(t, v) (i:1, . . ., P, d:1, . .., q) arc

polynornials. Such vector fields form a Lie subalgebra E of ?I. Put

7: { "tE, 9:9 o fr, and 9' : g' n E. Put

7,.-: {2f,@, t)6,e7; f,(r, y) are homogeneous polynomials of

a . : j " . .  n* l  in  h '  . . . ,  r ,  andof  degree m* l  in  l r r .  . , ,  ! "1 .

Then

f:,.P-,'7,,^;

7=f ":f n{,:^!_{--,,
7, : , f  n{ , :  Z{- , . - .

n > - l

Moreover, we have easily

Lemma l。2.(OA E4])Lθι∬bθグθメηθググπ Lθππα l.1(グυ),ιんιπ

/mI_1={X∈夕″;匡 X3=πX}・

l,

Put 9'^: tf s"(ilA"e?' ; s"0) are homogeneous of degree m* ll.
-  c : L

Then 9' :  Zg;,  and we have
*Z_r

Lelmma l.3。  Lθ ι J= !"0,e g',  then 9'^: {Ye0 ; lJ, n- mYI .

1。3。Proposition l。4。r/α υιεゎ″′θ″ X∈夕脇ιお′θSノ
3(x)(0)

=0,′んθπ ιんθ″θθ″グs′αメηルθ ηππらθr ο/υθεわrメθJJs Xl,。・.,χ r∈タ

saεん ιんαι

９
▼
ん

〓．

ｒ
Σ

４

X= lX,, X,*,J and i '(X') (0) - 0 ( i :1, .  .  .  ,  2r) .
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Pra9メ Clearly it is enOugh tO shOw the assertion fOr the case

X=″ 11.…..可p yfl..….y′g/(″,夕)∂:

fOrニグル十』ノα≧4。Putん(″,y)=鋼1_.″;p yll・00yれ

Osθ l.動 θ“sθ初んθπグル≧2/ar saπθ力.

E″iと,ィ lx]―[″:と,″「24

=(グルー1-2δ̀ル)X―島ユ(″,y)(∂ル/(″,y))∂j
―(グルー2-3δjル)X+″ルんo,y)(∂ル/(″,y))∂′
= ( 1 +δ ′ル)X .

Here δ′ルis KrOneckers delta,sO(1+δ`ル)≧1>0。 Andブ1(イ2x)(0)=0

ls obv10us。

In the fOnowing, lwe can asSume that グ ル:≦l for all力.

Gzsθ 2。 %θ にsθ“んθπ Σ グル≧2。 We can assumeグ 1=ち=1.Let

φ be a coordinate transfomatlOn

鰐 :11逸ぁ,貨:11鮒ぁ,
then φ(″)==`πo  S6 this case is reduced tO case l。

In the fOnowing,We can assume that グ ル==o fOr allた except at mOst

one力 0。

Osθ 3.Tん θにsθ ωんθπノα≧2/ar"π θ αo We get

i レ ′∂ル0,″ルOyF2x]_レα
″,0∂ル0,y「
lX]=(1+δ

′10)X

ObviOuslyノ1(γ)(0)=O for all vector flelds y in the left hand.

Case 4. The case where j,<l for atl

= 4- 1:3, so this case is also reduced

Case 2.

Since we have土ノα
Case 3, similarly as

Qo E,D.

PropOsitiOn le 5。 」/α υθεわr′θJグ y∈〃
′
脇メげソθsノ3(γ)(0)=0,

′んθπ ιんθπ θ″おια′″′θ πππレr9/υθσわ″ルJJS耽,。。。,Lr∈″
′saεん

ιんα′

αｅ
　

ｔ。
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y= E4,4+r]α πグ ノ
1(4)(0)=0(グ =1,… 。,2r).

P-of. Similarly as in Cases I and 2 in the proof of the above

proposition. Q E.D.

§2。 Deri▼ations of 夕 andプ  (I)

2。1。 L e tの = Oι π“π;y ) b e  t h e  s p a c e  o f  d e r i v a t i o n s  o f夕w i t h

values in:グ .  And letの ″ Or 10′ be the derivatiOn algebra of y

or ttπ rOspeCtiVelyo  Remember that a derivation D satisnes the prop‐

erty DEjtt y]=ED(X),珂 +EX;D(】 の]・

Proposition 2.1. If a derivation D in I is zero on {*,^ for

n*m3-1 ,  then D is  zero  on  7 .

Pttοメ Sι ψ  10 TO ShOw that D is zero onご πα.Ⅵ /e prOve this

by the inductbn On η  foF the decomposhbn夕 z="璽
F名
―F When π

is non― positive, the assertion h01ds by the assumptiOno  Assume that

D is zerO on dπル・_1(た≦π
-1)O Let Z∈ /"〕_1(π≧1),and denne the

v e c t o r  n e l d s  x∈夕 and  y∈〃
′
as D (幼=X +ヱ

Apply D to E∂′,4∈ ″π_L_1(1≦グ≦夕),then we get X∈夕"by

Lemma l.1(i)and the hypothesis Of the inductiOn。

We get[ム Z]=πろ by Lemma l。2。Apply D tO the both sides

Of this equality,then by Lemma l。1(iv),We get

一X=π X+η 乙

hence X=y=0,so D(Z)=00

Sιの 2。 To shOw that D iS ZerO onご
πO,0。 Clearly it is enOugh to

shOw the assertion for the case X=α`鋳∂ノ∈″0,0。Apply D tO

X=″ :yα∂J=2~1[yα∂j,″:∂ブ],

then wc have D(X)=0,becauSe yα ∂̀∈′
"_1,。
andィ ∂ノ∈夕″.

ｒΣ
Ｈ
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Step 3. To show that D is zero on 7r. The proof is carried
out by the induction on m for the decomposition f,:*!_O-r.^.

When z is non-positive, the assertion holds by the assumption. As-
sume that D is zero on ,T-r.r(k<rr- l). Clearly it is enough to show
that D(Y):0 for the case

y=yl10。….yfg∂J

for Σノα=“+1. There is an index β such thatん≧1。Apply D tO

Y=bf,'Y, !ps,0,1,

then D(Y):Q because yo 'Yet-1, . -1e &nd yux,0,e. fo,o.

Last Step. Decompose f as ,i:^L(_!{,-). We prove the
assertion of the proposition by the induction on z. The assertion for
n:-I holds by Step 3. Assume that D is zero on l_,T^,*(n{
no-l). It is enough to show that D(X):0 for the case

X:s i , . . . . ,  r io f  (y )0 ,

for I ii:no*I, and some polyn omial f 0) of !,, . . , , !o. Appty D
to the equality

X: lGr+l)- t l r ; td)1, 
s ' r '* 'arf  i f  z1)0,

llr;o'X, rrorodr] if ir=0, and ilo)O for some fr',

we get D (X) : 0, because

fihsfihah€ fr".

Corollary 2.2。

脇πθ αs sα名″ ″あη αS

イれ二″馬1苓∈庭勇_1%ユ1夕",π),and″か
+1∂ル,

Q.E.D.

Tんθ グθ″;“ιあπ D∈ , お  χθ′り οη 夕, πηグθr ιんθ

Pη ″Sルあπ 2.1。

Proof. It follows from Propositions l. g and 1. 4 in
osition I. 4.

E4],and

Q.E.

Prop-

n.

2.2。 Proposition 2。3。 J/α グθrグυα′あηD∈ 0″zs χθtt οη夕,ιんιπ
Dお χθra οπ 』″

′
.
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tO E∂′,∂α]=E二

(iv)0

Deflne the

δαr∂:=Eと,yγ∂:],
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D Q ) - O  ( o : 1 r . . . , e ) .  A p p l y  D

get D @") e 9', by Lemma 1. I (i),

functions gi(y)as D(∂α)=Σ gi(y)∂β∈〃
′
・Apply D tO

β

then we get

O=EΣ gl(y)∂β,yr∂:]=gI(y)∂′,
β

hence S|U): 0, so D Q) - Q.

Step 2. To show that D (J): 0, whe re

10,, Jf : lI, J] : 0, then we get D (J) e 9' ,
Apply D to lJ, !,0,f : !,0,e {, then we

1.  1 (v) .

J:,}rlolo. Apply D to

by Lemma 1. 1 (i), (iv).

have D(J):0, by Lemma

Last Step, Since g' is decomposed as 9'

then by Lemma 1. 3, this step is carried out

the proof of Proposition 2. 1.

=Σ 〃傷(cf。§
π≧- 1

similarly as Step

QE。

２＞
，

ｉｎ

　

・

‐
ｏ

ｌ
　
Ｄ

Corollary 2.4. If a derivcition D of I is zero on g',,^ for n

*m 3-1, then D is zero on 9.

P*of. Let D be a derivation of g such that D is zero on .V,,-

for n*m{-L. Let D'be the restr ict ion of D to { .  Then by

Coroallry 2,2, D'is zero on.T, hence by Proposition 2.3, D is zero

on 9" Thr- assertion follows from Propositions 1.3 and 1.4 in l4f
and Proposition 1.5. Q. E. D.

§3。 D)erivations of 夕 andプ  (II)

3. 1。 Deternlination of 2。   Lct Z be a vector neld on l we

deine adZ as adZ(X)=E4X]fOr X∈ 班.Then we have

L e m m a  3 . 1 .  物 π″ : Z一 a d Z Iん οr  Z一 → a d Z I″ (プ 〃 グπわ

の Or'″ πψθειグυθりおαπグπわれ2笏″んおπ0
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P*of. It is sufficient to show the injectivity. Let 2e.9. Assume

that adZ({):Q, By Lemma l. I (i), we get the vector fields Xe
{ ,and Ye9 'such tha t  Z :X*Y.  Then by  Lemma l .  1 ( iD ,  ( i v ) ,

we have X:LZ. 4:0, whence Y:0, by Lemma 1. I (v).

Q . E . D .

Theorelm 3。 2。 Lθ ′D∈ 2. 7%θ π ′んθ′留 `″おお α ππグgπθ υθεゎr

メθJグ7 οπ y sαεんιんαι D=ad¬「|, 腸 raaυθr9 17おグη〃.

The proof of this theorem wilt be given in S g. g.

Cor01lary 3。3。 Lθ ′D∈ 9″ οr,″ 。 ■乙θπ ιんθrθ θ″おぉ α πηグgπι

υθεわrメθJグWP∈ンSaεんιんα′D=adl「|′οr=adl「|″。 」И♭raουιち 1「お
グπ ク .

Proof. Obvious for the case De gsr. Let De. gs. The restriction
of D to { belongs to 9. Then the assertion follows from Theorem
3.2 and Corollary 2. 4. Q. E. D.

Theorem 3.4。 (グ)4JJ`ル rグzιあηs 9/〃 απ グηηθちιんα′グs, 0″
=ad〃 笙 ク . Hcπ θθ

″1(プ」y) = o。

(ググ)Tん θルrグzιあπ αJgθみあげ タ グs ηαιπZJり 加ποψんた わ y,
′んαιお,9′={ad71バ 7∈〃}笙〃.ル πσθ

″1(夕 ;夕 )笙 〃 /夕 笙〃
′
.

∬η″rιたπttr9″みθ ttεθ 171(夕;夕)グS9/グηメπ′ιθググπιηsわπ.

Proof. (ii) By Coroallry 3.3,

The converse. inclusion is obvious,

the latter half, remember that

[ 3 ] ) .

we have I  rc  {adwls  }  Weg} .

because { is an ideal of g. For
H' ( t r  ; , f )  = I  r /  ad t  (see S 1 in

AE.D.

prepare the followirg four3。2。  TO prOve TheOrem  3.2, we
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lemmtta.

Lemma 3。 5。 Lι ′ D∈ 夕. Tん θη ιんθπ

∈″ sπεん″んα″ D(∂:)≡ET佐,∂:](mOd〃
′
)

Pro9メ Deine the functiOns′ (島y),
∈ 〃
′
, a s

D(∂j)=Σ夕(″,y)∂ノ+4
J = 1

Apply D tO the bOth sides of E∂:,∂ル]=0,
1 0 1 ( i i ) ,

erists a vector field

f o r  i : l r . . . e p ,

and the vector fields

(1≦グ≦夕)・

then we have,by Lemma

(1≦らん≦夕),

such that

L

4

{∂,(ん(“,y))一∂ル(夕(″,y))}∂ノ=0

and sO

∂′(ス(″,y))=∂ル(夕(″,y))  (1≦ ちノ,た≦夕)。

TherefOre,there are unique functiOnsんJ(″,y)(1≦ ノ≦夕)

1ノ五ゝニイプ
ロ
潅彗響
'

Put 71=一Σん
′
(″,y)∂:,then we have the assertion Of

夕
▼
島
ノ〓．

the lemma.

AE.D.

L e m m a  3。6。 Lθ′D∈ 夕.五ssππθ ιんα′D(∂′)∈〃
′
(1≦グ≦夕).Tんθπ

(グ)D(∂ ′)=0(1≦ ′≦夕),

(′グ) ιんθ″ θ″おぉα υθεゎrル 」り し ∈影「Saεんιんαι [∂′, L]豊 0(1

≦グ≦ク),απグ D(D≡ [L,珂 (mo d〃
′
)・

Pro9メ Denne the vectOr nelds x∈夕 and y∈ 〃
′
as D(I)=X

+ス  Apply D tO E∂′,Ill=∂′,then by Lemma l。1(ii),(iii),we have

that D(∂′)三0(1≦ グ≦夕),and X∈ タタ.Hence,by Lemma l.1(iv),

we get

lX,  4- X=D(I)  (mod g') .

Thereforer we can put Wr= X. Q.Eo D.



496                           YuKIHIRO KANIE

Lemma 3。 7。 Lθι D∈ 夕.Assππθ ιんαι D(∂:)=0(1≦ ′≦夕),and

D(⊃ ∈〃′.Tん θπ, D(″′∂J)∈〃
′
(1≦グ,ノ≦夕)・

P知ぼ Deine the vectOr nelds ェ ノ∈ノ″and 4ノ∈≦′
′
as D(″′∂ノ)

=:乙ノ+4ゴ(1≦グ,ノ≦夕).

A p p l y  D  t O  E∂ ル,″J∂;]=δ :ル∂ノ,the n  b y  L e m m a  l . 1 ( i ) , W e  h a v e  X′ ノ

∈″ν(1≦グ,ノ≦夕)・Apply D tO E二″j∂ノ]=0,then by Lemma l。1(ii),

(市 ),we get XJブ
=0(1≦ グ,ノ ≦夕).                QO E.D。

Lemma 3。 8。 Lθ ι D∈ 夕。 4ssαπθ ′んα′D(∂`)=0,α πグ ιんαι D(I)

∈〃′,D(″:∂ノ)∈〃
′
(1≦グ,ノ≦′). Tんθπ,

(グ)D(∬)=0,D(″:ち)=0(1≦グ,ノ≦夕),

(ググ) ′んθπ θαおぉα ππグgπθ υθεゎrメθJグ"L οπ y saεん ん́α′

EL,∂′]=EL,珂 =EL,″ `∂ノ]=0,

EL,yα∂′]=D(yα∂:) (1≦ グ,ノ≦夕,1≦α≦g).

批braaυθr9 L角 グπ .プ
′
.

P知げ: Deine the vcctOr nelds氏′∈″ and耽 ′∈〃
′
aS Doα∂′)

=Xα′+耽 ′(1≦グ≦夕,1≦″≦9)。Apply D tO Eら,yαa]=o,then by Lemma

l。1(i),wё have j孔′∈″,for allグand α. Apply D tO yα∂′=Eyα∂J,

I ] , t h e n  b y  L e m m a  l。 1(i i ) , ( i v ) , W e  g e t  t h a t  D ( I ) = O  a n d  L ` = 0

for allグand α.

D e n n e  t h e  f u n c t i O n sん: ( y ) ( 1≦グ,ノ≦夕,1≦α≦g) a s  Xα′=Σ ん′(y )∂ノ・

Apply D tO yα∂′=[yα∂′,″J∂′],then we get

Σん,(y)∂ノ=ん′(夕)∂′+[να∂ゎD(″:∂:)],

hence D(″′∂i)=0(1≦ グ≦夕),andん (y)=O for allグ≠ノand α.

Apply D toノα∂々=Eyα∂′,″ia]forグ≠た,then we get

覧ル(y)∂ル=ん,(y)∂ル十レα∂′,D(″′∂ル)],

hence D(″′∂ル)=0(1≦ グ,た≦夕),andん (y)=武ル(y)for allグ≠たand α。

DenOteん,(y)byん(y)(1≦α≦9),then Doα∂J)=ん(y)∂′.

Let L be a vector fleld on y satisfying the equations in (ii).

SinCe EL,∂′]=EL,II=0(1≦ グ≦夕),then we get π3∈〃
′
,by Lemma
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1。1(i),(iv)。Write L as L= ▼
漁
β

hu(y)0u,  then

[T4,yα∂′]=んα(y)∂′  (1≦ グ≦ク,1≦α≦9).

Hence,んα(y)must be equal to∴(y)f6r all α.

Qo Eo D.

3。3。 Proof of Theorem 3。 2。 Let D∈ :12. Then, by Lemmata

3。5～ 3.8, we have a unique vectOr neld 7。 n y such that D

=ad7 0n′ Lπ fOr ηttπ≦
-1。 We can determine W as 7=L

+Ltt L, where Wl(グ 〒1,2,3)are given in the abOve lemmata.

Clearly 7∈ 〃 .

Hence, by Corollary 2。2, we get that D=ad7 on夕 。

Q.E.D.

3.4. Rθ παtts.(i)Any der市 ation of 夕 or cZ is cOntinuous,

because it is realized as adフ アfor sOme Ⅵ /(=J′.

(五) Lct l〆 be a subspace of ]唯 spanned byノ 1,…e,yg. Then

TheOrem 3.4(i)can be rewritten as in the f01lowing form in terms

Of C∞ (7),which iS suggestive for calculations Of cohom010gies of π

with variOus cOemcients。

Theorem 3。 9. Lθ ι Oι %(C∞ (y′))ら θ ιλθ グθrグ“ιあπ αなιみz O/

ιんθ αssaε″ιグυθ αJgθみzC∞ (7′).Tん θη

″1(″;ごπ)笙 のィ (C∞(7′)).

This follows immediately from the followirg well-known fact.

Lemma 3.loo Tん θπ グS απ ηαιπzJ Lグθ αなθιZ グ"ποψんグsπげ

〃′οπゎ のみ(C∞(7′))`            |

We give here its elementar,pr00f fOr cOmpletenesso Let D∈夕み

(CT(7))。Denne functions&o)(α=1,t。.,9)aS DOα)=g慶(y)。

Let y=Σ  gαO)∂α∈≦′
′
. The vectOr neld y operates on C∞(7′)as a

nrst_9rder partial d∬erentia1 0perator, then it deflnes a de五vatiOn
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Dy of C*(V'). Easily by induction, we can show that D coincides

with D" on the polynomial algebra Rlyr,..., !ol, Hence we obtain

Lemma 3. 10, because when 7'(g')(0):0, g is expressed as CO)
: Zy;eg*(i with g"uef (V').

' , p

§4: Lie Algebras夕
'(M,多 r),′V(M,多 r),and Their Derivations

4。1。 Lie Algebras AssOciated with Foliations. Let y be a ⑫

十g)‐dimensiOnal manif01d and ノ
F a codimension口

g foliation on M。

ArOund any point Of Mゝ there is a distinguished coordinate neighbor‐

hood (lり ;″1,.… ,″夕,yl,。。。,y9),fOr whiCh a plate represented as yl

=c6nstant,。 。。,y9:=constant in Ur is a connected component Of

L∩ び fO r  s O m e  l e a f  L  o fグ( s e e  e o g . [ 6 ] f o r  d e n n t t i o n s ) .

A vector neld x on a f01iated manifold(ML夕 )iS Called;cイ
ロ

ιαπgθηι,if X is tangent to the leaf L thrOugh夕  for any point p Of

Z  t h a t  i S , t h e  v e c t o r  x p  b e l O n g s  t O  t h e  t a n g e n t  s p a c e  T夕L  O f  L  a t

夕・A VeCtOr neld x is called tO beあ “ Jリ ル Jttιあη 夕πSθrυグηg(Or J.

ニタ。,in short),if φ′mapS every plate to some plate,where{φ′}iS

a one―parameter grOup of local dinieomorphislns generated by X.

LOcally fOr any distinguished c00rdinates(″1,・…, ち,yl,00。,y9),

a leaf口tangent vector neld is represented as Σ二(″,y)∂′,and a′.メ

タ。VeCtOr neld is represented as Σ工(″,y)∂,十Σ gα(ν)∂α,WheFeん(″,

y) (グ=1,・…,夕)are C∞
‐functiOns Of″1,….,″p,yl,.…,y9,and ga(y)

(α=1,… 0,9)are C∞
―functions Of yl,… .,y9。 Here we use the

ndttbtt a or∂α httcad of tt oF+КSpe∝市dtt and the cOn‐
venti6n On indices(see §101)・

All J。メタ.vectOr nelds on(4/)form a Lie algebraン
'(M夕
),

and all lcaf口tangent vector nelds fOrin its ideal夕 (M)影π)0

1f a J.エタ.vector neld x is complete,then X is f01iati6n prё=

serving,that is,the direomOrphiSm φ′mapS every leaf Of/to some

leaf for each to Silnliarly,if a leaf口tangent vector neld X is complete,

φ,leaVes evёry leaf Ofノ
r stableo Thus,when′И is cOmpact,J。ニタ.

vector nelds are f01iation preserving.
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4.2. Derivations. Let I (M, .q): 9.n (g'(M, g) ; I (M, .q))

be the space of derivations of .T(Mr F) with values in 9(M, F).

And let 0e(M, F) or ?s-(M,9) be the derivation algebra of
9 (M, 9) or g (M, g) respectively. Sometimes we omit F in the
notations 7(M, 9), 9(M, 9), etc.

Lemma 4.1. Let U be an open subset of M, and Xe.9(M, g),

Assume that lX, Yl=O on U for any Ye.f(M,.q) raith support

contained in U, Then, X:0 on U.

Proof. Let p=U. Take a sufficiently small neighborhbood U' of
p in U, and dist inguished coordinates (srr . . . r  rp,  ! rr . . . ,  ! ")  in (J ' .

Let a vector field Y' on U' be any one of d,, t,0,, and y"O,(l<i, j

<p, l3a{q). Since .9-(M) is C*(W-module, there is a vector
field Ye7-(W such that Y:Y on U and the support of Yis

contained in U. Then we have [X, F]:0 on U by the assumption.
By the proof of Lemma 3. B, we have that X:0 on (J', in particu-
laq at p. Hence we get X:0 on U, QE.D.

FrOm this lemma,we get the f0110wing twO lemmata,similarly as

PrOpOsitiOn 2。4 and COr01lary 2.5 in[4].

L e m m a  4。 2。 Lθ′D∈ ,(24夕 )οr,″ (νЪ夕 ).Tん θη,Dグ Sあ “J.

Le m m a  4 e 3。 Lθι D∈ ,(ノ‰ 夕 ).Tん θη,Dお Ja“Jグ“ιル (sθθ§1。2

グη E4]ル rグθメηグιわη).

4。3c  P r o p o s i t i o n  4 . 4。 Lθ′D∈ ,( 2‰ 影π). Tん θη,′んθπ θ″グsぉα

υθε″″ル ′グ 7 θπ 」y∫ πθん ιんα″D=a d 7 1ス M,π).腸 ″ωυθち
¬
″ グSグη

プ (■4夕 ).

P知イ Take a dstinguished coordnate nethborh00d system{磁;
(″1,。_, ″′,夕1,。∴,yl)}λ∈′On (M 夕ゝ)。  Since D is 10calizable, the
derivation Dびλ∈D(し ,多 |びλ)can be deined fOr all λ ∈∠ in such a

way that D(X)IЧ ス
=Duス (XIびス)for an x∈ グ (“И).Then by TheOre血
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3.2, there exists a unique vector field W^ on U^ such that Dvt

:adW^lr<u; for any 1e1. On the other hand, we have Du^lu^nuo

:Durluloa"r so Wr:Wr on Urll U". Hence there is a vector field IiZ

on M such that W-W, on Ur for:all f,e.A and that D:adWls<*t.

Moreover, we have We.9(M), because W^eS (Ur) for all Le.l;

AE.D.

Corollary 4. 5. Let D e I s, (M, g)

erists a vector fi,eld W on M such

or Us(M, g). Then there

adw lgr*,s) respectively. Moreoner, W is

that D- adw lrr*,s) or:

in g (M, g).

Proof. Obvious for the case De O7QA. Let De Oe(M). The

restriction of D to ,9'(W belongs to I (XtI). Then the assertion follows

from Proposition 4. 4 and Lemma 4, 1.

Then we get Main Theorem similarly as Theorem

( i i  ) The

to g (M, ,q),
=g! (M, g).

Proposition 4.7, Assume

such that there is a saturated

foliation Do x L, where Pe is

infinite dimension.

Qi E' D.

Theorem 4.6. ( i ) All derivatinns of g (M, ,F) are inner, that

is ,  ?s (M,9) :ad9(M,  g )=g(M'  g ) .  Hence

″1(″(ル亀夕);グ (ル亀夕))笙プ (ル亀′)/夕 (ル亀夕).

4.4. Examples. Let H' :H'( f(M' .q);  ,V (M, g))=g (M,
g)/7'(M, F) for a foliated manifold (M,,q). In many cases, I/'

are of infinite dimension.

H' (g  (M,  s ) ;  g  (M,  s ) ) :0 .

derivation algebra of f (M, g) is naturally isomorphic

that is,  I  sr(M, F):  {ad W l{eur,n ;  Weg (M, ,g)}

Hence

that there is a. compact leaf L of g

neighborhood U of L, which is a product

a q-dimensional disk. Then, H' is of



Proof. Every leaf in U

be a function supported

Hence the assertion follows

CououolocY op Ltn AlcnsRns

is represented by a point

in Do. Then f . g (M, g)

from Theorem 3. 4.

501

of Do. Let f

cg  (M,  g ) .

AE.D.

However, H' may be of finite dimension. Assume that M is

compact. J. Leslie [5] gives examples of dim I1'=0, or 1: (i) an

Anosov flow with an integral invariant for dim H'=0, and (ii) irra-

tional flows on a two dimensional torus T' fot dim I/': l. We

can modify the latter to geta foliated manifoldwith dim H':n (for

arbitrary n{*a), that is, irrational flows on an (n* l)-dimensional

torus T"+t.

We have also other examples. Fukui and Ushiki [2] shows that

dim f/':2 for the Reeb foliation on a 3-shpere S'. Further, Fukui

[1] shows that the following z let (M, .F) be a Reeb foliated 3-

manifold, then dim f/' is finite, and equals to the number of gen-

eralized Reeb components.
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