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1.INTRODUCTION

In this paper we discuss the Strichartz―type estilnates for radial solutions to the

homogeneous and the inhomogeneous Schrё dinger equations.We also consider the

Cauchy prOblenl for the nonlinear Schrёdinger equation ttrith low―regularity radial

data.

In his seminal paper 1271 StriChartz showed

(1・1)        ‖ Ctt△911L9s(Rl+π)≦θl1911L2(Rn) (9∈L2(Rη))

fOr n≧l and gs=2+(4ル)by prO宙ng the equivalent estimate for the restriction

Of the Fourier transbrm to tho paraboloid{(ξ,ξ)∈R× Rη:ξ=lξ12}

( 1 . 2 )        | | ( FΦ ) ( lξ1 2 ,ξ) | I L 2 ( Rπ,αξ)≦ θ l lΦI I L 9 3 ( R l +η)

for Φ∈S(Rl+π)。(Here and in what follows we denote by g′the Hёlder cottugate

exponent of g。)Later,Ginibre andそヽlo[71 and Yajima 1331 generalized the esti―

mate(1・1),and they independently proved that,for any pair of exponents c and γ

satisfying

(1・0

there exists a
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and max{0,里ぢ芳2}<;≦:,
he estilnate

(1.4) l l"n'opl l""@,"'(o')) S Cllql l ; ,p"1

holds for alI g e ,'(R"). Both of the proofs of 17] and 133] used the point-wise (in

time) estimate

‖Ctt△911L9(R絶)≦(4πに|)~η
(1/2-1/9)‖911z9′(Rη)' 2≦9≦cЮ,

the duality argument, and the 1-dimensional fractional integral inequality.
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(1・→





Proof. Set

(2 3) U(t)p :: 
"o'og 

: 7-re-i'tl| l2 Fg.

Fix r € iR" for a moment. Using the Sobolev embedding theorem with respect to

the t variable, we get

il
l l r2( re)

rl - P2, we
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Here we have made a change of variables A

to handle. Assuming

foroe s(Rt+")  1271.

We return to the estimate of eitag. The estimate (2.2) is not new in the least,

for it also follows immediately from (1.4) and the Sobolev embedding. Our proof of

(2.2) nevertheless seems worthy of being noted because it leads to refined Strichartz-

type estimates for radial data in the following way by virtue of the improvement of

Lemma 2.1 in the presence of radial symmetry. (Such a refinement for radial data

would not follow from the standard proof using the Lq'-Lq estimate (1.5) ) Going

back to Lemma 2.7, we suppose that t! is independent of cu. Since
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When the exponent q satisfies 2nl(n- 1) < q < (2n + 4)ln for n ) 3, the index

s in (2.72) is negative and the estimate (2.11) is hence the Strichartz-type estimate

with the gain of derivatives.

One might expect to obtain some .Lq(lR.; ,'(R")) Strichartz-type estimates specific

to radial solutions. Following Vilela [31] and Hidano and Kurokawa [10], we can

indeed get

Theorem 2.4. Supposen) 3 and (n-z) lQn) <11, < (n-Z) lQ(n-7)).  There

erists a constant C > 0 and the est'imate

(2.13) l le i t^el l*6;r ' (R.))  < Cl l lD*1e117,6"1

holds for radi,ally symmetric a e S(R). Here

': "(;- i) - '
Using the estimate (2.13) and the conservation law lleit^9ll7,p^1 : ll9ll7,,1e';, we

obtain by interpolation

Corollary 2.5. Suppose n ) 3,

(2r4) :( :-1) =i  <@_')(:- i )  and, o.1r '
a \z  r ) : n - r "  

' ' \ z  
, )  " - s= t '

There eri,sts a constant C > 0 and the est'imate

(2.15) l l"n'opl l"nro,"(R")) < cl l lD,lgl lpg-1

holds for radi,ally symmetric a € S(R). Here

l r  1 \  2s:n\r_;)_a

Proof of Theorem, 2.4. We need a couple of lemmas.

Lemma 2.6. Letn) 2 andl l2 <l  <n12. There er i 'sts a constantC > 0 andthe

est'imate

(2  16)

h o l d s f o r p € S ( R " ) .

For the proof of the estimate (2.16) we refer to Kato-Yajima [14], Ben-Artzi-

Klainerman [1], Sugimoto l2B], and Vilela 131]. We also need the following lemma.
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Lemma 2.7.

a t * a z > 0 .

(2.r7)

Suppose n

There erists a constant C > 0 and tlte'inequali,ty

l  l  l  "  l  
-a2 

l  D * l -  r  r l l  
" ' , (R')

holds fo, rad'ially symmetn,c funct'ion u. Here

c . t t * a z l
T1 T2

[10] . We are ready to prove

0, we get by Lemma 2.7

l-L -

For the proof of Lemma 2.7 see

out T1 - 2,,  T2 - T and a1 - e2:

(2 .18 )

Theorem 2.4. Picking

l l "o 'opl l r . rn" l

< C ll I r 1- {" - t) ((r / z) - (t / r)) 1 D,10 / z) - {r /, ) 1eu, 
^ 

9) 11 7, 6. 1
:  Cl l l r l -@-r)((1/2)-(r /r)) lDr l-@-t)((1/2)-(L/r))+rei t^ lDrln(( l /2)-( t / , ))-19l lp, , ,1

for any fixed I e IR.. Since the inequality 712 < (n-I)((Ll2) - (tlr)) <nf2holds

for any r with (n-Z)lQn) < 71, < (n-Z)lQ(n- 1)), we can use Lemma 2.6 with
.y :  ( ,  -  1)(( I12) -  (r l rD, and obtain

(2.19) l le i t^pl l*6;r ,1n,; ;  (  Cl l ln, l (Qtz)-(1/ ' ) )-1pl l r , (R.)

as desired. We have finished the proof of Theorem 2.4. n

One might wonder whether the condition q > 2nl(n - 1) of Theorem 2.3 or more

generally the condition llq < (n - t)((tlZ) - (tlrD of Corollary 2.5 is sharp or

not for radial solutions. In regard to this point, it follows from Corollary 6.2 of the

recent paper of Shao [22] and the Littlewood-Paley theory that Theorem 2.3 remains

true for the larger range2(2n+l) lQn - 1) < q <2(n+t) l (n -  1).  I t  is therefore

expected that the condition llq < (" - I)((U2) - (tlr)) of Corollary 2.5 can also

be relaxed.

3. Wprcsrpo SrRrcnaRTz-TlrpE ESTIMATES

Exploiting the decay property (2.1I), we can actually obtain the following weighted

estimates.

T h e o r e m  3 . L .  S u p p o s e n )  2 , 2  <  q  < q  a n d , ( " l d - ( ( n - t ) l Z )  < o  < r l q .

There erists a constant C > 0 and the est'imate



WBtcurno SrnICHRrz EstnnarEs AND NLS

rad'iallA sAmmetrzc A e S(R"). Here

n  n * 2

We refer the readers to t9] for the details

the estimate (3 1) remains true also for q

for any a with -(n - I)12

Sobolev-type inequality

as desired.

As has been brought to the attention of the author by the referee of the paper l9],

the estimate (3.1) can be shown also by the interpolation between the one end-point

inequality (3.4) and the other end-point inequality (see (2.16))

(3.5) l l lr l-"""opllr,,6'*.; < Cll lD,l-1cpll1,z1n.1, 
'r. 

" 
.|.

We conclude this section by posing a problem. Our ultimate goal is to determine

the optimal range of parameters q, r, and a for which the estimate

q

of the proof. It should be noticed that

cc for radial g. Indeed, recalling that

exists a constant C
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holds for radial p.

4. Wprcur:ED rNHoMocENEous ESTTMATES

Throughout this section the operator etta is denoted bV U (t) By virtue of the

Christ-Kiselev lemma [a] (see also Smith and Sogge [23] and Tao [29]) we get the

following weighted inhomogeneous estimates.

Theorem 4.L. Suppose n ) 2, 2 I q < x, 2 I 4 I q, nlq- (n-I)12 < o < nlq,

nls - (n - L)12 < a < nlQ. Set

The est'imate

holds fo, rad'iallA sAmmetrtc (i,n r)

Corol lary 4.3. Srppose n ) 2,2 <

n lq  -  (n -  1 )12  <  a  <  n lq ,  and

N,  n lq - (n -  1 )  12  <  a  <  n lq ,

estzmate
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equation (5.1), and we intend to explore the subject concerning the global existence

of small solutions when p is somewhat smaller than the L2-critical power | + (aln)

and the radially symmetric initial data g is in the scale-critical homogeneous Sobolev

space.

Let y(ι):=Ctt△ as before, and let Hl(Rη)denote the hOmogeneous Sobolev

: I D " I Sυ∈L 2 ( R 2 ) } f O r _η / 2 < s < 2 / 2 . F o r  n≧ 3  a n d  P  w i t hspace{υ∈S′(Rη)
4/(2+1)<P-1< 11, it is possible to pick out the exponent 90>2 satisfying

2   2 + 1

P-1   2P

α 0

Q o  P - 7

Using the weighted estimates (3 1) and (4 3), w€ can prove

m Ⅸ

( : , 詳 ≒

―

粍 | ) <岳
<

See Proposition 3.l of[9]fOr the prOofo We set

η+ 2   2

Theorem 5.1 . Suppose that

oo : (" lz) - (2 I (p- 1)) There

that i,f radi,ally symmetn c data

then the tntegral equatr,on

η≧3,4/(2+1)<P-1<4ル ′λ∈Co Sθι

c″tsts α PοsづιづυC cοnstαηι δ αcPcnαづηθ οη η,P,λ sacん

9∈ イ ダ
°
(Rη )づ S Sttα ι;Sθ  ιんαι‖ID"lσ

°
911L2(Rη )≦ δノ

( 5。2 )      a (ι ) =び (ι)ψ
一づλ

んαs α ttηづgac rααづα;;ν sν7ι7ηθιrづc sθ;鶴

び(ι
-7)1飢
(7)IP~1飢(7)ατ

η鶴∈θ(R;イダ°(Rη))Sαιづ功焼θ

十‖lχl~α°鶴|IL9o(R×R2)≦θδ

′
′
九
）
加

(5 3) 
?:R l l lD"loou(t, .)11",(R,)

fo, a su'itable constant C > 0.

Notice that -112 ( os < 0 for 4l(n+ t) < p - I < 4ln. Hence the crucial

first step toward showing this theorem is to deal with the initial data having only

the negative-order differentiability. The Strichartz-type estimates (1.4) manifest

the gain of integrability exponents for the free solutions with initial data in ,'(R").

They have played an essential role in the development of the local and global (in

time) f/'-theory for s ) 0 (see Cazenave and Weissler [2], Kato [13], Pecher 121],
Nakamura and Ozawa 119], and Nakanishi and Ozawa [20]), together with space-time

estimates of solutions to inhomogeneous equations as well as elaborate estimates of

products of functions in fractional-order Sobolev or Besov spaces. For the purpose

of carrying out the contraction-mapping argument in the present setting we hence

notice that the Strichartz-type estimates (3.1) , which manifest the gain of derivatives
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as well as integrability exponents, will be helpful in the first step. This is the case,

and the estimate (3.1) plays a crucial role in the first step of the proof.

In the next step toward the proof we need space-time estimates for the inhomo-

geneous Schrodinger equation. Fortunately, by virtue of the Christ-Kiselev Iemma

14] along with the 77* argument, we have obtained the weighted estimates (4.3)

of radially symmetric solutions to the inhomogeneous equation directly from the

weighted estimates for the free Schrcjdinger equation. Making use of these weighted

estimates (3.1) and (4.3), we can carry out the contraction-mapping argument to

show the theorem. We refer the readers to 19] for the details of the proof.

We end this paper by noting that the method using (3.1) and (4.3) does not seem

to al low one to get a result  s imi lar to Theorem 5.1 for n:2 and4l3 <p-7 <2,

though it is expected to hold.
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